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Preface 


Since more that half a century, the set theoretical point of view in mathematics has 
been supplanted by the categorical perspective. Category theory was introduced by 
Samuel Eilenberg and Saunders McLane at more or less at the same time as sheaf 
theory was by Jean Leray. Both theories, categories and sheaves, were incredibly 
developed by Alexander Grothendieck who made them the natural language for 
algebraic geometry, two cornerstones being first his famous Tohoku paper, second 
the introduction of the so-called “6 operations”. These new techniques are now basic 
in many fields, not only algebraic geometry, but also algebraic topology, analytic 
geometry, algebraic analysis and D-module theory, singularity theory, representation 
theory, etc. and, more recently, computational geometry. 

The underlying idea of category theory is that mathematical objects only take 
their full force in relation with other objects of the same type. As we shall see, 
category theory is a very nice and natural language, not difficult to assimilate for 
any one having a bit of experience in mathematics, someone familiar with linear 
algebra and general topology. It opens new horizons in mathematics, a new way, a 
“functorial way”, of doing mathematics. Category theory reveals fundamental con- 
cepts and notions which across all mathematics, such as adjunction formulas, limits 
and colimits, or the difference between equalities and isomorphisms. And many 
theorems of today’s mathematics are simply expressed as equivalences of categories. 
The famous homological mirror symmetry, as formulated by Maxim Kontsevich, is 
a good illustration of this trend. 

However, a difficulty soon appears: one should be careful with the size of the 
objects one manipulates and one is led to work in a given universe, changing of 
universe when necessary. 

There is a class of categories which plays a central role: these are the additive 
categories and among them the abelian categories, in which one can perform ho- 
mological algebra. Homological algebra is essentially linear algebra, no more over a 
field but over a ring and by extension, in abelian categories. When replacing a field 
with a ring, a submodule has in general no supplementary and the classical functors 
of tensor product and internal hom are no more exact and one has to consider their 
derived functors. Derived functors are of fundamental importance and many phe- 
nomena only appear in their light. Two classical examples are local cohomology of 
sheaves and duality. The calculation of the derived functor of a composition leads to 
technical difficulties, known as “spectral sequences”. Fortunately, the use of derived 
categories makes things much more elementary as we shall see in this book which 
never uses spectral sequences. 

Sheaf theory is the mathematical tool to treat the familiar local/global dichotomy 
on topological spaces. More precisely, sheaf theory allows one to obtain obstructions 
to pass from local to global and, at the same time, to construct new objects which 


exist only globally. This theory is at full strength when working with abelian sheaves 
in the framework of derived categories. A good part of the theory (more precisely, 
four operations among six) may be naturally developed on sites, that is, categories 
endowed with Grothendieck topologies. 


This text may be considered as an elementary introduction to the book [KS06] 
and in fact a few (as few as possible) difficult proofs, such as the Brown repre- 
sentability theorem, are omitted here, with the reader referred to that book. On the 
other hand, we study in some details sheaves on topological spaces and particularly 
on locally compact spaces, including duality, topics which are not treated in the 
book mentioned above. 


A forthcoming manuscript. Initiated by Mikio Sato in the 70s, new perspectives 
appeared in analysis, known as microlocal analysis. The idea is to treat various 
phenomena on a real manifold MW as the projection on M of phenomena living in 
the cotangent bundle 7*M. When applied to sheaf theory, one gets the “microlocal 
sheaf theory” introduced by Masaki Kashiwara and the author in 1982 and developed 
in [KS90]. This theory is, in some sense, the analogue on real manifolds of D-module 
theory and its microlocalization (see [SKK73, Kas03]) on complex manifolds. When 
combining both, microlocal sheaf theory and D-modules theory, most of classical 
results of analytic partial differential equations become easy exercises. Moreover, if 
microlocal sheaf theory uses basic results of symplectic geometry, conversely it can be 
an efficient tool to treat problems of symplectic topology (see [Tam08,NZ09, Guil9]). 


We plan to come back to these subjects in a forthcoming manuscript, “Microlocal 
Algebraic Analysis”. 
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Introduction 


These Notes contain roughly two parts: Chapters 1 to 7 treat homological algebra 
and Chapters 8 to 12 treat sheaf theory. 

In a first part, we introduce the reader to the language of categories and we 
present the main notions of homological algebra, including triangulated and derived 
categories. 

After having introduced the basic concepts and results of category theory, in 
particular the Yoneda lemma and the notion of representable functors, we define 
limits and colimits (also called projective and inductive limits). We start with the 
particular cases of kernels and products (and the dual notions of cokernels and 
co-products) and study filtered colimits. We also introduce, as a preparation for 
derived categories, the notion of localization of categories. Then we treat additive 
categories, complexes, shifted complexes, mapping cones and the homotopy category. 
In the course of the exposition, we introduce the truncation functors, an essential 
tool in practice and a substitute to the famous “spectral sequences” which shall not 
appear here. We also have a glance to simplicial constructions. Then we define 
abelian categories and study complexes in this framework. We admit without proof 
the Grothendieck theorem which asserts that abelian categories satisfying suitable 
properties admit enough injectives. We treat in some details Koszul complexes, 
giving many examples. 

We introduce the basic notions on triangulated categories, study their localiza- 
tion and state, without proof, the Brown representability theorem. Finally we define 
and study derived categories and derived functors and bifunctors. 

As it is well-known, it not possible to develop category theory without some cau- 
tion about the size of the objects one considers. An easy and classical illustration 
of this fact is given in Remark 2.6.16. We shall not introduce cardinals, prefer- 
ring to work with universes and referring to |KS06] for details. We shall mention 
when necessary (perhaps not always!) that a category is “small” or “big” with re- 
spect to a given universe WY, passing to a bigger universe if necessary. Notice that 
Grothendieck’s theorem about the existence of injectives is a typical example (and 
historically, the first one) where universes play an essential role. 

In a second part, we shall expose sheaf theory in the framework of derived cat- 
egories. First, we study sheaves on sites, a site being a category endowed with a 
Grothendieck topology. We construct the operations of direct and inverse images 
and also introduce the important notion of locally constant sheaves and build them 
by glueing. 

Abelian sheaves are sheaves with values in the category of abelian groups or 
more generally in the category of k-modules for a commutative unital ring k. We 
study the derived operations (tensor product and internal hom, direct and inverse 
images) on such sheaves and also briefly explain how to treat similarly sheaves of 
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modules over a sheaf of rings. This theory is presented in the framework of sites 
but we restrict ourselves to the cases of categories admitting products and fiber 
products, which makes the theory much easier and very similar to that of sheaves 
on topological spaces. 

Next we treat abelian sheaves on topological spaces. We use Cech cohomology 
and invariance by homotopy to calculate the cohomology of many classical manifolds. 
We have a glance on the action of (finite) groups, a way to calculate the cohomology 
of real projective spaces. 

The theory becomes more fruitful on locally compact topological spaces. In this 
case, one defines the proper direct image functor and, using the Brown representabil- 
ity theorem, its right adjoint which only exists in the derived setting. This is a vaste 
generalization of Poincaré duality, known as Poincaré-Verdier duality. In the com- 
plex case, we explicitly construct the Leray-Grothendieck residues morphism. Here 
again, the natural formulation only makes sense in the derived setting. 

Finally, we have a glance to R-constructible sheaves on real analytic manifolds 
after a brief survey of subanalytic geometry. 


Some historical comments and references.' As already mentioned, category 
theory was introduced by Samuel Eilenberg and Saunders McLane [EML45]. At the 
prehistory of homological algebra is the book [CE56] by Henri Cartan and Samuel 
Eilenberg including the Appendix by David A. Buchsbaum in which abelian cat- 
egories are introduced for the first time, before being considerably developed and 
systematically studied by Gothendieck in [Gro57,SGA4]. The natural framework of 
homological algebra is that of derived categories, whose idea is, once more, due to 
Grothendieck and which was written done by his student, Jean-Louis Verdier who 
realized the importance of triangulated categories, a notion already used at that 
time in algebraic topology. Derived categories are constructed by “localizing” the 
homotopy category and the basic reference for localization is the book [GZ67| by 
Gabriel and Zisman. Category theory would not exist without the axiom of uni- 
verses (or anything equivalent) and this is Grothendieck who introduced this axiom 
(see [SGA4]). We refer to [Kr607] for interesting thoughts on this topic. 


Sheaf theory was created by Jean Leray when he was a war prisoner in the for- 
ties. Leray’s ideas were not easy to follow, but were clarified by Henri Cartan and 
Jean-Pierre Serre in the fifties who made sheaf theory an essential tool for analytic 
and algebraic geometry at this time. We refer to the historical notes by Christian 
Houzel in [KS90]. After that, sheaf theory has been treated in the language of de- 
rived categories, allowing to construct (on suitable spaces) the extraordinary inverse 
image, a vaste generalization of Poincaré duality. Grothendieck constructed first this 
functor in the framework of étale topology and Verdier did it for locally compact 
topological spaces. Grothendieck also introduced what is now called “Grothendieck 
topologies” by remarking that there is no need of a topological space to develop 
sheaf theory and indeed, the usual notion of a topological space is not appropriate 
for algebraic geometry (there being an insufficiency of open subsets). The objects 
of any category may perfectly play the role of the open sets and it remains to define 
abstractly what are the coverings. 


This text is largely inspired by [KS06], a book itself inspired by [SGA4]. Other 


‘These few lines are not written by an historian of mathematics and should be read with caution. 
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references for category theory are [Mac98, Bor94] for the general theory, [MM92] 
for links with logic, [GM96, Wei94] and [KS90, Ch. 1] for homological algebra, in- 
cluding derived categories, as well as [Nee01, Yek20] for a more exhaustive study of 
triangulated categories and derived categories, the last reference developing the DG 
(differential graded) point of view. 


Classical sheaf theory was first exposed in the book of Roger Godement [God58] 
then in [Bre67]. For an approach in the language of derived categories, see [Ive86, 
GM96, KS90, Dim04]. Sheaves on Grothendieck topologies are exposed in [SGA4] 
and [KS06]. A short presentation in case of the étale topology is given in [Tam94]. 
For constructible sheaves, see [KS90, ChVII]] (see also [Schu03]). 


Prerequisites. The reader is supposed to have basic knowledges in algebra, general 
topology and real or complex analysis. In other words, to be familiar with the notions 
of modules over a ring, topological spaces and real or complex manifolds. 


Conventions. In this book, all rings are unital and associative but not necessar- 
ily commutative. The operations, the zero element, and the unit are denoted by 
+,-,0,1, respectively. However, we shall often write for short ab instead of a - b. 
All along these Notes, k will denote a commutative ring of finite global dimension 
(see [Wei94, 4.1.2] or [KS90, Exe. I.28]). (Sometimes, k will be a field.) We denote 
by @ the empty set and by {pt} a set with one element. We denote by N the set of 
non-negative integers, N = {0,1,...}, by Q, R and C the fields of rational numbers, 
real numbers and complex numbers, respectively. . 


A comment: oo-categories. These Notes are written in the “classical” language 
of category theory, that is, 1- or 2-categories. However, some specialists of algebraic 
geometry or algebraic topology are now using the language of oo-categories, the 
homotopical approach replacing the homological one. The difficulty of this last 
theory is for the moment of another order of magnitude than that of the classical 
theory, this last one being perfectly suited for the applications we have in mind. 
References are made to [Cis19, Lan21, Lur09, Lur10, RV22, Toé14]. 
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Chapter 1 


The language of categories 


Caution. All along this book, we shall be rather sketchy with the notion of uni- 
verses, mentioning when necessary (perhaps not always!) that a category is “small” 
or “big” with respect to a universe WY. Indeed, it not possible to develop category 
theory without some caution about the size of the objects we consider. An easy and 
classical illustration of this fact is given in Remark 2.6.16. 

In this chapter we start with some reminders on the categories Set of sets and 
Mod(A) of modules over a (not necessarily commutative) ring A. Then we expose 
the basic language of categories and functors. A key point is the Yoneda lemma, 
which asserts that a category @ may be embedded in the category @” of contravari- 
ant functors on @ with values in the category Set. This naturally leads to the 
concept of representable functor and adjoint functors.. Many examples are treated, 
in particular in the categories Set and Mod(A). 


1.1 Sets and maps 


The aim of this section is to fix some notations and to recall some elementary 
constructions on sets. 

If f: X — Y is a map from a set X to a set Y, we shall often say that f is 
a morphism (of sets) from X to Y. We shall denote by Homg,,,(X,Y), or simply 
Hom (X,Y) or also Y*, the set of all maps from X to Y. If g: Y — Z is another 
map, we can define the composition go f: X — Z. Hence, we get two maps: 


go: Hom (X,Y) > Hom (X, Z), 
of: Hom (Y, Z) > Hom (X, Z). 


If f is bijective we shall say that f is an isomorphism and write f: X “> Y. This 
is equivalent to saying that there exists g: Y — X such that go f is the identity of 
X and f og is the identity of Y. If there exists an isomorphism f: X ~> Y, we say 
that X and Y are isomorphic and write X ~ Y. 

Notice that if X = {x} and Y = {y} are two sets with one element each, then 
there exists a unique isomorphism X —> Y. Of course, if X and Y are finite sets 
with the same cardinal 7 > 1, X and Y are still isomorphic, but the isomorphism 
is no more unique. 

In the sequel we shall denote by @ the empty set and by {pt} a set with one 
element. Note that for any set X, there is a unique map @ > X and a unique map 
X — {pt}. 
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Let {Xi}ier be a family of sets indexed by a set J. Their union is denoted by 
LU, X;. The product of the X;’s, denoted [[,-; Xi, or simply [], X;, is defined as 


ie] 
(hE) [| * ={f © Hom (|) x3); f(t) € X; for alli € I}. 
ie! i 

Hence, if X; = X for all i € I, we get 

[| 4:= Hom (7,4) = x". 

iel 
If I is the ordered set {1,2}, one sets 
Cli) X4 x Xo = Cen) en E X;j,1 = Loh, 
and there are natural isomorphisms 

Xx Xp~][ Xi ~ Xo x Xi. 
i€l 
This notation and these isomorphisms extend to the case of a finite ordered set I. 
If {X;}ic7 is a family of sets indexed by a set J as above, one also considers their 

disjoint union, also called their coproduct. The coproduct of the X;’s is denoted 
Lier Xi or simply |], X;. If X; = X for all i € J, one uses the notation X'/. If 


I = {1,2}, one often writes X; LU X>2 instead of Lic23 X;. 
For three sets J, X,Y, there is a natural isomorphism 


(e173) Hom (I, Hom (X,Y)) = Hom (X,Y)! ~Hom(I x X,Y). 


For a set Y, there is a natural isomorphism 


(1.1.4) Hom (Y, | [ X;) ~ [ [Hom (y, X). 
Note that 
15) XK FSX. 


For a set Y, there is a natural isomorphism 


(1.1.6) Hom (|_| Xi, Y) ~ [ [Hom Cen ar 


In particular, 
Hom (X,Y) ~ Hom(X,Y’) ~ Hom (X,Y). 


Consider two sets X and Y and two maps f,g from X to Y. We write for short 
f,g: X = Y. The kernel (or equalizer) of (f,g), denoted ker(f, g), is defined as 


(1.1.7) ker(f, 9) = {x € X; f(x) = g(2)}. 
Note that for a set Z, one has 
(1.1.8) Hom (Z, ker(f, g)) ~ ker(Hom (Z, X) = Hom (Z,Y)). 


Let us recall a few elementary definitions. 
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e A relation Z on aset X is a subset of X x X. One writes r#y if (x,y) € ZB. 
e The opposite relation Z°? is defined by r#°? y if and only if y#x. 

e A relation & is reflexive if it contains the diagonal, that is, r#x for alla € X. 
e A relation & is symmetric if rZy, then y#x. 

e A relation & is anti-symmetric if r#y and y#x, then x = y. 

e A relation & is transitive if r#y and y#z, then rz. 


e A relation # is an equivalence relation if it is reflexive, symmetric and tran- 
sitive. 


e A relation & is a pre-order if it is reflexive and transitive. A pre-order is often 
denoted <. If the pre-order is anti-symmetric, then one says that & is an 
order on X. A set endowed with a pre-order is called a partially ordered set, 
or, for short, a poset. 


e Let (J,<) bea poset. One says that (J, <) is filtered (one also says “directed” 
or “filtrant”) if J is non empty and for any i,7 € J there exists k with i < k 
and 7 <k. 


e Assume (J, <) is a filtered poset and let J C I be a subset. One says that J 
is cofinal to J if for any 2 € J there exists 7 € J with 2 < 7. 


If Z is a relation on a set X, there is a smallest equivalence relation which 
contains #. (Take the intersection of all subsets of X x X which contain # and 
which are equivalence relations. ) 

Let & be an equivalence relation on a set X. A subset S of X is saturated if 
xé€ S and c@y implies y € S. For x € X, the smallest saturated subset % of X 
containing x is called the equivalence class of x. One then defines a new set X/& 
and a canonical map f: X > X/Z as follows: the elements of X/Z& are the sets © 
and the map f associates the set 7 to x € X. 


1.2 Modules and linear maps 


All along this book, a ring A means a unital associative ring, but A is not necessarily 
commutative. We shall denote by k a commutative ring. Recall that a k-algebra A 
is a ring endowed with a morphism of rings y: k — A such that the image of k is 
contained in the center of A (7.e., p(x)a = ay(x) for any x € k anda € A). Notice 
that a ring A is always a Z-algebra. If A is commutative, then A is an A-algebra. 

Since we do not assume A commutative, we have to distinguish between left 
and right structures. Unless otherwise specified, a module M over A means a left 
A-module. 

Recall that an A-module M is an additive group (whose operations and zero 
element are denoted +,0) endowed with an external law A x M — M (denoted 
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(a,m) + a-m or simply (a,m) + am) satisfying: 
(ab)m = a(bm) 
( 


m') =am+am' 


where a,b € A and m,m’ € M. 

Note that, when A is a k-algebra, M inherits a structure of a k-module via y. 
In the sequel, if there is no risk of confusion, we shall not write y. 

We denote by A°? the ring A with the opposite structure. Hence the product ab 
in A° is the product ba in A and an A°?-module is a right A-module. 

Note that if the ring A is a field (here, a field is always commutative), then an 
A-module is nothing but a vector space. 


Examples 1.2.1. (i) The first example of a ring is Z, the ring of integers. Since a 
field is a ring, Q,R,C are rings. If A is a commutative ring, then A[a1,...,2,], the 
ring of polynomials in n variables with coefficients in A, is also a commutative ring. 
It is a sub-ring of Al[x1,...,2,]], the ring of formal powers series with coefficients 
in A. 

(ii) Let k be a field. For n > 1, the ring M,,(k) of square matrices of rank n with 
entries in k is non-commutative. 

(iii) Let k be a field. The Weyl algebra in n variables, denoted W,,(k), is the 
non commutative ring of polynomials in the variables 2;, 0; (1 < i,j <n) with 
coefficients in k and relations : 


[zi,2j] =0, [0:,0;] =0, [0;, xi] = 5; 
where [p, g] = pq — gp and Oy is the Kronecker symbol. 

The Weyl algebra W,,(k) may be regarded as the ring of differential operators 
with coefficients in k|a1,...,2,], and k|[z,,...,2,,] becomes a left W,,(k)-module: 2; 
acts by multiplication and 0; is the derivation with respect to x;. 


A morphism f: M — N of A-modules is an A-linear map, i.e., f satisfies: 


te ale = f(m) + f(m!) m,m'e€ M, 
f(am) =af(m) me M,aeA. 


A morphism f is an isomorphism if there exists a morphism g : N > M with 
fog=idy,go f =idy. 

If f is bijective, it is easily checked that the inverse map f~! : N > M is itself 
A-linear. Hence f is an isomorphism if and only if f is A-linear and bijective. 

A submodule N of M is a nonempty subset N of M such that ifn,n’ € N, then 
n+n'€WN and ifne N,ae€ A, then an € N. A submodule of the A-module A 
is called an ideal of A. Note that if A is a field, it has no non-trivial ideal, 7.e., its 
only ideals are {0} and A. If A = C[z], then J = {P € C[z]; P(O) = 0} is a non 
trivial ideal. 

If N is a submodule of M, it defines an equivalence relation: m&m’ if and only 
ifm —m’' € N. One easily checks that the quotient set M/@ is naturally endowed 
with a structure of a left A-module. This module is called the quotient module and 
is denoted M/N. 
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Let f: M — N be a morphism of A-modules. One sets: 


ker f={meM;  f(m) = 0}, 
Imnf={neéeN; there existsm eM, f(m) =n}. 


These are submodules of M and N respectively, called the kernel and the image of 
f, respectively. One also introduces the cokernel and the coimage of f: 


Coker f=N/Imf, Coim f = M/ker f. 
Note that the natural morphism Coim f — Im f is an isomorphism. 


Example 1.2.2. Let W,,(k) denote as above the Weyl algebra. Consider the left 
W,,(k)-linear map W,,(k) > k[ai,...,2n], Wn(k) 3 PH PQ) €klm,..., 2]. This 
map is clearly surjective and its kernel is the left ideal generated by (01,--+ , On). 
Hence, one has the isomorphism of left W,,(k)-modules: 


(122) Wr(k)/ $0 W,(k)0; ~ k[x1,..., 0p]. 


Products and direct sums 


Let J be a set, and let {M;}ier be a family of A-modules indexed by J. The set 
I], is naturally endowed with a structure of a left A-module by setting 


(mi)i + (mj)i = (mi + mi)a, 


a-(m;)i = (a: m,)j- 


The direct sum @, M; is the submodule of [],; /; whose elements are the (m;);’s 
such that m; = 0 for all but a finite number of 7 € J. In particular, if the set I is 
finite, we have @, M; = [], Mi. If M; = M for all i, one writes M®™ or M“ instead 
of @, M. 


Linear maps 


Let M and N be two A-modules. Recall that an A-linear map f: M — N is also 
called a morphism of A-modules. One denotes by Hom ,(M, N) the set of A-linear 
maps f: M — N. When A is a k-algebra, Hom ,(M, N) is a k-module. In fact 
one defines the action of k on Hom ,(M, N) by setting: (Af)(m) = A(f(m)). Hence 
(Af)(am) = Af(am) = Aaf(m) = adAf(m) = a(Af)(m), and Af € Hom ,(M, N). 

There is a natural isomorphism Hom ,(A,M) ~ M: to u € Hom ,(A,M) one 
associates u(1) and tom € M one associates the linear map A + M,a+> am. More 
generally, if J is an ideal of A then Hom ,(A/I, M) ~ {m € M; Im = O}. 

Note that if A is a k-algebra and L € Mod(k), M € Mod(A), the k-module 
Hom,(L, M) is naturally endowed with a structure of a left A-module. If N is a 
right A-module, then Hom,(N, L) is naturally endowed with a structure of a left 
A-module. 
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Tensor product 


Consider a right A-module N, a left A-module M and a k-module L. Let us say 
that a map f: N x M — Lis (A,k)-bilinear if f is additive with respect to each of 
its arguments and satisfies f(na,m) = f(n,am) and f(nA,m) = A(f(n,m)) for all 
(n,sm)€ NxM anda€ A,A Ek. 

Let us identify a set J to a subset of k™ as follows: to i € I, we associate 
{lj}jer €k™ given by 


oe eee 
(29) om {hy oe 


The tensor product N @, M is the k-module defined as the quotient of hv) 
by the submodule generated by the following elements (where n,n’ € N,m,m’ € 
M,a€A,\ €kand N x M is identified to a subset of kY*™)): 


The image of (n,m) in N ®, M is denoted n ® m. Hence an element of N @, M 
may be written (not uniquely!) as a finite sum yy n; ®m;,n; € N,m,; € M and: 


(nt+n')@m=nOm+n' Om, 
n@(m+m')=n@m+nem’, 
na®m=n&am, 

A(n @m) =nrAQm=n® Am. 


Denote by 8: N x M + N®,M the natural map which associates n ®m to (n,m). 


Proposition 1.2.3. The map 6 is (A,k)-bilinear and for any k-module L and any 
(A, k)-bilinear map f: Nx M > L, the map f factorizes uniquely through a k-linear 
map p:N®@,M—L. 


The proof is left to the reader. 
Proposition 1.2.3 is visualized by the diagram: 


NxM—+N@,M 
c 

f y 

L. 


Consider an A-linear map f: M — L. It defines a linear map idy xf: N x M > 
N x L, hence a (A,k)-bilinear map N x M —> N ®, L, and finally a k-linear map 
idy@f:N®,M—-N®,L. 


One constructs similarly g ® idy associated to g: N > L. 
There are natural isomorphisms A®, M~M andN®,AYN. 
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Denote by Bil(N x M,L) the k-module of (A,k)-bilinear maps from N x M to 
L. One has the isomorphisms 


(12.3) Bil(N x M,L)~Hom,(N ®, M, L) 
~ Hom ,(M, Hom, (N, L)) 
~ Hom ,(N, Hom,(M, L)). 


For L € Mod(k) and M € Mod(A), the k-module L®, M is naturally endowed with 
a structure of a left A-module. For M,N € Mod(A) and LZ € Mod(k), we have the 
isomorphisms (whose verification is left to the reader): 


(L.2A) Hom ,(L ®, N,M)~Hom ,(N, Hom, (L, M)) 
~Hom,(L,Hom ,(N,™M)). 


If A is commutative, N @, M is naturally an A-module and there is an isomorphism: 
N®,M~M®,N given by n®@m+>+ m@n. Moreover, the tensor product 
is associative, that is, if L, M,N are A-modules, there are natural isomorphisms 
L®,(M ®,N)~(L®, M)®,N. One simply writes L®, M,N. 


1.3. Categories and functors 


Definition 1.3.1. A category @ consists of: 
(i) a set Ob(@) whose elements are called the objects of @, 


(ii) for each X,Y € Ob(@), a set Homy(X,Y) whose elements are called the 
morphisms from X to Y, 


(iii) for any X,Y,Z € Ob(@), a map, called the composition, Homy(X,Y) x 
Hom ,(Y, Z) + Hom, (X, Z), and denoted (f,g) + go f, 


these data satisfying: 
(a) © is associative, 


(b) for each X € Ob(@), there exists idy € Hom(X,X) such that for all f € 
Hom,(X,Y) and g € Hom, (Y, X), foidx = f, idx og = g. 


Note that idx € Hom (X, X) is characterized by the condition in (b). 


Universes 


With such a definition of a category, there is no category of sets, since there is no 
set of “all” sets. The set-theoretical dangers encountered in category theory will be 
illustrated in Remark 2.6.16. 

To overcome this difficulty, one has to be more precise when using the word 
“set”. One way is to use the notion of universe. We do not give in this book the 
precise definition of a universe, only recalling that a universe W is a set (a very big 
one) stable by many operations. In particular, 9 € Y,NEW,xceW andyeu 
implies yE€V,xeEW andy Cxrimplisy€ Y,ifle WY andu; € Y for alli € J, 
then U;epui € Y and [],-, ui € Y. See for example [KS06, Def. 1.1.1]. 
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Definition 1.3.2. Let Y be a universe. 
(a) A set FE is a Y-set if it belongs to Y. 
(b) A set F is Y-small if it is isomorphic to a W-set. 


(c) A &Y-category @ is a category such that for any X,Y € @, the set Hom, (X,Y) 
is Y@-small. 


(d) A &-category @ is Y-small if moreover the set Ob(@) is Y-small. 


The crucial point is Grothendieck’s axiom which says that any set belongs to 
some universe. 

By a “big” category, we mean a category in a bigger universe. Note that, by 
Grothendieck’s axiom, any category is an ¥-category for a suitable universe VY and 
one even can choose VY so that @ is V-small. 

As far as it has no implication, we shall not always be precise on this matter and 
the reader may skip the words “small” and “big”. 


Notation 1.3.3. One often writes X € @ instead of X € Ob(@) and f: X — Y 
(or else f: Y < X) instead of f €¢ Homy(X,Y). One calls X the source and Y the 
target of f. 


e A morphism f: X — Y is an isomorphism if there exists g: X < Y such that 
fog =idy and go f = idx. In such a case, one writes f: X ~~ Y or simply 
X ~Y. Of course g is unique, and one also denotes it by f~?. 

e A morphism f: X > Y is a monomorphism (resp. an epimorphism) if for any 
morphisms gi and go, f° 91 = f © ge (resp. 91° f = 92° f) implies gi = go. 
One sometimes writes f: XY or else X — Y (resp. f: X-»Y) to denote a 


monomorphism (resp. an epimorphism). 


e Two morphisms f and g are parallel if they have the same sources and targets, 
visualized by f,g: X SY. 


e A category is discrete if the only morphisms are the identity morphisms. Note 
that a set is naturally identified with a discrete category (and conversely). 


e A category @ is finite if the family of all morphisms in @ (hence, in particular, 
the family of objects) is a finite set. 


e A category @ is a groupoid if all morphisms are isomorphisms. 
One introduces the opposite category @°?: 
Ob(@°?) = Ob(@), Homy.p(X,Y) = Hom, (Y, X), 


the identity morphisms and the composition of morphisms being the obvious ones. 
A category @’ is a subcategory of @, denoted @’ C @, if: 


(a) Ob(G") c Ob(¥), 
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(b) Homy,(X,Y) C Homy(X,Y) for any X,Y € @’, the composition o in @” is 
induced by the composition in @ and the identity morphisms in @’ are induced 
by those in @. 


e One says that @’ is a full subcategory if for all X,Y € @’, Homy,(X,Y) = 
Hom,(X,Y). 


e One says that a full subcategory @’ of @ is saturated if X € @ belongs to G’ 
as soon as it is isomorphic to an object of @’. 


Examples 1.3.4. (i) Set is the category of sets and maps (in a given universe 
MU). Vf necessary, one calls this category Y-Set. Then Set? is the full subcategory 
consisting of finite sets. 

(ii) Rel is defined by: Ob(Rel) = Ob(Set) and Hom, (X,Y) = A(X x Y), the 
set of subsets of X x Y. The composition law is defined as follows. For f: X — Y 
and g: Y > Z, g0f is the set 


{(z,z) € X x Z; there exists y € Y with (2, y) € f, (y, z) € g}. 


Of course, idx = AC X x X, the diagonal of X x X. 


(iii) Let A be a ring. The category of left A-modules and A-linear maps is denoted 
Mod(A). In particular Mod(Z) is the category of abelian groups. 

We shall use the notation Hom ,(+, *) instead of Homys.ac4)(*; *)- 

One denotes by Mod!‘(A) the full subcategory of Mod(A) consisting of finitely 
generated A-modules. 
(iv) One associates to a pre-ordered set (I, <) a category, still denoted by J for short, 
as follows. Ob(J) = J, and the set of morphisms from 7 to 7 has a single element 
if 2 < 7, and is empty otherwise. Note that [°P is the category associated with I 
endowed with the opposite pre-order. 
(v) We denote by Top the category of topological spaces and continuous maps. 
(vi) We shall often represent by the diagram e — e the category which consists of 
two objects, say {a,b}, and one morphism a — 6 other than id, and idy. We denote 
this category by Arr. 
(vii) We represent by ee the category with two objects, say {a,b}, and two 
parallel morphisms a = b other than id, and id. 
(viii) Let G be a group. We may attach to it the groupoid Y with one object, say 
{a} and morphisms Hom (a, a) = G. 
(ix) Let X be a topological space locally arcwise connected. We attach to it a 
category X as follows: Ob(X) = X and for z,y € X, a morphism f: 7 > yisa 
path form x to y. (Precise definitions are left to the reader.) 


Definition 1.3.5. (i) An object P € @ is called initial if Homy(P,X) ~ {pt} 
for all X € @. One often denotes by @¢ an initial object in @. 


(ii) One says that P is terminal if P is initial in @°?, i.e., for all X € @, 
Hom,(X, P) ~ {pt}. One often denotes by pty a terminal object in @. 


(iii) One says that P is a zero-object if it is both initial and terminal. In such a case, 
one often denotes it by 0. If @ has a zero object, for any objects X,Y € @, 
the morphism obtained as the composition X — 0 — Y is still denoted by 
0: X > Y. 


22 CHAPTER 1. THE LANGUAGE OF CATEGORIES 


Note that initial (resp. terminal) objects are unique up to unique isomorphisms. 


Examples 1.3.6. (i) In the category Set, @ is initial and {pt} is terminal. 
(ii) The zero module 0 is a zero-object in Mod(A). 


(iii) The category associated with the ordered set (Z,<) has neither initial nor 
terminal object. 


Definition 1.3.7. Let @ and @’ be two categories. A functor F': @ — @’ consists 
of amap F’: Ob(@) > Ob(@’) and for all X,Y € @, of a map still denoted by F: 
Hom,(X,Y) > Homy, (F(X), F(Y)) such that 


F(idx) =idexy), F( fog) = F(f) ° F(g). 


A contravariant functor from @ to @’ is a functor from @°? to @’. In other 
words, it satisfies F'(g 0 f) = F(f) 0 F(g). If one wishes to put the emphasis on the 
fact that a functor is not contravariant, one says it is covariant. 

One denotes by op: @ + @°? the contravariant functor, associated with idgop. 


Example 1.3.8. Let @ be a category and let X € @. 


(i) Homy(X, +) is a functor from @ to Set. To Y € @, it associates the set 
Hom,(X,Y) and to a morphism f: Y > Z in @, it associates the map 


Hom,(X, f): Hom, (X,Y) 2 Hom,(X, Z). 


(ii) Homy(*,X) is a functor from @°P to Set. To Y € @, it associates the set 
Hom,(Y,X) and to a morphism f: Y > Z in @, it associates the map 


Hom,,(f, X): Hom,(Z, X) “4 Hom,(Y, X). 


Example 1.3.9. Let A be a k-algebra and let M € Mod(A). Similarly as in 
Example 1.3.8, we have the functors 


Hom ,(M, +): Mod(A) + Mod(k), 
Hom ,(*, 1): Mod(A)°? + Mod(k) 


Clearly, the functor Hom ,(M, +) commutes with products in Mod(A), that is, 
Hom ,(M, I] N;)& I] Hom ,(M, N;) 
and the functor Hom ,(*,N) commutes with direct sums in Mod(A), that is, 


Hom 4(@ M;,N)~ I] Hom ,(M, N). 


(ii) Let N be a right A-module. Then N ®, *: Mod(A) > Mod(k) is a functor. 
Clearly, the functor N ®, * commutes with direct sums, that is, 


a 


and similarly with the functor + @, M. 
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Definition 1.3.10. Let F: @ > @’ be a functor. 


(i) One says that F is faithful (resp. full, resp. fully faithful) if for X,Y € @ 
Hom,(X,Y) + Homy, (F(X), F(Y)) is injective (resp. surjective, resp. bijec- 
tive). 


(ii) One says that F is essentially surjective if for each Y € @’ there exists X € @ 
and an isomorphism F(X) ~ Y. 


(iii) One says that F’ is conservative if any morphism f: X — Y in @ is an iso- 
morphism as soon as F’(f) is an isomorphism. 


Examples 1.3.11. (i) The forgetful functor for: Mod(A) —> Set associates to an 
A-module M the set M, and to a linear map f the map f. The functor for is faithful 
and conservative but not fully faithful. 


(ii) The forgetful functor for: Top — Set (defined similarly as in (i)) is faithful. It 
is neither fully faithful nor conservative. 


(iii) Consider the functor for: Set — Rel which is the identity on the objects of 
these categories and which, to a morphism f: X — Y in Set associates its graph 
Ty C XxY. This forgetful functor is faithful but not fully faithful. It is conservative 
(this is left as an exercise). 


One defines the product of two categories @ and @' by : 


Ob(@ x @') = Ob(@) x Ob(@’) 
Homo CX, x) (YY) = Homey CX, Y ) x Home, (X,Y): 
A bifunctor F': @ x @' + @” is a functor on the product category. This means that 
for X € @ and X’ € @’, F(X, +): @ > @" and F(+,X'): © > @" are functors, 
and moreover for any morphisms f : X > Y in@,g: X’—> Y’ in @’, the diagram 
below commutes: 


F(X,g) 


F(X, X") F(X,Y") 
rinx| [raw 
FY, Xe ey v4) 


In fact, (f,9) = Gdy,g) 0 (fridx’) = (f, idy’) 0 (idx, 9). 
Examples 1.3.12. (i) Homy(*, *) : @°? x @ — Set is a bifunctor. 
(ii) If A is a k-algebra, we have met the bifunctors 
Hom ,(*, *) : Mod(A)°? x Mod(A) + Mod(k), 
* ®, ° : Mod(A°?) x Mod(A) > Mod(k). 
Definition 1.3.13. Let F,,F, be two functors from @ to @’. A morphism of 


functors 0: F — Fy is the data for all X € @ of a morphism 0(X) : F\(X) > F)(X) 
such that for all f: X - Y, the diagram below commutes: 


(1.3.1) ni] F2(f) 
( 
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A morphism of functors is visualized by a diagram: 


Fi 
C7 Ye 
eed 
PF 
Hence, by considering the family of functors from @ to @’ and the morphisms of 


such functors, we get a new category. 


Notation 1.3.14. (i) We denote by Fct(@,@’) the category of functors from @ to 
@'. One may also use the shorter notation (@’)®. 


Examples 1.3.15. Let k be a field and consider the functor 


*: Mod(k)°® + Mod(k), 
VwHV*=Hom,(V,k), u.Vowred: WV". 


Then there is a morphism of functors id > * o* in Fet(Mod(k), Mod(k)). Indeed, 
for any V € Mod(k), there is a natural morphism V > V*™ and for u: V >Wa 
linear map, the diagram below commutes: 


VY ——V*™* 


(1.3.2) | |= 
Ww—w*. 


(ii) We shall encounter morphisms of functors when considering pairs of adjoint 
functors (see (1.5.2)). 


In particular we have the notion of an isomorphism of categories. A functor 
F: @ — G' is an isomorphism of categories if there exists G : @’ — @ such that: 
Go F = idg and FoG = idg:. In particular, for all X € @, Go F(X) = X. 
In practice, such a situation rarely occurs and is not really interesting. There is a 
weaker notion that we introduce below. 


Definition 1.3.16. A functor F: @ > @’ is an equivalence of categories if there 
exists G: @’ + @ such that: Go F is isomorphic to idy and F'0G is isomorphic to 
idy:. 


We shall not give the proof of the following important result below. 


Theorem 1.3.17. The functor F: @ > @’ is an equivalence of categories if and 
only if F is fully faithful and essentially surjective. 


If two categories are equivalent, all results and concepts in one of them have their 
counterparts in the other one. This is why this notion of equivalence of categories 
plays an important role in Mathematics. 


Examples 1.3.18. (i) Let k be a field and let @ denote the category defined by 
Ob(@) = N and Hom, (n,m) = Mm n(k), the space of matrices of type (m,n) with 
entries in a field k (the composition being the usual composition of matrices). Define 
the functor F: @ —> Mod! (k) as follows. To n € N, F(n) associates k” € Mod/(k) 
and to a matrix of type (m,n), F' associates the induced linear map from k” to k”. 
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Clearly F is fully faithful. Since any finite dimensional vector space admits a basis, 
it is isomorphic to k” for some n, hence F is essentially surjective. In conclusion, F’ 
is an equivalence of categories. 


(ii) let @ and @’ be two categories. There is an equivalence 
(13:3) Fet(@, @) ~ Fet(@, GP). 
(iii) Let J, J and @ be categories. There are equivalences 


(1.3.4) Fet( x J,@) ~ Fet(J, Fet,@)) ~ Fet(/, Fet(J, @)). 


1.4 The Yoneda Lemma 


Definition 1.4.1. Let @ be a category. One defines the big categories 
6 = Fet(@, Set), @Y = Fct(W, Set”), 
and the functors 


hg: @ > @*, X++Hom,(+,X) 
kg: @ > 6%, X++Hom,(X, °). 


Since there is a natural equivalence of categories 
(1.4.1) EY ~r Goer 
we shall concentrate our study on @%. 


Theorem 1.4.2. (The Yoneda lemma.) For A € @* and X € @, there is an 
isomorphism Homy,(h¢g(X), A) ~ A(X), functorial with respect to X and A. 


Proof. One constructs the morphism y: Homy,(h¢(X),A) — A(X) by the chain 
of morphisms: Homy,(h¢(X), A) + Hom,,,(Hom,(X, X), A(X)) > A(X), where 
the last map is associated with idx. 

To construct ~: A(X) > Homya,(h¢(X), A), it is enough to associate with 
s € A(X) and Y € @ a map from Hom, (Y,X) to A(Y). It is defined by the 
chain of maps Hom,(Y, X) + Homg,,,(A(X), A(Y)) + A(Y) where the last map is 
associated with s € A(X). 

One checks that y and w are inverse to each other. 


Corollary 1.4.3. The functors hy and kg are fully faithful. 


Proof. For X,Y € @, one has Hom,, (h¢(X), h¢(Y)) ~ h¢(Y)(X) = Hom, (X,Y). 


One calls hy and ky the Yoneda embeddings. 

Hence, one may consider @ as a full subcategory of @”. In particular, for 
X € G, h¢(X) determines X up to unique isomorphism, that is, an isomorphism 
hy(X) ~ h¢(Y) determines a unique isomorphism X ~ Y. 


Corollary 1.4.4. Let @ be a category and let f: X + Y be a morphism in @. 
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(i) Assume that for any Z © ©, the map Hom, (Z, X) ns Hom,(Z,Y) is bijec- 
tive. Then f 1s an isomorphism. 


(ii) Assume that for any Z € @, the map Hom, (Y, Z) “f, Hom, ~(X, Z) is bijective. 
Then f is an isomorphism. 
Proof. (i) By the hypothesis, hy(f) : hy(X) > h¢(Y) is an isomorphism in @%. 
Since hg is fully faithful, this implies that f is an isomorphism (see Exercise 1.2 (ii)). 
(ii) follows by replacing @ with @°?. 


Definition 1.4.5. Let @ and @’ be categories, F: @ — @’ a functor and let Z € @’. 
(i) The category @z is defined as follows: 


Ob(@z) = {(X,u); X € Gu: F(X) > Z}, 
Hom yg, ((X1, v1), (Xe, u2)) = {ui X1 > Xo; us = ug o F(v)}. 


(ii) The category @7 is defined as follows: 
Ob(@7) = {(X,u);X € G,u: Z > F(X))}, 
Hom gz ((X1, ur), (X2, ua) ={u: X1 > Xo; ug = us o F(v)}. 
Note that the natural functors (X,u) 4 X from @z and @% to @ are faithful. 


The morphisms in @z (resp. @7) are visualized by the commutative diagram on 
the left (resp. on the right) below: 


(2 l=" FX) 


mol At 


Definition 1.4.6. Let @ be a category. The category Mor(@) of morphisms in @ 
is defined as follows. 


Ob(Mor(@)) = {(U, V, s);U, V € @x,s € Hom, (U,V), 

Hom woe ((s :U 4 V), (s': U > V’) 
={u:U 3U',v:VOVi,v08s=s' ou}. 

The category Moro(@) is defined as follows. 

Ob(Morp(@)) = {(U, V, s);U,V € @x,s € Hom, (U,V), 

Hom yo.,(¢)((s : U + V), (s 'sU' OV’) 
={u:U3U',w:V' 3V;s=wos'ou}. 

A morphism (s: U > V) > (s’: U' > V’) in Mor(@) (resp. Morg(@)) is visual- 


ized by the commutative diagram on the left (resp. on the right) below: 


U—-+V U—-+V 


U’ s! ae U' 8 V'. 
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1.5 Representable functors, adjoint functors 


Representable functors 


Definition 1.5.1. (i) One says that a functor F' from @°? to Set is representable 
if there exists X € @ such that F(Y) ~ Hom,(Y,X) functorially in Y € @. 
In other words, F ~ h¢(X) in @”. Such an object X is called a representative 
of F. 


(ii) Similarly, a functor G: @ — Set is representable if there exists X € @ such 
that G(Y) ~ Hom,(X,Y) functorially in Y € @. 


It is important to notice that the isomorphisms above determine X up to unique 
isomorphism. More precisely, given two isomorphisms Ff ~> h¢(X) and F > 
h¢(X’‘) there exists a unique isomorphism 0: X > X’ making the diagram below 
commutative: 


Representable functors provides a categorical language to deal with universal prob- 
lems. Let us illustrate this by an example. 


Example 1.5.2. Let A be a k-algebra. Let N be a right A-module, M a left A- 
module and L a k-module. Denote by B(N x M, L) the set of (A,k)-bilinear maps 
from N x M to L. Then the functor F: L + B(N x M,L) is representable by 
N ®,M by (1.2.3). 


Adjoint functors 


Definition 1.5.3. Let F: @ > @’ and G: @' > @ be two functors. One says that 
(FG) is a pair of adjoint functors or that F is a left adjoint to G, or that Gis a 
right adjoint to F' if there exists an isomorphism of bifunctors: 


(1.5.1) Hom ,,(F(+), ©) ~ Hom,(+,G(+)). 


If G is an adjoint to F’, then G is unique up to isomorphism. In fact, G(Y) is a 
representative of the functor X ++ Homy,(F(X),Y). 
The isomorphism (1.5.1) gives the isomorphisms 


Homy,(F oG(+), +) ~ Homy(G(+),G(+)), 
Homy:(F(*), F(*)) = Hom,(*,Go F(*)). 
In particular, we have morphisms X — Go F(X), functorial in X € @, and mor- 


phisms Fo G(Y) - Y, functorial in Y € @’. In other words, we have morphisms of 
functors 


(1.5.2) FoGo idg:, idy + GoF. 
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Examples 1.5.4. (i) Let X © Set. Using the bijection (1.1.3), we get that the 
functor Homg,,(X, +): Set — Set is right adjoint to the functor * x X. 

(ii) Let A be a k-algebra and let ZL € Mod(k). Using the first isomorphism in 
(1.2.4), we get that the functor Hom,(L, +): Mod(A) to Mod(A) is right adjoint to 
the functor * @, L. 

(iii) Let A be a k-algebra. Using the isomorphisms in (1.2.4) with N = A, we 
get that the functor for: Mod(A) — Mod(k) which, to an A-module associates the 
underlying k-module, is right adjoint to the functor A @, *: Mod(k) — Mod(A) 
(extension of scalars). 


Exercises to Chapter 1 


Exercise 1.1. Prove that the categories Set and Set°? are not equivalent and 
similarly with the categories Set’ and (Set/)°?. 


(Hint: if F': Set — Set°? were such an equivalence, then F(@) ~ {pt} and 
F({pt}) ~ @. Now compare Hom,g,,({pt},X) and Hom,,,..(F({pt}), F(X)) when 
X is a set with two elements.) 


Exercise 1.2. (i) Let F: @ — @’ be a faithful functor and let f be a morphism 
in @. Prove that if F(f) is a monomorphism (resp. an epimorphism), then f is a 
monomorphism (resp. an epimorphism). 

(ii) Assume now that F is fully faithful. Prove that if F(f) is an isomorphism, then 
f is an isomorphism. In other words, fully faithful functors are conservative. 


Exercise 1.3. Is the natural functor Set > Rel full, faithful, fully faithful, conser- 
vative? 

Exercise 1.4. Prove that the category @ is equivalent to the opposite category @°P 
in the following cases: 

(i) @ denotes the category of finite abelian groups, 

(ii) @ is the category Rel of relations. 

Exercise 1.5. (i) Prove that in the category Set, a morphism f is a monomorphism 
(resp. an epimorphism) if and only if it is injective (resp. surjective). 

(ii) Prove that in the category of rings, the morphism Z — Q is an epimorphism. 
(Hint: if f: Q— A is a morphism of rings, then f(p/q) = f(p) x f(q)71.) 

(iii) In the category Top, give an example of a morphism which is both a monomor- 


phism and an epimorphism and which is not an isomorphism. 


Exercise 1.6. Let F': @ — Set be a functor and let u: X — Y be a morphisms in 
@. Assume that F is faithful. Prove that u is an epimorphism (resp. a monomor- 
phism) as soon as F'(u) is surjective (resp. injective). 


Exercise 1.7. Let @ be a category. We denote by idg: © > @ the identity functor 
of @ and by End (idy) the set of endomorphisms of the identity functor idy : © > @, 
that is, 


End (idg) = Hom Fet(@,@) (idy, idy). 


Prove that the composition law on End (idy) is commutative. 


Chapter 2 
Limits 


After treating the particular cases of kernels and cokernels, products and coproducts, 
we shall construct limits and colimits, starting with limits in the category Set. We 
show that limits may be obtained as a combination of products and kernels, hence 
that colimits may be obtained as a combination of coproducts and cokernels. In par- 
ticular the category Set of sets (in a given universe) admits limits and colimits, as 
well as the category Mod(A) of modules over a ring A. We have a glance to the par- 
ticular cases of fiber products and coproducts. Then we introduce the fundamental 
notion of filtered colimits and cofinal functors. We show that in the category Set, 
filtered colimits commute with finite limits. Finally we have a glance to the theory 
of ind-objects. Caution. We may sometimes use the terms “projective limit” or 


“inductive limits” instead of “limit” or “colimit”. 


2.1 Products and coproducts 


Let @ be a category and consider a family {X;}icer of objects of @ indexed by a 
(small) set J. Consider the two functors 


(2.1.1) €? — Set, Y 4 | [ Hom, (Y, Xi), 
(2.1.2) € + Set, Y + [[ Hom, (X;, Y). 


a 


Definition 2.1.1. (i) Assume that the functor in (2.1.1) is representable. In this 
case one denotes by [[, X; a representative and calls this object the product of 
the X;’s. In case J has two elements, say J = {1,2}, one simply denotes this 
object by X1 x Xo. 


(ii) Assume that the functor in (2.1.2) is representable. In this case one denotes by 
[], Xi a representative and calls this object the coproduct of the X;’s. In case 
I has two elements, say J = {1,2}, one simply denotes this object by X, [| Xe 
or even X11 Xo. 


(iii) If for any family of objects {X;}ic7, the product (resp. coproduct) exists, one 
says that the category @ admits products (resp. coproducts) indexed by J. 
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(iv) If X; = X for all i € J, one writes: 
X' =|] X;, XU = [|X 


In case of additive categories (see below), one writes @;X; instead of ||, X; and 
X” or X® instead of XU/. If © = Set, one often writes |_|, X; instead of [[,X;. 
and X“! instead of XU!, 


Note that the coproduct in @ is the product in @°?. 
By this definition, the product or the coproduct exists if and only if one has the 
isomorphisms, functorial with respect to Y € @: 


(2.1.3) Hom (Y, I] Xj) & I] Homi YX), 
(2.1.4) Hom y([[ Xi, Y) ~ [[ Hom, (%, Y). 
Assume that ||, X; exists. By choosing Y = [], X; in (2.1.3), we get the morphisms 


Ty: WES — X;. 
j 


Similarly, assume that [[, X; exists. By choosing Y = [[, X; in (2.1.4), we get the 
morphisms 


EG: X; — [| %. 


J 


The isomorphism (2.1.3) may be translated as follows. Given an object Y and a 
family of morphisms f;: Y — X;, this family factorizes uniquely through [|], Xi. 
This is visualized by the diagram 


The isomorphism (2.1.4) may be translated as follows. Given an object Y and a 
family of morphisms f;: X; + Y, this family factorizes uniquely through [|], Xj. 
This is visualized by the diagram 


2.2. KERNELS AND COKERNELS dl 


Example 2.1.2. (i) The category Set admits products (that is, products indexed 
by small sets) and the two definitions (that given in (1.1.1) and that given in Defi- 
nition 2.1.1) coincide. 

(ii) The category Set admits coproducts indexed by small sets, namely, the disjoint 
union. 

(iii) Let A be a ring. The category Mod(A) admits products, as defined in § 1.2. 
The category Mod(A) also admits coproducts, which are the direct sums defined in 
§ 1.2. and are denoted @. 

(iv) Let X be a set and denote by X the category of subsets of X. (The set X is 
ordered by inclusion, hence defines a category.) For 5S, Sy € X, their product in the 
category X is their intersection and their coproduct is their union. 


Remark 2.1.3. The forgetful functor for: Mod(A) — Set commutes with products 
but does not commute with coproducts. The coproduct of two modules is not their 
disjoint union. That is the reason why the coproduct in the category Mod(A) is 
called the direct sum and is denoted differently, namely ©. 


2.2 Kernels and cokernels 


Let @ be a category and consider two parallel arrows f,g : X 9 = X, in @. Consider 
the two functors 


(2.2.1) 6°? —» Set, Y +> ker(Hom, (Y, Xo) 3 Hom, (Y, X1)), 
(2.2.2) 6 — Set, Y +> ker(Hom,(X1, Y) 3 Hom, (Xo, Y)). 


Definition 2.2.1. (i) Assume that the functor in (2.2.1) is representable. In this 
case one denotes by ker(f,g) a representative and calls this object a kernel 
(one also says an equalizer) of (f,g). 


(ii) Assume that the functor in (2.2.2) is representable. In this case one denotes 
by Coker(f,g) a representative and calls this object a cokernel (one also says 
a co-equalizer) of (f,g). 


(iii) A sequence Z > Xp = Xj, (resp. Xp = X1 — Z) is exact if Z is isomorphic 
to the kernel (resp. cokernel) of Xo = Xj. 


(iv) Assume that the category @ admits a zero-object 0. Let f: X > Y bea 
morphism in @. A kernel (resp. a cokernel) of f, if it exists, is a kernel (resp. 
a cokernel) of f,0: X = Y. It is denoted ker(f) (resp. Coker(f)). 


Note that the cokernel in @ is the kernel in @°?. 

By this definition, the kernel or the cokernel of f,g: Xo = X, exists if and only 
if one has the isomorphisms, functorial in Y € @: 
(2.2.3) Hom ,(Y, ker(f, 9)) ~ ker(Hom,(Y, Xo) 3 Hom, (Y, X))), 
(2.2.4) Hom .,(Coker(f,g), Y) ~ ker(Homy(X1,Y) 3 Homy (Xo, Y)). 


Assume that ker(f,g) exists. By choosing Y = ker(f,g) in (2.2.3), we get the 
morphism 


Je ker(Xo = X1) = Xo. 
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Similarly, assume that Coker(f,g) exists. By choosing Y = Coker(f,g) in (2.2.4), 
we get the morphism 


k: Xy => Coker(Xo = Xj). 


Proposition 2.2.2. The morphism h: ker(X9 = X,) + Xo is a monomorphism 
and the morphism k: X, — Coker(Xo = X1) is an epimorphism. 


Proof. (i) Set kK = ker(X9 = X,) — Xp and consider a pair of parallel arrows 
a,b: Y = K such that hoa =hob=w. Then fow= fohoa=gohoa= 
gohob=gow. Hence w factors uniquely through h, and this implies a = 6. 
(ii) The case of cokernels follows, by reversing the arrows. 


The isomorphism (2.2.3) may be translated as follows. Given an objet Y and 
a morphism u: Y + Xo such that fou =gou, the morphism wu factors uniquely 
through ker(f,g). This is visualized by the diagram 


ker(f, 9) =o = 1. 


(2.2.5) i a 


The isomorphism (2.2.4) may be translated as follows. Given an objet Y and a 
morphism v: X; > Y such that vo f = vog, the morphism v factors uniquely 
through Coker(f,g). This is visualized by diagram: 


f 
Xo "> Coker), 


¥ 


Example 2.2.3. (i) The category Set admits kernels and the two definitions (that 
given in (1.1.7) and that given in Definition 2.2.1) coincide. 

(ii) The category Set admits cokernels. If f,g: Zp = Z, are two maps, the cokernel 
of (f,g) is the quotient set 7,/% where & is the equivalence relation generated by 
the relation x ~ y if there exists z € Zp with f(z) = x and g(z) = y. 

(iii) Let A be aring. The category Mod(A) admits a zero object. Hence, the kernel 
or the cokernel of a morphism f means the kernel or the cokernel of (f,0). As already 
mentioned, the kernel of a linear map f: M — N is the A-module f~!(0) and the 
cokernel is the quotient module //Im f. The kernel and cokernel are visualized by 
the diagrams 


ker 7) —" =x, es oe Xo =e a —. Coker(f). 


2.3 Limits 


Let us generalize and unify the preceding constructions. 
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Definition 2.3.1. Let J and @ categories with J small. A projective system (resp. 
an inductive system) in @ indexed by J is nothing but a functor 6: [°? > @ (resp. 
a: I> @). 


For example, if (J, <) is a pre-ordered set, J the associated category, an inductive 
system indexed by I is the data of a family (X;);er of objects of @ and for alli < j, 
a morphism X; — X, with the natural compatibility conditions. 

Projective limits in Set 


Assume first that @ is the category Set and let us consider a projective system 
B: I°P —» Set. One sets 


(2.3.1) limB = {{z;}; € [1 40: 8(s)(«;) = 2; for all s € Hom, (i, j)}. 


The next result is obvious. 


Lemma 2.3.2. Let 8: I°? > Set be a functor and let X € Set. There is a natural 
isomorphism 


Hom ga (X, lim 8) > lim Hom ga (X, B), 


where Homg,,(X, 8) denotes the functor I°P — Set, i+ Homg,,(X, B(7)). 


Limits and colimits 


Consider now two functors 3: 1°? > @ anda: I> @. For X € @, we get functors 
from I°P to Set: 


Hom y(X, 6): [? 51+ Hom, (X, B(2)) € Set, 
Homy(a,X): 1°? 31+ Hom, (a, X) € Set. 


Definition 2.3.3. (i) Assume that the functor X +> lim Hom,(X, 8) is repre- 
sentable. We denote by lim (@ its representative and say that the functor 6 
admits a limit (or “a projective limit”) in @. In other words, we have the 
isomorphism, functorial in X € @: 


(2.3-2) Hom ,(X, lim 6) ~ lim Hom y(X, 8). 


(ii) Assume that the functor X +> lim Hom ,(a, X) is representable. We denote by 
colim a its representative and say that the functor a admits a colimit (or “an 
inductive limit”) in @. In other words, we have the isomorphism, functorial in 
X EG: 


(2.3.3) Hom, (colima, X) ~ lim Homy(a, X), 


Remark 2.3.4. The limit of the functor @ is not only the object lim 3 but also the 
isomorphism of functors given in (2.3.2), and similarly with colimits. 
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When @ = Set this definition of lim 6 coincides with the former one, in view of 
Lemma 2.3.2. 

Notice that both limits and colimits are defined using limits in Set. 

Assume that lim 6 exists in @. One gets: 


lim Hom, (lim 6, 8) ~ Hom, (lim 8, lim 8) 
and the identity of lim @ defines a family of morphisms 
pi: limB > B(A). 


Consider a family of morphisms { f;: X — 6(2)}ier in @ satisfying the compatibility 
conditions 


(2.3.4) f; = fi of (s) for all s © Hom;(2, 9). 


This family of morphisms is nothing but an element of lim Hom (X, 3(7)), hence by 


(2.3.2), an element of Hom (X,lim(,X). Therefore, lim @ is characterized by the 
“universal property” : 


for all X € @ and all family of morphisms {f;: X > 6(i) hier 
(2.3.5) in @ satisfying (2.3.4), all morphisms f;’s factorize uniquely 
through lim (. 


This is visualized by the diagram: 


Similarly, assume that colima exists in @. One gets: 
lim Hom, (a, colima) ~ Hom,(colim a, colim a) 
and the identity of colim a defines a family of morphisms 
pi: a(i) > colima. 


Consider a family of morphisms { f;: a(7) > X}ier in @ satisfying the compatibility 
conditions 


(2.3.6) fi = f;° f(s) for all s € Hom ,(é, 7). 


This family of morphisms is nothing but an element of lim Hom (a(7), X), hence by 


(2.3.3), an element of Hom (colima,X). Therefore, colima is characterized by the 
“universal property” : 


for all X € @ and all family of morphisms {f;: a(t) > X}ier 
(2.3.7) in @ satisfying (2.3.6), all morphisms f;’s factorize uniquely 
through colim a. 
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This is visualized by the diagram: 


Example 2.3.5. Let X be a set and let X be the category of subsets of X (see 
Example 2.1.2 (iv)). Let G: I°? > ¥ and a: I > & be two functors. Then 


lim 8 = (6), colima ~ Jai). 


Examples 2.3.6. (i) When the category IJ is discrete, limits and colimits indexed 
by J are nothing but products and coproducts indexed by J. 

(ii) Consider the category J with two objects and two parallel morphisms other than 
identities, visualized by e = e. A functor a: I > @ is characterized by two parallel 
arrows in @: 


(2.3.8) 7402 Xj oS Xy 


In the sequel we shall identify such a functor with the diagram (2.3.8). Then, the 
kernel (resp. cokernel) of (f,g) is nothing but the limit (resp. colimit) of the functor 
a. 

(iii) If J is the empty category and a: I > @ is a functor, then lima exists in @ 
if and only if @ has a terminal object pty, and in this case lima ~ pty. Similarly, 
colima exists in @ if and only if @ has an initial object @y, and in this case 
colima ~ @¢. 

(iv) If J admits a terminal object, say i, and if 8: [°? — @ anda: I > @ are 
functors, then 


lim 2 = O(7,), colimia a(z,). 
This follows immediately of (2.3.7) and (2.3.5). 


If every functor from [°? to @ admits a limit, one says that @ admits limits 
indexed by I. 
Caution We shall often neglect the adjective “small” before the words “limit” and 
“colimit” . 


Remark 2.3.7. Assume that @ admits limits (resp. colimits) indexed by J. Then 
lim: Fet(I°?,@) > @ (resp. colim: Fet(/,@) > @) is a functor. 


Definition 2.3.8. One says that a category @ admits small limits (resp. small 
colimits) if for any small category J and any functor @: [°? > @ (resp. a: I > @) 
lim 6 (resp. colim a) exists in @. 

Similarly one says that @ admits finite limits or colimits if the preceding condi- 
tions hold when assuming that J is finite. 
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Limits as kernels and products 


We have seen that products and kernels (resp. coproducts and cokernels) are par- 
ticular cases of limits (resp. colimits). One can show that conversely, limits can 
be obtained as kernels of products and colimits can be obtained as cokernels of 
coproducts. 
Recall that for a category J, Mor(J) denote the set of morphisms in J. There 
are two natural maps (source and target) from Mor(J/) to Ob(Z): 
a0: Mor(I) > Ob(J),  (s:i > 7) 4, 
T: Mor) > Ob(J),  (s:i a7) Hj. 
Let @ be a category which admits limits and let 6: [°? > @ be a functor. For 
s:1— Jj, we get two morphisms in @: 


from which we deduce two morphisms in @: [[,,<; 6(k) = 6(a(s)). These morphisms 
define the two morphisms in @: 


(2.3.9) Meer (8) > Teemtorn 8(0(8)). 


Similarly, assume that @ admits colimits and let a: 1 ~ @ be a functor. By 
reversing the arrows, one gets the two morphisms in @: 


(2.3.10) Leemorc) a(a(s)) nr ad Une a(k). 
Proposition 2.3.9. (i) lim is the kernel of (a,b) in (2.3.9), 


(ii) colima is the cokernel of (a,b) in (2.3.10). 


Sketch of proof. By the definition of limits and colimits we are reduced to check (i) 
when @ = Set and in this case this is obvious. 


In particular, a category @ admits finite limits if and only if it satisfies: 


(i) @ admits a terminal object, 
(ii) for any X,Y € Ob(@), the product X x Y exists in @, 


(iii) for any parallel arrows in @, f,g: X = Y, the kernel exists in @. 


There is a similar result for finite colimits, replacing a terminal object by an initial 
object, products by coproducts and kernels by cokernels. 


Theorem 2.3.10. (a) The category Set admits small limits and colimits. 


(b) Let A be a ring. The category Mod(A) admits small limits and colimits and the 
forgetful functor forMod(A) — Set commutes with limits. 


Proof. (i) Both categories admit small products and coproducts as well as kernels 
and cokernels (see Example 2.2.3). 


(ii) The forgetful functor for commutes with products and kernels. 


Recall that the forgetful functor for does not commute with coproducts (see 
Remark 2.1.3). 
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2.4 Fiber products and coproducts 


Consider the category J with three objects {a,b,c} and two morphisms other than 
the identities, visualized by the diagram 


acc b. 


Let @ be a category. A functor 6: I°? > @ (resp. a: I > @) is nothing but the 
data of three objects Xo, X1, Y and two morphisms (f, g) (resp. (k,/)) visualized by 
the arrows on the left (resp. on the right) 


Gove ew 


The fiber product Xo xy X, of Xo and X, over Y, if it exists, is the limit of (. 
The fiber coproduct Xo Uw X, of Xo and X, over W, if it exists, is the colimit 
of a. 
Consider a commutative diagram in @: 


W —~> X) 


(2.4.1) | | 


Xo —~> Y 


Definition 2.4.1. The square (2.4.1) is Cartesian if W ~ Xo xy Xj. It is co- 
Cartesian if Y ~ Xo Uw X1 


Proposition 2.4.2. (a) Assume that @ admits products of two objects and kernels. 
Then Xo Xy X is isomorphic to ker(f,g), the equalizer of (f,g): Xox Xi BY. 


(b) Assume that @ admits coproducts of two objects and cokernels. Then Xo Uw X1 
is isomorphic to Coker(k,1), the co-equalizer of (k,l): W 3 Xp UX. 


Proof. It follows from the characterizations of limits and colimits given in (2.3.5) 
and (2.3.7). 


Proposition 2.4.3. (a) The category @ admits finite limits if and only if it admits 
fiber products and a terminal object. 


(b) The category © admits finite colimits if and only if it admits fiber coproducts 
and an initial object. 


Proof. (a) If @ admits finite limits, then it admits fiber products by Proposi- 
tion 2.4.2 (a). Conversely, if @ admits a terminal object pty and fiber products, then 
it admits product of two objects (Xo,X1), namely Xo Xp¢,, X1. It admits kernels 
since given (f,g): X = Y, then ker(f,g) ~ X xy X again by Proposition 2.4.2 (a). 


(b) is deduced from (a) by reversing the arrows. 


To summarize, assuming that @ admits finite limits and colimits, we have for 
f: Xo > Y, 9: X1 ~ Y and when X = Xp = Xj 


(2.4.2) Xo Xy X1 & ker(Xo x X1 SY), ker(f,g) ~ X xy X, 
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and fork: W > Xo, 1: W > X, and when X = Xp = Xj 

(2.4.3) Xo Uw X1 ~ Coker(W = Xo x X1), Coker(k,l) ~ X Up X. 

Moreover 

(2.4.4) Xo XX, ~ Xo Xpip A1, AQUA S Xa sy X1 


Definition 2.4.4. Let @ be a category which admits finite limits and colimits and 
let f: X — Y be a morphism. One sets 


(2.4.5) Coim f := Coker(X xy X 3 X), Imf :=ker(Y SB Y Ux Y). 
Here, the fiber product X xy X as well as the fiber coproduct Y Ux Y are associated 
with two copies of the map f. 
One calls Coim(f) and Im(f) the co-image and the image of f, respectively. 
One has a natural epimorphism s: X — Coim ff and a natural monomorphism 
t: Inf — Y. Moreover, one can construct a natural morphism u: Coim(f) > 


Im(f) such that the composition X — Coim(f) — Im(f) - Y is f (see [KS06, 
Prop. 5.1.2] and Section 5.1 for a similar construction in the abelian setting). 


2.5 Properties of limits 


Double limits 


For two categories J and @, recall the notation @! := Fct(/,@) and for a third 
category J, recall the equivalence (1.3.4); 


Fet(I x J,@) ~ Fet(I, Fet(J,@)). 


Consider a bifunctor 3: [°? x J°? > @ with J and J small. It defines a functor 
By: I? > 7” as well as a functor B;: J? > @'. One easily checks that 


(2.5.1) lim 2 ~ lim lim 8; ~ lim lim £;. 


Similarly, if a: I x J > @ is a bifunctor, it defines a functor ay: I > @/ as well as 
a functor a;: J > @! and one has the isomorphisms 


(2.5.2) colim a ~ colim (colima,) ~ colim (colim a;). 
In other words: 


(2.5.3) lim 6(7, 7) & lim lim(6 (i, 7)) lim lim(6(, 7)), 
4,7 J a a Jd 


(2.5.4) colim a(i, 7) ~ colim(colim(a(i, j)) ~ colim colim(a(i, 7)). 
4,7 J v v J 
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Limits with values in a category of functors 


Consider another category & and a functor G: [°? > Fet(@,@). It defines a functor 
B: IP x of + ©, hence for each A € &, a functor B(A): I? > @. Assuming that 
@ admits limits indexed by J, one checks easily that A +> lim B (A) is a functor, that 
is, an object of Fct(./,@), and is a limit of 3. There is a similar result for colimits. 
Hence: 


Proposition 2.5.1. Let I be a small category and assume that @ admits limits in- 
dexed by I. Then for any category &, the category Fct(W@,@) admits limits indexed 
by I. Moreover, if 8: I°? + Fet(#,@) is a functor, then limG € Fet(#,@) is 
given by 


(lim 8)(A) = lim(B(A)), Ae. 


Similarly, assume that @ admits colimits indexed by I. Then for any category &, the 
category Fct(@,@) admits colimits indexed by I. Moreover, if a: I > Fct(@,@) 
is a functor, then colima € Fct(#,@) is given by 


(colim a)(A) = colim(a(A)), AE. 


Corollary 2.5.2. Let @ be a category. Then the categories @* and @Y admit small 
limits and colimits. 


Composition of limits 


Let J,@ and @’ be categories with J small and let a: I > @, 8: I°? — @ and 
F:@ — @' be functors. When @ and @’ admit limits or colimits indexed by J, 
there are natural morphisms 


(2.5.5) F(lim B) > lim (F 0 8), 
(2.5.6) colim (Fo a) + F(colima). 


This follows immediately from (2.3.7) and (2.3.5). 
Definition 2.5.3. Let J be a small category and let F: @ — @’ be a functor. 


(i) Assume that @ and @’ admit limits indexed by J. One says that F' commutes 
with such limits if (2.5.5) is an isomorphism. 


(ii) Similarly, assume that @ and @’ admit colimits indexed by J. One says that 
F commutes with such colimits if (2.5.6) is an isomorphism. 


Examples 2.5.4. (i) Let @ be a category which admits limits indexed by J and 

let X € @. By (2.3.2), the functor Homy(X, +): @ — Set commutes with lim- 

its indexed by J. Similarly, if @ admits colimits indexed by J, then the functor 
Hom,(+,X): @°? + Set commutes with limits indexed by J, by (2.3.3). 

(ii) Let J and J be two small categories and assume that @ admits limits (resp. colim- 

its) indexed by [x J. Then the functor lim : Fct(J°?,@) - @ (resp. colim : Fet(J,@) 3] 
@ ) commutes with limits (resp. colimits ) indexed by J. This follows from the iso- 
morphisms (2.5.1) and (2.5.2). 

(iii) Let k be a field, @ = @ = Mod(k), and let X € @. Then the functor 
Hom,(X, +) does not commute with colimit if X is infinite dimensional. 
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Proposition 2.5.5. Let F: @ > @' be a functor and let I be a small category. 
(i) Assume that @ and G' admit limits indexed by I and F' admits a left adjoint 
G: 6' > @. Then F commutes with limits indexed by I, that is, F(lim 3(2)) ~ 
lim F(8 (7). 


(ii) Similarly, if @ and @' admit colimits indexed by I and F admits a right adjoint, 
then F commutes with such colimits. 


Proof. It is enough to prove the first assertion. To check that (2.5.5) is an isomor- 
phism, we apply Corollary 1.4.4. Let Y € @’. One has the chain of isomorphisms 


Hom ¢,(Y, F'(lim B(7))) ~ Hom ¢ (G(Y ), lim 6(7) 
~ lim Hom (G (Y), B(2) 
~ lim Hom ¢/(Y, F(G (i) 


) 
) 
) 
~ Hom ga lY, lim F(B(4)) 


) 
))). 


2.6 Filtered colimits 


As already seen in Theorem 2.3.10, the category Set admits small colimits. In the 
category Set one uses the notation |_| rather than |]. 

We shall construct colimits more explicitly. 

Let a: I + Set be a functor (with J small) and consider the relation on 


Lier a(i)): 


a(i) > r@y € a(j) if there exists k € 1, s:i14kandt: 7 +k 


2.6.1 
261) {eth ante) = aa) 
The relation @ is reflexive and symmetric but is not transitive in general. 


Proposition 2.6.1. With the notations above, denote by ~ the equivalence relation 
generated by 2. Then 


colima~& (|_| a(i))/~. 


wel 


Proof. Apply Proposition 2.3.9 and Example 2.2.3 (ii). 


For a ring A, the category Mod(A) admits coproducts and cokernels. Hence, the 
category Mod(A) admits colimits. One shall be aware that the functor for: Mod(A) >] 
Set does not commute with colimits. For example, if J is empty and a: I + Mod(A) 
is a functor, then a(/) = {0} and for({0}) is not an initial object in Set. 


Definition 2.6.2. A category I is called filtered if it satisfies the conditions (i)—(iii) 
below. 


(i) J is non empty, 
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(ii) for any i and j in J, there exists k € J and morphisms i > k,j > k, 


(iii) for any parallel morphisms f,g: i = j, there exists a morphism h: 7 > k such 
that ho f=hog. 


One says that J is cofiltered if [°? is filtered. 


The conditions (ii)—(iii) of being filtered are visualized by the diagrams: 


g 


Of course, if (J, <) is anon-empty directed ordered set, then the associated category 
I is filtered. 


Proposition 2.6.3. Let a: I — Set be a functor, with I filtered. The relation & 
given in (2.6.1) on [], a(2) ts an equivalence relation. 


Proof. Let x; € a(i;), 7 =1,2,3 with x; ~ x2 and x2 ~ x3. There exist morphisms 
visualized by the diagram: 


such that a(s1)z1 = a(s2)X%2, a(te)ro = a(t3)a3, and v o uy, O S82 = V0 Ug Oftg. 
Set wy = VOU, O 81, Wo = VOULO Sp = VOU Ofte and w3 = vougot3. Then 
a(w)rt1 = a(wWe)te = a(w3)r3. Hence x) ~ 23. 


Corollary 2.6.4. Let a: I + Set be a functor, with I small and filtered. 


(i) Let S be a finite subset in colima. Then there exists i € I such that S is 
contained in the image of a(i) by the natural map a(i) > colima. 


(ii) Leti € I and let x and y be elements of a(i) with the same image in colima. 
Then there exists s: i + j such that a(s)(x) = a(s)(y) in a(y). 


Proof. (i) Denote by A: LJ,-; a(2)  colim a the quotient map. Let S = {2,...,2n} 
For j = 1,...,n, there exists y; € a(i;) such that x; = A(y;). Choose k € I such 
that there exist morphisms s;: a(i;) + a(k). Then x; = A(a(s;(y;))). 

(ii) For z,y € a(i), r#y if and only if there exists s: i > 7 with a(s)(x) = a(s)(y) 
in a(j). 


Corollary 2.6.5. Let A be a ring and denote by for the forgetful functor Mod(A) > 
Set. Then the functor for commutes with filtered colimits. In other words, if I is 
small and filtered and a: I — Mod(A) is a functor, then 


for o (colim a(i)) = colim( for o a(z)). 
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The proof is left as an exercise (see Exercise 2.8). 
Colimits with values in Set indexed by small filtered categories commute with 
finite limits. More precisely: 


Theorem 2.6.6. For a small filtered category I, a finite category J and a functor 
a: I x J°? + Set, one has colimlima(i,j7) ~> limcolima(i,j). In other words, 
a j j a 


the functor 
colim : Fct(/, Set) — Set 
commutes with finite limits. 


Proof. It is enough to prove that colim commutes with kernels and with finite 
products. 


(i) colim commutes with kernels. Let a,@: I — Set be two functors and let 
f,g: « = 6 be two morphisms of functors. Define 7 as the kernel of (f,g), that is, 
we have exact sequences 


yi) > ai) 3 BC). 


Let Z denote the kernel of colima(z) = colim G(i). We have to prove that the 
natural map A: colimy(7) > Z is bijective. 

(i) (a) The map J is surjective. Indeed for x € Z, represent x by some 2; € a(t). 
Then f;(x;) and g;(x;) in G(i) having the same image in colim (, there exists s: i > j 
such that 8(s)fi(zi) = B(s)gi(xi). Set x; = a(s)a;. Then f;(x;) = 9;(2;), which 
means that x; € y(j). Clearly, A(v;) = 2. 


(i) (b) The map A is injective. Indeed, let x,y € colimy with A(z) = A(y). We may 
represent x and y by elements x; and y; of y(i) for some 7 € J. Since x; and y; have 
the same image in colima, there exists 1 + 7 such that they have the same image 
in a(j). Therefore their images in 7(j) will be the same. 


(ii) colim commutes with finite products. The proof is similar to the preceding one 
and left to the reader. 


Corollary 2.6.7. Let A be a ring and let I be a small filtered category. Then the 
functor colim : Fet(Z, Mod(A)) + Mod(A) commutes with finite limits. 


Exact functors 


Definition 2.6.8. Let F: @ + @’ be a functor. Assume that both @ and @’ admit 
finite limits (resp. colimits) and F’ commutes with such limits. In this case one says 
that F is left (right) exact. 

In case F' is both left and right exact, one says that F’ is exact. 


For example, if @ admits limits indexed by a category J, the functor lim: Fet(/,@°?) >] 
@ is left exact and similarly for the functor colim. Moreover, Theorem 2.6.6 and 
Corollary 2.6.7 may be translated by saying that in these situations, the functor 
colim is left exact. 

We shall study left/right exact functors with great details in Chapter 9. 
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Cofinal functors 


Let y: J > I be a functor. If there are no risk of confusion, we still denote by y 
the associated functor y: J°P — [°P. For two functors a: 1 > @ and B: I? > @, 
we have natural morphisms: 


(2.6.2) lim (Go vy) lim 8, 
(2.6.3) colim (ao y) > colima. 


This follows immediately of (2.3.7) and (2.3.5). 


Definition 2.6.9. (a) Let y: J — I be a functor. Assume that ¢ is fully faithful 
and I is filtered. One says that y is cofinal if for any 2 € J there exists 7 € J 
and a morphism s: i > (J). 


(b) Let J be a filtered category. One says that J is cofinally small if there exists a 
fully faithful functor gy: J + I such that J is small and  ¢ is cofinal. 


Example 2.6.10. A subset J C N defines a cofinal subcategory of (N,<) if and 
only if it is infinite. 


Proposition 2.6.11. Let y: J > I be a fully faithful functor. Assume that I is 
filtered and p ts cofinal. Then 


(i) for any category @ and any functor GB: [°? + @, the morphism (2.6.2) is an 
isomorphism, 


(ii) for any category @ and any functor a: I > @, the morphism (2.6.3) is an 
isomorphism. 


Proof. Let us prove (ii), the other proof being similar. By the hypothesis, for each 
i € I we get a morphism a(i) > colim(a oy(j)) from which one deduce a morphism 
je 


colim ali) > colim(a 0 y(j)). 


One checks easily that this morphism is inverse to the morphism in (2.5.6). 


Example 2.6.12. Let X be a topological space, x € X and denote by J, the set 
of open neighborhoods of x in X. We endow I, with the order: U < V if V CU. 
Given U and V in J,, and setting W = UNV, we have U < W and V < W. 
Therefore, I, is filtered. 

Denote by @°(U) the C-vector space of complex valued continuous functions on 
U. The restriction maps @°(U) > @°(V),V Cc U define an inductive system of 
C-vector spaces indexed by J,. One sets 


(2.6.4) Cin = colim 6° (U). 

An element ¢ of @¥., is called a germ of continuous function at 0. Such a germ is an 
equivalence class (U, yy)/ ~ with U a neighborhood of x, yy a continuous function 
on U, and (U, yy) ~ 0 if there exists a neighborhood V of x with V C U such that 
the restriction of yy to V is the zero function. Hence, a germ of function is zero at 
x if this function is identically zero in a neighborhood of «. 
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Ind-objects 


The aim of this subsection is to have a glance to the notion of ind-objects. Since we 
shall not use this theory in this book, we shall be extremely sketchy. 

By Theorem 2.3.10, the category Set admits small limits and colimits. It follows 
from Proposition 2.5.1 that for any category @, the big category @” also admits 
small limits and colimits. One denotes by “colim” the colimit in @”. 

One could also define “lim” in @Y but we shall concentrate here on colimits. 

In the sequel we identify @ to a full subcategory of @” by the Yoneda functor hy 
and when there is no risk of confusion, we shall write X instead of hy(X). Hence, 
for a small a category J and a functors a: I + @, we have: 


Hom,,(X, “colim” a) ~ colim Hom, (X, a). 
Let A € @*. Applying Definition 1.4.5 to the Yoneda functor, we get the 
category @4. 


Lemma 2.6.13. Let AG @*. Then Ax “colim” X. 
(X—A)EC4 


Proof. Let BE @’*. The maps X — A define the map 


Hom-,(A,B li Hom ,(X,B)~ li B(X). 
ite ee oe aie 


Hence, this map is bijective by the definition of a morphism of functors. 


Definition 2.6.14. One denotes by Ind(@) the full subcategory of @” consisting 
of objects isomorphic to “colim” a for some functor a: 1 > @ with J small and 
filtered. One calls an object of Ind(@) an ind-object. 


The next result is important. However, since we shall not se it here, we skip the 
proof, referring to [KS06, Prop. 6.1.5, Th. 6.1.8]. Note that the “if” part of the first 
statement follows immediately from Lemma 2.6.13. 


Proposition 2.6.15. (a) Let AG @*. Then A € Ind(@) if and only if the category 
6a is filtered and cofinally small. 


(b) The category Ind(@) admits small filtered colimits and the embedding Ind(@) 
6’ commutes with colimits. 


The colimit in Ind(@) is denoted “colim” . 


A set theoretical remark 


Remark 2.6.16. As already mentioned, all categories @, @’ etc. belong to a given 
universe Y and all limits or colimits are indexed by W-small categories I, J, etc. 
Let us give an example which shows that without some care, we may have troubles. 

Let @ be a category which admits products and assume there exist X,Y € @ 
such that Homy(X,Y) has more than one element. Set M = Mor(@), where 
Mor(@) denotes the big set of all morphisms in @, and let 7 = card(M), the 
cardinal of the set M. We have 


Hom ,(X,Y™) ~ Hom, (X,Y)” 
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and therefore card(Hom,(X,Y™) > 2". On the other hand, Homy(X,Y™) c 
Mor(@) which implies card(Homy(X,Y™) < 7. 

The “contradiction” comes from the fact that @ does not admit products indexed 
by such a big set as Mor(@). (This remark is extracted from [Fre64].) 
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Exercise 2.1. (i) Let J be a small set and {X;}ie7 a family of sets indexed by J. 
Show that [[, X; = L], X;, the disjoint union of the sets X;. 

(ii) Construct the natural map |_|, Hom,,,(Y, X:) + Homg,,(Y, L]; X:) and prove it 
is injective and not surjective in general. 


Exercise 2.2. Let X,Y € @ and consider the category Y whose objects are triplets 
Z€€6,f:Z 4 X,g: Z > Y, the morphisms being the natural ones. Prove that 
this category admits a terminal object if and only if the product X x Y exists in 
@, and that in such a case this terminal object is isomorphic to X x Y,X x Y > 
X,X xY — Y. Deduce that if X x Y exists, it is unique up to unique isomorphism. 


Exercise 2.3. Let J and @ be two categories with J small and denote by A the 
functor from @ to @! which, to X € @, associates the constant functor A(X): I 5 
in X € @, (i J) € Mor(Z) & idx. Assume that any functor from I to @ admits 
a colimit. 

(i) Prove the formula (for a: 1 > @ and Y € @): 


Hom ¢(colim a(t), Y) ~ Hom pacp.y)(@, A(Y)). 


(ii) Replacing J with the opposite category, deduce the formula (assuming limits 
exist): 


Hom ¢(X, lim G(z)) ~ Hom p.t¢yor, (A(X), G). 


Exercise 2.4. Let @ be a category which admits small filtered colimits. One says 
that an object X of @ is of finite type if for any functor a: I > @ with I filtered, 
the natural map colimHom,(X,a) > Hom,(X,colima) is injective. Show that 
this definition coincides with the classical one when @ = Mod(A), for a ring A. 
(Hint: let X € Mod(A). To prove that if X is of finite type in the categorical 
sense then it is of finite type in the usual sense, use the fact that, denoting by 
S be the family of submodules of finite type of X ordered by inclusion, we have 
colim X/V ei) ) 


Exercise 2.5. Let @ be a category which admits small filtered colimits. One says 
that an object X of @ is of finite presentation if for any functor a: J ~ @ with 
I small and filtered, the natural map colim Hom,(X,a) + Hom,(X,colima) is 
bijective. Show that this definition coincides with the classical one when @ = 
Mod(A), for a ring A. 


Exercise 2.6. In the situation of Definition 2.4.4, construct the natural morphism 
u: Coim(f) > Im(f) such that the composition X — Coim(f) - Im(f) > Y is f. 
(See [KS06, Prop. 5.1.2].) 
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Exercise 2.7. Let J be a filtered ordered set and let {A;}ier be an inductive system 
of rings indexed by I. 
(i) Prove that A :=colim A; is naturally endowed with a ring structure. 


(ii) Define the notion of an inductive system M; of A;-modules, and define the 
A-module colim M;. 

(iii) Let N; (resp. M;) be an inductive system of right (resp. left) A; modules. Prove 
the isomorphism 


colim(N; ®,, Mi) > colim N; ®, colim M,. 


Exercise 2.8. Prove Corollary 2.6.5. 


Exercise 2.9. (i) Let @ be a category which admits colimits indexed by a category 
I. Let a: 1 @ be a functor and let XY € @. Construct the natural morhism 


(2.6.5) colim Hom,(X, a(z)) + Hom, (X, colim a(i)). 


(ii) Let k be a field and denote by k[z]$=" the k-vector space consisting of polynomials 
of degree < n. Prove the isomorphism k{x] = colimk[x]$" and, noticing that idyjej ¢ 


colim Hom, (k(z], k[x]="), deduce that the morphism (2.6.5) is not an isomorphism 


in general. 


Exercise 2.10. Let @ be a category and recall (Proposition 2.5.1) that the category 
@ admits small colimits. One denotes by “colim” the colimit in @’. By its 
definition, for X € @, 


Hom,y,(X, “colim” a) ~ colimaHom (X, a). 


and one denotes by Ind(@) the full subcategory of @’ consisting of objects which 
are small filtered colimits of objects of @. In other words, A € Ind(@) if there exists 
a small filtered category J and a functor a: J > @ such that A ~ “colim” a. 


(i) Prove that the Yoneda functor induces a fully faithful functor @ @ Ind(@), that 
Ind(@) admits small filtered colimits and that the functor Ind(@) — @”* commutes 
with such colimits. 


(ii) Let k be a field and let @ = Mod(k). Prove that the Yoneda functor hy: @ > 
@’. does not commute with colimits. 


Exercise 2.11. and recall (Proposition 2.5.1) that the category @ admits small 
colimits. One denotes by “colim” the colimit in @’. Let k be a field and let 
@ = Mod(k). Prove that the Yoneda functor hy: @ > @’ does not commute with 
colimits. 


Exercise 2.12. Let J be a discrete set and let Y be the set of finite subsets of J, 
ordered by inclusion. We consider both J and Y as categories. Let @ be a category 
and a: I + @ a functor. For J € Y we denote by ay: J > @ the restriction of a 
to J. 

(i) Prove that the category Y is filtered. 


(ii) Prove the isomorphism ee colim ay —~ colima. 
eg je 
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Exercise 2.13. Let @ be a category which admits a zero-object and kernels. Prove 
that a morphism f: X — Y is a monomorphism if and only if ker f ~ 0. 


Exercise 2.14. We consider the ordered set N as a category. Hence, for a category 
@, a functor a: N > @ is defined by the data of the objects a(n) € @, n € N, and 
the morphisms a(n < n+ 1): a(n) > a(n +1). 

(i) Consider the functor a: N — Mod(Z) given by a(n) = Z and a(n < n+1) = 
2::Z— Z. Calculate colim a. 

(Hint: one can represent this colimit as a a subgroup of Q.) 

(ii) Give an example of a functor a: N — Mod(Z) in which all a(n) are not 0 and 
all morphisms a(n < n+ 1) are not 0 but colima ~ 0. 


Exercise 2.15. Recall that Set denotes the category of sets in a given universe Y. 
Denote by Set/ the full subcategory of the category Set consisting of finite sets. 
Prove the equivalence Ind(Set’) ~ Set. (See [KS06, Exa. 6.3.6].) 


Exercise 2.16. Let k be a field and denote as usual by Mod(k) the category of 
k-vector spaces (in a given universe Y). Denote by Mod'‘(k) the full subcategory 
consisting of finite dimensional vector spaces and set for short Ik = Ind(Mod(k)). 

Let V denote an infinite dimensional vector space and denote by V/ the category 
consisting of finite dimensional vector subspaces of V and linear maps. 


(i) Prove that the category V/ is small and filtered and set V= “colim” W. 
Wev 


(ii) Construct the morphism V > V in Ik and prove it is a monomorphism. 

(iii) Let L € Mod(k). Prove that the morphism Hom, (L, V) — Hom,,(L, V) is an 
isomorphism if and only if L € Mod!(k). 

(iv) Set W = V/V. Prove that Hom,,(k, W) ~ 0 although W # 0. 

(v) Consider the functor a: Ind(Mod!(k)) + Mod(k) which, to “colim” V; (J small 


and filtered) associates colim V;. Prove that a is an equivalence of categories. 
ve 
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Chapter 3 


Localization 


' Consider a category @ and a family .Y of morphisms in @. The aim of local- 
ization is to find a new category @y and a functor Q: © — @y which sends the 
morphisms belonging to .Y to isomorphisms in @ 7, (Q,@y) being “universal” for 
such a property. 
In this chapter, we shall construct the localization of a category when -7 satisfies 
suitable conditions and the localization of functors. A classical reference is [GZ67]. 
Some proofs are skipped, references being made to [KS06]. 


3.1 Localization of categories 
Let @ be a category and let .Y be a family of morphisms in @. 


Definition 3.1.1. A localizaton of @ by Y is the data of a category @y and a 
functor Q: © > @y satisfying: 


(a) for all s € Y, Q(s) is an isomorphism, 


(b) for any functor F: @ — & such that F(s) is an isomorphism for all s € 7, 
there exists a functor Fy: @y — & and an isomorphism F' ~ F'y 0Q, 


an 4 
# 
0| io Be 
Cy 


(c) if G, and G2 are two objects of Fct(@y, #), then the natural map 
(a1) Hom Fet(€v,2) (Gi, G2) — Hom Fet(@,) (Gy fe) 08 Go fe) Q) 
is bijective. 


Note that (c) means that the functor oQ: Fet(@yv,#%) — Fet(@, #) is fully 
faithful. This implies that F'y in (b) is unique up to unique isomorphism. 


Proposition 3.1.2. (i) If @y exists, it is unique up to equivalence of categories. 


'The reading of this chapter may be skipped until § 6.4. 
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(ii) If @y exists, then, denoting by Y°? the image of SY in G° by the functor op, 
(@°?) vor exists and there is an equivalence of categories: 


(Gy)? ane (OP) gop i 


Proof. (i) is clear. 
(ii) Assume @ exists. Set (@°?) vor := (Gy)? and define QP: G@°P > (@°P) gor by 
Q°? = opoQ oop. Then properties (a), (b) and (c) of Definition 3.1.1 are clearly 
satisfied. 


Definition 3.1.3. One says that Y is a right multiplicative system if it satisfies 
the axioms $1-S4 below. 


Sl For all X € @, idx € /. 
S2 For all f € .%,g € Y, ifgof exists then gof EY. 


S3 Given two morphisms, f: X — Y and s: X > X’ with s € .Y, there exist 
t: Y — Y’and g: X' > Y' witht € Y and gos = to f. This can be visualized 
by the diagram: 


Pee fia 

| t 

enn 
f 


meaning that the dotted arrows may bwe completed, making the solid diagram 
commutative. 


S4 Let f,g: X — Y be two parallel morphisms. If there exists s € 7%: W > X 
such that fos = gos then there exists t € Y%: Y > Z such that to f =tog. 
This can be visualized by the diagram: 


s f t 
W—> XY elon >ZF 


Notice that these axioms are quite natural if one wants to invert the elements 
of Y. In other words, if the element of % would be invertible, then these axioms 
would clearly be satisfied. 


Remark 3.1.4. Axioms S1-52 asserts that .” is the family of morphisms of a 
subcategory .Y of @ with Ob(.7) = Ob(@). 


Remark 3.1.5. One defines the notion of a left multiplicative system Y by reversing 
the arrows. This means that the condition $3 is replaced by: given two morphisms, 
f:X 3 Y andt: Y’ + Y, with t € .Y, there exist s: X’ — X and g: X' — Y' 
with s€ Y andtog=f os. This can be visualized by the diagram: 


XY 8 VI 


4 


V 
x==y 


s: 


3.1. LOCALIZATION OF CATEGORIES 51 


meaning that the dotted arrows may bwe completed, making the solid diagram 
commutative. 

Condition 54 is replaced by: if there exists t € Y%: Y > Z such that tof =tog 
then there exists s € Y: W > X such that fos =gos. This is visualized by the 
diagram 


s f t 
Vitex —= Ya! 7 
In the literature, one often calls a multiplicative system a system which is both right 


and left multiplicative. 


Many multiplicative systems that we shall encounter satisfy a useful property 
that we introduce now. 


Definition 3.1.6. Assume that % satisfies the axioms $1-S2 and let X € @. One 
defines the categories .Yy and .7~* as follows. 
) = {s:X > X's ES} 
Hom yx((s: X + X'),(s: X 3 X")) = {h: X' > X";hos=s'} 
) 
) 


{s: X' + X;s € SF} 
{h: X' > X";s'oh=s}. 


Note that Y* and x are full subcategories of @* and Gx (see Definition 1.4.5), 
respectively. One shall be aware that .7 * and .Yx are not obtained by applying 
this definition to the category -Y since we do not ask h € .Y. 


Proposition 3.1.7. Assume that SY is a right (resp. left) multiplicative system. 
Then the category S* (resp. Ly?) is filtered. 


Proof. By reversing the arrows, both results are equivalent. We treat the case of 
ae 

(a) The category .Y* is non empty since it contains idx. 

(b) Let s: X > X’ and s’: X > X” belong to .Y. By 83, there exists t: X’ > X"” 
and t': X” > X” such that t'o s’ =tos, andt € .Y. Hence, tos € Y by 82 and 
(X — X"") belongs to 7%. 

(c) Let s: X > X' and s': X > X” belong to .%, and consider two morphisms 
f,g: X' > X", with fos =gos=s'. By S4 there exists t: X¥” — W,t € -Y such 
that to f =tog. Hence tos’: X + W belongs to .7~*. 


One defines the functors: 
ax: S* 36 (8: X 3X) X', 
Bx: SP AE (8s: XOX) X". 
We shall concentrate on right multiplicative system. 


Definition 3.1.8. Let Y be a right multiplicative system, and let X,Y € Ob(@). 
We set 


(3.1.2) Hom gr (X,Y) = cue Hom, (X,Y’). 


52 CHAPTER 3. LOCALIZATION 


Lemma 3.1.9. Assume that Y is a right multiplicative system. Let Y € © and let 
s: X + X'€ SY. Then s induces an isomorphism 


Hom, (X’,Y) + Homey, (X,Y). 


Proof. (i) The map os is surjective. This follows from $3, as visualized by the 
diagram in which s,t,t’ € SY: 


Nl aia > y" 
A 
ye 
7) t 
X—+Y . 


(ii) The map os is injective. This follows from $4, as visualized by the diagram in 
which s,t,t’ € S: 


Using Lemma 3.1.9, we define the composition 


(3.1.3) Hom gr, (X,Y) x Hom ge (Y, Z) => Hom gr, (X, Z) 
as 
colim Hom,(X, Y") x colim Hom ,(Y, Z’) 

~ colim (Hom ¢(X, Ye colim Hom ,(Y, Z’)) 
a colim (Hom a(X, ¥") x colim Hom ,(Y’, Z’)) 
> sell lly Home 21) 
~ colim Hom ¢(X, Z') 

Lemma 3.1.10. The composition (3.1.3) is associative. 


The verification is left to the reader. 


Definition 3.1.11. (a) We denote by @7 the category whose objects are those of 
@ and morphisms are given by (3.1.2). 


(b) We denote by Qy: @ > @Y the natural functor. If there is no risk of confusion, 
we denote this functor simply by Q. 


Note that Q associated with the natural map 


Hom,(X,Y) 3 lim Hom,(X,Y’). 
omg(X,Y) > | colim , Hom g(X,¥") 
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Lemma 3.1.12. If s: X > Y belongs to %, then Q(s) is invertible. 
Proof. For any Z € @%, the map Hom gr (Y, Z) > Hom gr, (X, Z) is bijective by 
Lemma 3.1.9. 


A morphism f: X — Y in @% is thus given by an equivalence class of triplets 
(Y’,t, f’) witht: Y > Y’,te Y and f’: X > Y’, that is: 


X —+Y'<—Y 
ie : 


the equivalence relation being defined as follows: (Y’,t, f’) ~ (Y",U, f”) if there 
exists (Y"",t”, f’”) (t,U,t” € S) and a commutative diagram: 


(3.1.4) xl Lym ly 

hi 
Note that the morphism (Y’,t, f’) in @% is Q(t)~' o Q(f’), that is, 
(3.1.5) f= Qt) 0 Qf). 


For two parallel arrows f,g: X = Y in @ we have the equivalence 
(3.1.6)Q(f) = Q(g) € ©] > there exits s: Y > Y’,s © Y with sof =sog. 


The composition of two morphisms (Y’,t, f’): X > Y and (Z’,s,9'): Y > Z is 
defined by the diagram below in which t, s,s’ € 7: 


In other words, this composition is given by (W,s’0s,ho f"). 


Theorem 3.1.13. Assume that Y is a right multiplicative system. Then the cate- 
gory 6x and the functor Q define a localization of © by S. 


Notation 3.1.14. From now on, we shall write @y instead of @7. This is justified 
by Theorem 3.1.13. 


Remark 3.1.15. (i) In the above construction, we have used the property of of 
being a right multiplicative system. If is a left multiplicative system, one sets 
Hom gt, (Agr i= colin, Hom y(X’, Y). 
By Proposition 3.1.2 (i), the two constructions give equivalent categories. 
(ii) If Y is both a right and left multiplicative system, 
HOt (47) colim Homg(X", ¥"). 

ms (XI X)ESxX (YOY )ESZY 
Remark 3.1.16. In general, @ is no more a Y%-category. However, if one assumes 
that for any X € @ the category .* is small (or more generally, cofinally small, 
which means that there exists a small category cofinal to it), then @y is a Y- 
category, and there is a similar result with the ~y’s. 
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Saturated multiplicative systems 


In this subsection, @ is a category, Y is a right multiplicative system and Q: @ > 
@y is the localization functor. 

Since the results exposed here are not used in the sequel, we leave the proofs as 
exercises (see also [KS06, Prop. 7.1.20]). 


Lemma 3.1.17. For a morphism f: X > Y, Q(f) is an isomorphism in €7 if and 
only if there exist g: Y ~ Z andh: Z > W such thatgof € SY andhog eZ. 


Definition 3.1.18. One says that .Y is saturated? if it satisfies 


S5 for any morphisms f: X ~ Y,g: Y ~ Z andh: Z > W such that go f and 
hog belong to %, the morphism f belongs to 7. 


One deduces from Lemma 3.1.17 that if Y is saturated, a morphism f in @ 
belongs to Y if and only if Q(f) is an isomorphism. 


Proposition 3.1.19. Let @ and Y be as above. Let Y be the set of morphisms 
f:X 3 Y in@ such that there exist g: Y > Z andh: Z ~W, with hog and gof 
in SY. Then J is a right saturated multiplicative system and the natural functor 
6y +> 6 7 is an equivalence. 


The proof is left as an exeercise. 


3.2 Localization of subcategories 


Proposition 3.2.1. Let @ be a category, Y a full subcategory, SY a right multi- 
plicative system in @, F the family of morphisms in Y which belong to S%. 


(i) Assume that 7 is a right multiplicative system in %. Then the functor 47 
Gy is well-defined. 


(ii) Assume that for every f: Y > X, f Ee %, Y € FY, there exist W € Y and 
g:X OW withgofEeS%. Then J is a right multilplicative system and the 
functor 47 > Cy is fully faithful. 


Proof. (i) A morphism X — Y in %-z is represented by morphisms in 4% X a 
Y'“Y witht e J. Sincet € SY, we get a morpism in Gy. 

(ii) It is left to the reader to check that 7 is a right multpiplicative system. For X € 
I, F* isthe full subcategory of .~* whose objects are the morphisms s: X > Y 
with Y € .Y. By Proposition 3.1.7 and the hypothesis, the functor 7* > .7* is 
cofinal, and the result follows from Definition 3.1.8. 


Corollary 3.2.2. Let @ be a category, Y a full subcategory, SY a right multiplicative 
system in @, TZ the family of morphisms in Y which belong to Y%. Assume that for 
any X € © there exists s: X > W withW € ¥ ands Ee .F%. 

Then J is a right multpiplicative system and %7 is equivalent to Cy. 


Proof. The natural functor .%47 — @y is fully faithful by Proposition 3.2.1 and is 
essentially surjective by the assumption. 


?One shall note confuse the notion of a saturated multiplicative system with that of a saturated 
subcategory, defined in § 1.3 
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3.3 Localization of functors 


Let @ be acategory, -Y aright multiplicative system in @ and F: @ > & a functor. 
In general, F’ does not send morphisms in .Y to isomorphisms in <. In other words, 
F does not factorize through @y. It is however possible in some cases to define a 
localization of F’ as follows. 


Definition 3.3.1. A right localization of F (if it exists) is a functor Fy: @y 7 & 
and a morphism of functors 7: F > F'y oQ such that for any functor G: @y > & 
the map 


(3.31) Hom puey,a) (Py, G) + Hom pave (FP, Go Q) 


is bijective. (This map is obtained as the composition Hom Fet(Cy, PCs v,G) > 
Hom pee,a) (Fy 0 Q,G 0 Q) > Hom puyg,v)(F; G0 Q).) 
We shall say that F is right localizable if it admits a right localization. 


One defines similarly the left localization. Since we mainly consider right lo- 
calization, we shall sometimes omit the word “right” as far as there is no risk of 
confusion. 

If (7, F'y) exists, it is unique up to unique isomorphisms. Indeed, F'y is a repre- 
sentative of the functor 


G+ Hom paw) G ° Q). 
(This last functor is defined on the category Fct(@y+,@) with values in Set.) 


Proposition 3.3.2. Let @ be a category, Y% a full subcategory, SY a right multi- 
plicative system in ©, ZF the family of morphisms in Y which belong to %. Let 
F:€ + & bea functor. Assume that 


(i) for any X € @ there exists s: X > W withW € ¥ ands EY, 
(ii) for anyt € 7, F(t) is an isomorphism. 
Then F is right localizable. 


Proof. We shall apply Corollary 3.2.2. 
Denote by u: 4% > @ the natural functor. By the hypothesis, the localization 
Fz of Fou exists. Consider the diagram: 


C 
| “ 
Fallon Fy 


Fou y 


A 


Denote by tg” a quasi-inverse of tg and set Fly := Fz 0 i Let us show that Fy 
is the localization of F. Let G: @y — @ be a functor. We have the chain of 
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morphisms: 


Hom ret(,o) (F GoQyv) A, Hom Fett 6 0) 01,G4oQ¥out) 
~ Hom ret ,0/) (PF oQ7,GotgoQz) 
~ Hom Fet( Koa) (EF; G 01g) 
~ HOM peey,o) (Fe © lg’; G) 
~ Hom Fot(6 if) (F'y,G). 
We shall not prove here that \ is an isomorphism referring to [KS06, Prop. 7.3.2]. 


The first isomomorphism above (after X) follows from the fact that Q7 is a local- 
ization functor (see Definition 3.1.1 (c)). The other isomorphisms are obvious. 


Remark 3.3.3. Let @ (resp. @’) be a category and .Y (resp. .“’) a right multi- 
plicative system in @ (resp. @’). One checks immediately that Y x is a right 
multiplicative system in the category @ x @’ and (@ x @’) vy. is equivalent to 
Gy x Gy. Since a bifunctor is a functor on the product @ x @’, we may apply 
the preceding results to the case of bifunctors. In the sequel, we shall write F'y.~ 
instead of Fiyy.y. 


Exercises to Chapter 3 


Exercise 3.1. Let @ be a category, .Y a right and left multiplicative system. Prove 
that Y is saturated if and only if for any f: X —> Y, 9g: Y ~ Z,h: Z > W, 
hoge Aandgof eH imply gE 7%. 


Exercise 3.2. Let @ be a category with a zero object 0, -Y aright and left saturated 
multiplicative system. 

(i) Show that @y has a zero object (still denoted by 0). 

(ii) Prove that Q(X) ~ 0 if and only if the zero morphism 0: X — X belongs to .%. 


Exercise 3.3. Let @ be a category, .Y a right multiplicative system. Consider 
morphisms f: X — Y and f’: X’ > Y' in @ and morphisms a: X — X’ and 
B: Y > Y' in @y, and assume that f/oa=(60of in @y. Prove that there exists a 
commutative diagram in @ 


ee a 
1 | a 
Yo eie y 
Sere 
with s and t in .Y, a = Q(s)~1 0 Q(a’) and B = Q(t)1 0 Q(8’). 


Exercise 3.4. Let F: @ — ©& bea functor and assume that @ admits finite colimits 
and F commutes with such colimits. Let .Y% denote the set of morphisms s in @ 
such that F'(s) is an isomorphism. 

(i) Prove that Y is a right saturated multiplicative system. 

(ii) Prove that the localized functor Fy: @y > & is faithful. 


Chapter 4 


Additive categories 


Many results or constructions in the category Mod(A) of modules over a ring A are 
naturally adapted to other contexts, such as finitely generated A-modules, or graded 
modules over a graded ring, or sheaves of A-modules, etc. Hence, it is natural to 
look for a common language which avoids to repeat the same arguments. This is 
the language of additive and abelian categories. 

In this chapter we introduce additive categories and study the category of com- 
plexes in such categories. In particular, we introduce the shifted complex, the map- 
ping cone of a morphism, the homotopy category and the simple complex associated 
with a double complex, with application to bifunctors. We also briefly study the 
simplicial category and explain how to associate complexes to simplicial objects. 


4.1 Additive categories 

Definition 4.1.1. A category @ is additive if it satisfies conditions (i)-(v) below: 
(i) forany X,Y €@, Homy(X,Y) € Mod(Z), 

(ii) the composition law o is bilinear, 

(iii) there exists a zero object in @, 

(iv) the category @ admits finite coproducts, 
(v) the category @ admits finite products. 


Note that Hom,(X,Y) # © since it is a group and for all X € @, Hom, (X, 0) = 
Hom,(0,X) = 0. (The morphism 0 should not be confused with the object 0.) 


Notation 4.1.2. If X and Y are two objects of @, one denotes by X @ Y (instead 
of X [| Y) their coproduct, and calls it their direct sum. One denotes as usual by 
X x Y their product. This change of notations is motivated by the fact that if A is a 
ring, the forgetful functor for: Mod(A) > Set does not commute with coproducts. 


Lemma 4.1.3. Let @ be a category satisfying conditions (i)—(iii) in Definition 4.1.1. 
Consider the condition 
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(vi) for any two objects X and Y in @, there exists Z © @ and morphisms i,: X > 
Z,12:Y 4 Z,p1: Z > X and po: Z > Y satisfying 


(4.1.1) p, 01, = idx, py Olg = 0 
(4.1.2) p20 19 = idy, p20 14 = 0, 
(4.1.3) 1, Op, + 29 0 po = idz. 


Then the conditions (iv), (v) and (vi) are equivalent and the objects X BY, X x Y 
and Z are naturally isomorphic. 


Proof. (a) Let us assume condition (iv). The identity of X and the zero morphism 
Y — X define the morphism p;: X @ Y > X satisfying (4.1.1). We construct 
similarly the morphism py: X @ Y — Y satisfying (4.1.2). To check (4.1.3), we 
use the fact that if f: X BY > X @Y satisfies fo7, = 21 and f o7%g = tg, then 
f =idxey: 

(b) Let us assume condition (vi). Let W € @ and consider morphisms f: X — W 
and g: Y ~ W. Set h:=fop, ®gop. Then h: Z > W satisfies hoi, = f and 
hot, = g and such an h is unique. Hence Z ~ X GY. 

(c) We have proved that conditions (iv) and (vi) are equivalent and moreover that 
if they are satisfied, then Z ~ X GY. Replacing @ with @°?, we get that these 
conditions are equivalent to (v) and Z~ X x Y. 


Example 4.1.4. (i) If A is a ring, Mod(A) and Mod!(A) (see Example 1.3.4) are 
additive categories. 

(ii) Ban, the category of C-Banach spaces and linear continuous maps is additive. 
(iii) If @ is additive, then @°? is additive. 

(iv) Let J be a small category. If @ is additive, the category Fct(/,@) of functors 
from I to @, is additive. 

(v) If @ and @’ are additive, then @ x @’ is additive. 


Let F: @ > @' be a functor of additive categories. One says that F' is additive 
if for X,Y € @, Hom, (X,Y) > Homy,(F(X), F(Y)) is a morphism of groups. We 
shall not prove here the following result. 


Proposition 4.1.5. Let F: @ + @' be a functor of additive categories. Then F is 
additive if and only if it commutes with direct sum, that is, for X and Y in @: 


F(0)~0 
F(X @®Y)~ F(X) 6 F(Y). 
Unless otherwise specified, functors between additive categories will be assumed 
to be additive. 
Generalization. Let k be a commutative unital ring. One defines the notion of a 


k-additive category by assuming that for X and Y in @, Hom,y(X, Y) is a k-module 
and the composition is k-bilinear. 


4.2 Complexes in additive categories 


Let @ denote an additive category. 
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A differential object (X°,d5,) in @ is a sequence of objects X* and morphisms 
d’ (kEZ): 


(4.2.1) ioe =. xkt Ut xk a. Xe ied 


A morphism of differential objects f*: X* — Y° is visualized by a commutative 
diagram: 


d®™ 
(ie YR So 


| |r 


es VY? _* yntl__se... 


Hence, the category Diff(@) of differential objects in @ is nothing but the category 
Fct(Z,@). In particular, it is an additive category. 


Definition 4.2.1. (i) A complex in @ is a differential object (X °,d\) such that 
dod" = 0 for all w € Z. 


(ii) One denotes by C(@) the full additive subcategory of Diff(@) consisting of 
complexes in @. 


From now on, we shall concentrate our study on the category C(@). 

A complex is bounded (resp. bounded below, bounded above) if X” = 0 for 
|n| >> 0 (resp. n << 0, n >> 0). One denotes by C*(@)(* = b,+, —) the full ad- 
ditive subcategory of C(@) consisting of bounded complexes (resp. bounded below, 
bounded above). We also use the notation C">(@) = C(@) (ub for “unbounded” ). 
For a € Z we shall denote by C=*(@) the full additive subcategory of C(@) consist- 
ing of objects X° such that X/’ ~ 0 for 7 < a. One defines similarly the categories 
C£*() and, for a < b, Cle4(¢). 

One considers @ as a full subcategory of C>(@) by identifying an object X € @ 
with the complex X* “concentrated in degree 0”: 


X*:= +» 303X307-:: 
where X stands in degree 0. In other words, one identifies @ and C!"l(@). 


Notation 4.2.2. In the definitions above of a differential object or a complex, we 
assumed that X* is defined for k € Z. If X* is only defined for k € I, I being an 
interval of Z, we consider again X° as a differential object or a complex by setting 
X*=0 fork gd. 


Shift functor 


Let @ be an additive category, let X € C(@) and let p € Z. One defines the shifted 
complex X[p] by!: 
(x[p)y =e 
Pry =(—Pe? 


If f: X — Y isamorphism in C(@) one defines f[p]: X |p] > Y [p] by (f[p])” = f”*?. 
The shift functor [1]: X ++ X[1] is an automorphism (i.e. an invertible functor) 
of C(@). 


‘In these notes, we shall sometimes write (—)? instead of (—1)? 
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Mapping cone 


Definition 4.2.3. Let f: X — Y be a morphism in C(@). The mapping cone of 
f, denoted Mc(f), is the object of C(@) defined by: 


Me(f)" =(X[1))” @Y" 


Of course, before to state this definition, one should check that arin 1) Erte f= 9. 


Indeed: 
=i" 0 —dyt! 0 
fore a Q fen dt = 0 
Notice that although Mc(f)” = (X[1])" @Y”, Mc(f) is not isomorphic to X[1] 6 Y 


in C(@) unless f is the zero morphism. 
There are natural morphisms of complexes 


(4.2.2) a(f): ¥Y > Me(f), B(f): Me(f) > X[1]. 


and B(f) oa(f) = 0. 


Example 4.2.4. Let f: X — Y be a morphism in @ and let us identify @ with 
a full subcategory of C(@). Then X and Y are complexes concentrated in degree 
0 and f is a morphism of complexes. One checks immediately that Mc(f) is the 


complex ---0 > X 4, y +0... where Y stands in degree 0. 


If F: @ > @’ is an additive functor, then F(Mc(f)) ~ Mc(F(f)). 


4.3 Double complexes 


Let @ be an additive category as above. A double complex (X *’*, dx) in @ is the 
data of 


{Xd 6d 3 (aye LL} 


where X""" € @ and the “differentials” d’": X™™" 3 Xrthm qm  Xmm _» 
Xm! satisfy: 


(4.3.1) a = qi? _ 0, Dee ame ee a 


One can represent a double complex by a commutative diagram: 


Y qimm Y 
ts xX” m Xumeri = 
(4.3.2) q(iuem qmmti 
Y Y 
n+1,m n+1,m+1 
x qurtim x 
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One defines naturally the notion of a morphism of double complexes and one obtains 
the additive category C?(@) of double complexes. 

There is a functor F;: C?(@) — C(C(@)) which, to a double complex X, as- 
sociates the complex whose objects are the rows of X. More precisely, for n € Z, 
consider the simple complex 


XT = aa hada ee 


The family of morphisms {d’"*"},,¢z defines a morphism d?: XP? > X7?*t and one 
checks that d7+! od? = 0. Therefore, {X?,d"},ez is a complex in C(@) and we have 
constructed the functor 


F;: C2(@) > C(C(#)). 


By reversing the role of the rows and the columns, one constructs similarly the 
functor F7;. Clearly, the two functors F7 and Fy; are isomorphisms of categories. 
Assume 


(4.3.3) @ admits countable direct sums. 


One can then associate to the double complex X a simple complex tota(X) by 
setting: 


(4.3.4) — tote(X)?=@minapX", Era cxylxnm =a + (-)"a™. 
This is visualized by the diagram: 
xnm ("a enti 
«| 
Xrtim 
Similarly, assume 


(4.3.5) @ admits countable products. 


One can then associate to the double complex X a simple complex tot,(X) by 
setting: 


(4.3.6) tote(X)= [TT X™", (deen) t =a" + (harm 


m+n=p 


This is visualized by the diagram: 
Xr-lm 


«| 
xnm-i (—)"a" xnm 
One also encounters the finiteness condition: 


(4.3.7) foralpeZ, {(m,n)€Zx ZX” 40,m+n=p} is finite. 


To such an X one associates its “total complex” tot(X) = tote(X) ~ tot,(X). In 
the sequel, we denote by Cr() the full subcategory of C?(@) consisting of objects 
X satisfying (4.3.7). 
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Proposition 4.3.1. Assume (4.3.3). Then the differential object {tota(X)?, dete (X x) Svea] 


is a complex (i.e. ees © ets (X) = 0) and totg: C?(@) > C(@) is a functor of 
additive eee 


There is a similar result assuming (4.3.5) or assuming that X € C7(@). 


Proof. For short, we write simply d,., or even d instead of dtots(x). 
For (n,m) € Z x Z, one has 


d @) | xnym = dq! @) d"| xn -+ d' @) d’ | xnjm 
+(—)"*1a" Oo dl | x¢m,m ahs (—)"d’ O Caper 
=; 


The fact that tots is an additive functor is obvious. 


Example 4.3.2. Let f°: X° > Y* be a morphism in C(@). Consider the double 
complex Z°:" such that Z-»* = X°, Z°° =Y°, Z* = 0 fori # —1,0, with 
differentials f7: Z~!7 > Z°9, Then 


(4.3.8) tot(Z°") ~ Mc(f°*). 


Bifunctor 


Let @,@’ and @” be additive categories and let F: @ x @’ + @" be an additive 
bifunctor (7.e., F'(+*,*) is additive with respect to each argument). It defines an 
additive bifunctor C?(F): C(@) x C(@’) + C?(@"). In other words, if X € C(@) 
and X’ € C(@’) are complexes, then C?(F')(X, X’) is a double complex. 


Example 4.3.3. Consider the bifunctor + @ * : Mod(A°?) x Mod(A) + Mod(Z). In 
the sequel, we shall simply write ® instead of C?(@). Then, for X € C(Mod(A°?)) 
and Y € C(Mod(A)), one has 


(X ® ee =X"@Y™, d’™ = d® @idym, d’™™ = idxn @d®, 


(tote(X, Y)) = @ X™@Y™,  drotcxayy|xnevm = d™™ + (—)"d"™™. 
nt+tm=k 


The complex Hom* 


Consider the bifunctor Homy: @°? x @ — Mod(Z). In the sequel, we shall write 
Hom," instead of C?(Hom,,). If X and Y are two objects of C(@), one has 


Hom; "Grr = Hom,(X-™, Y"), 
_ Hom ,(X me dy), qn _ Hom y((—)"dx""", a, 


qiem — 


Note that Hom;)” (X,Y) is a double complex in the category Mod(Z) and should 
not be confused with the group Hom qv) (X,Y): 
Let X,Y € C(@). Using the fact that Mod(Z) admits countable products, one 


sets 


(4.3.9) Hom: (X,Y) = tote Hom; *(X,Y), an object of C(Mod(Z)). 
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Hence, Homy(X,Y)” = [], Homy(X’, Y"*’) and d”: Homy(X,Y)”" > Hom, (X, Y)""'] 


is defined as follows. To f = {f?}; € [] 7 Homy(X’,Y""’) one associates 


jeZ 


a" f = {gi}, € [[ Homy(X3,¥"4), gi = dito fi 4 (—yegnsteticd pit, 
jEZ 


In other words, the components of df in Hom,(X,Y)"*t! will be given by 
(4.3.10) (d°f)i = di” o fi + (—)Ptt fF! o dh. 

Note that for X,Y, Z € C(@), there is a natural composition map 
(4.3.11) Hom{(X,Y) x Hom}(Y, Z) - Hom?,(X, Z) 
associated with the map 


Hom, (X,Y)™ x Hom,(Y, Z)” > Hom, (X, Z)™*", 
[[Hom,(x,y™) x [] Hom", Z™) > TT Homy(x', Z"""). 


4.4 The homotopy category 


Let @ be an additive category. 


Definition 4.4.1. (i) A morphism f: X —> Y in C(@) is homotopic to zero if for 
all p there exists a morphism s?: X? + Y?~! such that: 


f? = 5sPt1o dye + at o s?, 
Two morphisms f,g : X — Y are homotopic if f — g is homotopic to zero. 
(ii) An object X in C(@) is homotopic to 0 if idx is homotopic to zero. 


(iii) A morphism f: X — Y in C(@) is a homotopy equivalence if there exists 
g: Y — X such that go f is homotopic to idx and f og is homotopic to idy. 


A morphism homotopic to zero is visualized by the diagram (which is not com- 
mutative): 


Xp-1__.s vp oe ypti 
Pa ae 
yet yh ye 


p—1 
dy, 


Note that an additive functor sends a morphism homotopic to zero to a morphism 
homotopic to zero. 


Example 4.4.2. (i) Let X,Y € C(@). If both X and Y are homotopic to zero, 
then so is X @Y. 


idx 


(ii) Let X € @. Then the complex 0 — X —+ X — 0 is homotopic to zero. 
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(iii) In particular, for X’, X” € @, the complex 0 — X' > X'@ X”" > X”" > 0 is 
homotopic to zero. 


Lemma 4.4.3. If f: X > Y andg: Y — Z are two morphisms in C(@) and if f 
or g 1s homotopic to zero, then go f is homotopic to zero. 


Proof. Assume for example that f is homotopic to zero. In this case the proof is 
visualized by the diagram below. 


xp-t__, xp _& yp 
ae | 
x 


yr-1_ yr _, yrrl 


|r | |r 


Ze-l_ a 7p ds pth 
a 


f? gett 


Indeed, the equality f? = s?t! o dk +d?" o s? implies 


—] = 
gofP=gostiod +d, og? 1g oP. 


We shall construct a new category by deciding that a morphism in C(@) homo- 
topic to zero is isomorphic to the zero morphism. Set: 


At(x,Y) ={f: X > Y;f is homotopic to O}. 
Lemma 4.4.3 allows us to state: 
Definition 4.4.4. The homotopy category K(@) is defined by: 


Ob(K(@)) = Ob(C(@)) 
Hom x y)(X, Y) =Hom gyg)(X, Y)/Ht(X,Y). 


In other words, a morphism homotopic to zero in C(@) becomes the zero mor- 
phism in K(@) and a homotopy equivalence becomes an isomorphism. 

One defines similarly K*(@), (* = ub,b,+,—). They are clearly additive cat- 
egories endowed with an automorphism, the shift functor [1]: X > X[l1]. 

Recall (4.3.9). 


Proposition 4.4.5. Let @ be an additive category and let X,Y € C(@). There are 
isomorphisms: 


Z°(Hom;(X,Y)) = ker d? ~ Hom gwg)(X,Y), 


B°(Hom?},(X, Y)) :=Imd™ ~ Ht(X,Y), 
H®(Hom;(X, Y)) := ker d°/ Im d~* ~ Hom xgy(X, Y). 
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Proof. (i) Let us calculate Z°(Hom?,(X,Y)). By (4.3.10), the component of d°{ f?}; 
in Hom,(X!,Y/*") will be zero if and only if dj. o f? = f’t' o dk, that is, if the 
family {f?}, defines a morphism of complexes. 

(ii) Let us calculate B°(Hom;(X,Y)). An element f? € Hom,(X/,Y) will be 
in the image of d~' if it is in the sum of the image of Homy(X!,Y!~') by oe 
and the image of Homy(X/t!, Y’) by dy. Hence, if it can be written as f? = 
d*ositsittodh. 


(iii) The third isomorphism follows. 


Remark 4.4.6. The preceding constructions could be developed in the general 
setting of DG-categories. Roughly speaking, a DG-category is an additive category 
in which the morphisms are no more additive groups but are complexes of such 
groups. 

The category C(@) endowed for each X,Y € C(@) with the complex Hom?,(X, Y))] 
and the composition being given by (4.3.11) is an example of such a DG-category. 
More more details on this subject, see for example [Kel06, Yek20]. 


We shall come back to the category K(@) in § 6.3. 


4.5 Simplicial constructions 


We shall define the simplicial category and use it to construct complexes and homo- 
topies in additive categories. 


Definition 4.5.1. (a) The simplicial category, denoted by A, is the category whose 
objects are the finite totally ordered sets and the morphisms are the order- 
preserving maps. 


(b) We denote by Aj,; the subcategory of A such that Ob(A;,;) = Ob(A), the 
morphisms being the injective order-preserving maps. 


For integers n,m denote by [n,m] the totally ordered set {k € Z;n < k < m}. 
Proposition 4.5.2. (i) the natural functor A > Set! is faithful, 
(ii) the full subcategory of A consisting of objects {[0,n]}n>-1 is equivalent to A, 
(iii) A admits an initial object, namely S@, and a terminal object, namely {0}. 


The proof is obvious. 
Let us denote by 


d?: [0,n|- [0,n 4+ 1] (0<i<n+l1) 


the injective order-preserving map which does not take the value 7. In other words 


d"(k) = k for k <i, 
UO’ Vk4+d1 fork >i. 


'§ 4.5 may be skipped. 
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One checks immediately that 
(4.5.1) ded =a" od) for 077 +2. 


Indeed, both morphisms are the unique injective order-preserving map which does 
not take the values 7 and 7. 
The category Ajn; is visualized by 


—dis cra keraccid > 
(4.5.2) @ -d5 > [0] i (0, 1] —i\> (0, 1, 2] Svensk: : 
—d3> saavasaass > 


Let @ be an additive category and F': Aj,; + @ a functor. We set for n € Z: 


pre fai forn > —1, 


0 otherwise, 
n+1 
dy: FP? + FP, dp = So (-)'F (dp). 
i=0 
Consider the differential object 
: 14, po 4, pi n oF 
(4.5.3) Fo:=--- 305 FS FOS Fae FP ee, 


Theorem 4.5.3. (i) The differential object F* is a complez. 


(ii) Assume that there exist morphisms s’.: F" + F"—' (n > 0)satisfying: 


gh ods) Sadpa forn > —-1, 
oy OR Cs j=ra joss Jord > 07 SG. 


Then F* is homotopic to zero. 


Proof. (i) By (4.5.1), we have 


n+2 n4+1 
det odp= 1) 0(-)F(dj*" 0d?) 

j=0 i=0 

= DF ORG od*+ DT (-)ME(G} oa?) 
O<jsisn+1 O<i<j<n+2 

= Yo OMFaMody+ SD (-)M F(a od.) 
O0<j<i<nt1 O0<i<j<n+2 

=0. 


Here, we have used 
Y OPFGM od-)= So (“PF a 0 df) 
0<i<j<n+2 0<i<j<n+1 


= (-)i79 Cs hod) 


0<j<i<n+1 
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(ii) We have 


gait Oo dt, + ad? O 


n+1 n 
= So(-1)'sett o Fd?) + )o(-1)'F (a?! o sh) 

1=0 i=0 
= 4 0 F(ds) + (A) sp" 0 Flats) + xe F(at 0 sf) 

1=0 
=iden + So(- 9 aa Ca 19 5”) el F(d"- tee) 
1=0 7=0 

= idpn. 
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Exercise 4.1. Let @ be an additive category and let X € C(@) with differential 
dx. Define the morphism 6x: X — X/[1] by setting 6% = (—1)"d\. Prove that dx 
is a morphism in C(@) and is homotopic to zero. 

Exercise 4.2. (see [KS06, Exe. 11.4].) Let @ be an additive category, f,g: X 3 Y 


two morphisms in C(@). Prove that f and g are homotopic if and only if there 
exists a commutative diagram in C(@) 


7 ie oy «UH 
Y —> ae} —+Mc(g 9) or XU 


In such a case, prove that u is an isomorphism in C(@). 


Exercise 4.3. (see [KS06, Exe. 11.6].) Let @ be an additive category and let 
f: X — Y bea morphism in C(@). 
Prove that the following conditions are equivalent: 


(a) f is homotopic to zero, 

(b) f factors through a(idx): X — Mc(idx), 

(c) f factors through B(idy)[—1]: Mc(idy)[-1] > Y, 

(d) f decomposes as X + Z — Y with Z a complex homotopic to zero. 


Exercise 4.4. (See [KS06, § 10.1].) A category with translation (.@/,T) is a category 
&@ together with an equivalence T: & > o&. A differential object (X,dx) in a 
category with translation (7,7) is an object X € & together with a morphism 
dx: X — T(X). A morphism f: (X,dx) — (Y,dy) of differential objects is a 
commutative diagram 
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One denotes by .% the category consisting of differential objects and morphisms of 
such objects. If & is additive, one says that a differential object (X,dx) in (#,T) 


is a complex if the composition X ae T(X) etueah T?(X) is zero. One denotes by 
%, the full subcategory of .% consisting of complexes. 

(i) Let @ be a category. Denote by Za the set Z considered as a discrete category 
and still denote by Z the ordered set (Z,<) considered as a category. Prove that 
Fct(Zqg,@) is a category with translation. 

(ii) Show that the category Fct(Z, @) may be identified to the category of differential 
objects in Fct(Za, @). 

(iii) Let @ be an additive category. Show that the notions of differential objects 
and complexes given above coincide with those in Definition 4.2.1 when choosing 


w= COS) and T= {1 \. 
Exercise 4.5. Consider the catgeory A and for n > 0, denote by 
si; : [0,n]— [0,n — 1] (0<i<n-1) 
the surjective order-preserving map which takes the same value at 7 andiz+ 1. In 


other words 
k f <i 
sth) = ak 
k—1 fork>12. 


Sos Ssraase’ Tora j7<t an, 

sere de = OSes for 07 <9 < i, 

st? od? = idpony for 0 <i<n4+1i=j,j4+1, 
sr odt=ay, 0s? = forrl<7ti<isn ti, 


Chapter 5 


Abelian categories 


The toy model of abelian categories is the category Mod(A) of modules over a ring 
A and for sake of simplicity, we shall argue most of the time as if we were working 
in a full abelian subcategory of a category Mod(A). This is not restrictive in view 
of a famous theorem of Fred&Mitchell [Mit60, Fre64]. 

We introduce injective and projective objects and state without proof the famous 
Grothendieck theorem which asserts that what is now called a Grothendieck category 
admits enough injectives. 

We explain the notions of exact sequences and right or left exact functors, we give 
some basic lemmas such as “the five lemma” and “the snake lemma”, we construct 
the long exact sequence associated with an exact sequence of complexes and we also 
study double complexes. 

Finally, we study with some details Koszul complexes and show how they natu- 
rally appear in Algebra and Analysis. 

Some references: see [CE56,Gro57] for historical references and [Wei94, KS06] for 
an exposition. Here we shall often follow this last reference. 


5.1 Abelian categories 


Let @ be an additive category which admits kernels and cokernels (recall Defini- 
tion 2.2.1). Equivalently, @ admits finite limits and colimits. 

Let f: X — Y be a morphism in @. We have already defined the image and 
co-image of f in Definition 2.4.4. Denote by h: ker f + X and k: Y — Coker f the 
natural morphisms. 


Lemma 5.1.1. One has the isomorphisms 
Coim f ~ Coker h, Im f ~ ker k. 


Proof. Of course, it is enough to prove the first isomorphism. For Z € @, one has 
(see Diagram 2.2.6) 


Hom ,(Coim f, 7) = {u: X > Z;u0 pi = uo po}, 


where pj, po: X xy X — X are the two projections. Since X xy X is the kernel of 
(f opi, f ope): X x X 3 Y, one also have 


Hom,(Coim f, Z)={u: X + Z;uov, = uo v2 for any W and (v1, v2): W 3X 
such that f ov, = f ovg.} 
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Equivalently, 


Hom, (Coim f, Z)={u: X > Z;uou=0 for any W andv:W > X 
such that f ov =0.} 


Since such a v factorizes uniquely through h, we get 


Hom ,(Coim f,Z)={u: X > Z;u0h=0} 
~Hom,(Coker h, Z). 


Since this isomorphism is functorial in Z (this point being left to the reader), we 
get the result by the Yoneda lemma. 


Consider the diagram: 


kerf —" x é Y —* + Coker f 


Coim a sash 4. Im fa 


Since foh = 0, f factors uniquely through Coim f, which defines f (see Dia- 
gram 2.2.6) and thus ko f factors through ko f. Since kof =ko fos =Oand sis 
an epimorphism, we get that ko f = 0. Hence f factors through ker k = Im f, which 
defines u (see Diagram 2.2.5). We have thus constructed a canonical morphism: 


(5.1.1) Coim f “> Im f. 


Examples 5.1.2. (i) For a ring A and a morphism f in Mod(A), (5.1.1) is an 
isomorphism. 

(ii) The category Ban admits kernels and cokernels. If f: X — Y is a morphism 
of Banach spaces, define ker f = f~!(0) and Coker f = Y/Im f where Im f denotes 
the closure of the space Im f. It is well-known that there exist continuous linear 
maps f: X — Y which are injective, with dense and non closed image. For such an 
f, ker f = Coker f = 0 although f is not an isomorphism. Thus Coim f ~ X and 
Im f ~ Y. Hence, the morphism (5.1.1) is not an isomorphism. 

(iii) Let A be a ring, J an ideal which is not finitely generated and let M = A/T. 
Then the natural morphism A — M in Mod!(A) has no kernel. 


Definition 5.1.3. Let @ be an additive category. One says that @ is abelian if: 
(i) any f: X — Y admits a kernel and a cokernel, 


(ii) for any morphism f in @, the natural morphism Coim f > Im f is an isomor- 
phism. 


Examples 5.1.4. (i) If A is a ring, Mod(A) is an abelian category. If A is noethe- 
rian, then Mod!(A) is abelian. 

(ii) The category Ban admits kernels and cokernels but is not abelian. (See Exam- 
ples 5.1.2 (ii).) 

(iii) If @ is abelian, then @°? is abelian. 
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Proposition 5.1.5. Let I be category and let @ be an abelian category. Then the 
category Fct(l,@) of functors from I to @ is abelian. 


Proof. (i) Let F,G: I + @ be two functors and y: F — G a morphism of functors. 
Let us define a new functor H as follows. For i € I, set H(i) = ker(F'(i) — G(i)). 
Let s: i + j be a morphism in J. In order to define the morphism H(s): H(i) > 
H(j), consider the diagram 


Fi) = Gt 

H(s). | [ow 
a a BU pars 
H(j) —> F(j) —> GQ). 


Since y(j)o F'(s)oh; = 0, the morphism Fs) oh, factorizes uniquely through H(j). 
This gives H(s). One checks immediately that for a morphism t: 7 — k in J, one 
has H(t) o H(s) = H(tos). Therefore H is a functor and one also easily cheks that 
His a kernel of the morphism of functors y. 

(ii) One defines similarly the functor Coimy. Since, for each i € J, the natural 
morphism Coim y(7) > Im (7) is an isomorphism, one deduces that the natural 
morphism of functors Coim y — Im y is an isomorphism. 


Corollary 5.1.6. If @ is abelian, then the categories of complexes C*(@) (* = 
ub,b,+,—) are abelian. 


Proof. It follows from Proposition 5.1.5 that the category Diff(@) of differential 
objects of @ is abelian. One checks immediately that if f°: X° — Y° isa morphism 
of complexes, its kernel in the category Diff(@) is a complex and is a kernel in the 
category C(@), and similarly with cokernels. 


For example, if f: X — Y is a morphism in C(@), the complex Z defined by 
Z” = ker(f": X" > Y™), with differential induced by those of X, will be a kernel 
for f, and similarly for Coker f. 

Note the following results. 


e An abelian category admits finite limits and finite colimits. (Indeed, an abelian 
category admits an initial object, a terminal object, finite products and finite 
coproducts and kernels and cokernels. ) 


e In an abelian category, a morphism f is a monomorphism (resp. an epimor- 
phism) if and only if ker f ~ 0 (resp. Coker f ~ 0) (see Exercise 2.13). More- 
over, a morphism f: X — Y is an isomorphism as soon as ker f ~ 0 and 
Coker f ~ 0. Indeed, in such a case, X > Coim f and Im f ~ Y. 


Unless otherwise specified, we assume until the end of this chapter that @ is abelian. 


Consider a complex X’ 4, x 4, x (hence, go f = 0). It defines a morphism 
Coim f — ker g, hence, @ being abelian, a morphism Im f — ker g. 


Definition 5.1.7. (i) One says that a complex X’ 4X 4 X" is exact if Im fm 
ker g. 
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(ii) More generally, a sequence of morphisms X? oo. > X" with dit1odi =0 
for all i € [p,n — 1] is exact if Imd' > kerd’*? for all i € [p,n — 1]. 


(iii) A short exact sequence is an exact sequence 0 — X' > X > X"” > 0 
Any morphism f: X — Y may be decomposed into short exact sequences: 


0 > ker f — X > Coim f > 0, 
0- Im f — Y > Coker f > 0, 


with Coim f ~ Im f. 

Proposition 5.1.8. Let 

(5.1.2) eae Gye ery eee 

be a short exact sequence in @. Then the conditions (a) to (e) are equivalent. 
(a) there exists hh: X" — X such that goh =idyn. 

(b) there exists k: X — X’' such that ko f = idx. 


h 


are isomorphisms inverse to each other. 


(c) there exists p = (k,g) andy = ( t ) such that X % X’@X" and X'@X" 4 X 


(d) The complex (5.1.2) is homotopic to 0. 


(e) The complex (5.1.2) is isomorphic to the compler 0 > X' > X'@®X" 4 X" > 
0. 


Proof. (a) => (c). Since g = gohog, we get go (idx —hog) =0, which implies that 
idx —hog factors through ker g, that is, through X’. Hence, there exists k: X — X’ 
such that idx —hog=fok. 

(b) = (c) follows by reversing the arrows. 

(c) => (a). Since go f = 0, we find g = gohog, that is (goh—idy”) og = 0. Since 
g is an epimorphism, this implies go h — idx” = 0. 

(c) = (b) follows by reversing the arrows. 

(d) By definition, the complex (5.1.2) is homotopic to zero if and only if there exists 
a diagram 


(> (en eee Cee 
wh “| 
id k i h 
| 17 

0—>» X’ > X > x" +0 


id 


such that idy: = Cy, idyn =goh and idy =hog+fok. 
(e) is obvious by (c). 


Definition 5.1.9. In the above situation, one says that the exact sequence splits. 
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Note that an additive functor of abelian categories sends split exact sequences 
to split exact sequences. 

If @ = Mod(k) and k is a field, then all exact sequences split, but this is not the 
case in general. 


Example 5.1.10. The exact sequence of Z-modules 


(3757572750 


does not split. 


5.2 Exact functors 


We recall here Definition 2.6.8 in the particular case of additive categories. 


Definition 5.2.1. Let F: @ — @’ be an additive functor of abelian categories. 
One says that 


(i) F is left exact if it commutes with finite limits, 

(ii) F is right exact if it commutes with finite colimits, 
(iii) Fis exact if it is both left and right exact. 
Lemma 5.2.2. Consider an additive functor F: @ > @'. 
(a) The conditions below are equivalent: 


(i) F is left exact, 
(ii) F’ commutes with kernels, that is, for any morphism f: X > Y, F(ker(f)) I] 
ker(F'(f)), 


(iii) for any exact sequence 0 > X' > X — X"” in @, the sequence 0 > 
F(X’) > F(X) > F(X") is exact in ©’, 


(iv) for any exact sequence 0 > X' > X > X" + 0 in @, the sequence 
0-> F(X’) > F(X) > F(X") is exact in @’. 


(b) The conditions below are equivalent: 


(i) F is exact, 
(ii) for any exact sequence X' + X — X" in @, the sequence F(X') > 
F(X) — F(X") is exact in ©", 


(iii) for any exact sequence 0 > X' > X > X" > 0 in @, the sequence 
0 > F(X’) > F(X) > F(X") > 0 is exact in ©". 


There is a similar result to (a) for right exact functors. 


Proof. Since F' is additive, it commutes with terminal objects and products of two 
objects. Hence, by Proposition 2.3.9, F' is left exact if and only if it commutes with 
kernels. 

The proof of the other assertions are left as an exercise. 
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Proposition 5.2.3. (i) The functor Homy: 6°? x @ — Mod(Z) is left exact with 
respect to each of its arguments. 


(ii) If a functor F: @ + G' admits a left (resp. right) adjoint then F is left (resp. 
right) exact. 


(iii) Let I be a small category. If @ admits limits indexed by I, then the functor 
lim: Fet(I°?,@) > @ is left exact. Similarly, if @ admits colimits indexed by 
I, then the functor colim : Fet(I,@) > @ is right exact. 


(iv) Let A be a ring and let I be a small set. The two functors |],-, and ® 
Fet(1, Mod(A)) to Mod(A) are exact. 


Ay from 


(v) Let A be a ring and let I be a small filtered category. The functor colim from 
Fet(1, Mod(A)) to Mod(A) is exact. 


Proof. (i) follows from (2.3.2) and (2.3.3). 
(ii) Apply Proposition 2.5.5. 

(iii) Apply Proposition 2.5.1. 

(iv) is left as an exercise (see Exercise 5.1). 
(v) follows from Corollary 2.6.7. 


Example 5.2.4. Let A be a ring and let N be aright A-module. Since the functor 
N ®, * admits a right adjoint, it is right exact. Let us show that the functors 
Hom ,(*, *) and V®, * are not exact in general. In the sequel, we choose A = k[z], 
with k a field, and we consider the exact sequence of A-modules: 


(6.24) 03-ASA—> A/Az > 0, 


where -x means multiplication by 2. 
(i) Apply the functor Hom ,(*, A) to the exact sequence (5.2.1). We get the se- 
quence: 


0 > Hom ,(A/Az, A) 9 A> A->0 


which is not exact since x- is not surjective. On the other hand, since x- is injective 
and Hom ,(*, A) is left exact, we find that Hom ,(A/Az, A) = 0. 
(ii) Apply Hom ,(A/Az, +) to the exact sequence (5.2.1). We get the sequence: 


0 + Hom ,(A/Az, A) > Hom ,(A/Az, A) > Hom ,(A/Az, A/Ax) > 0. 


Since Hom ,(A/Az, A) = 0 and Hom ,(A/Az, A/Az) ¥ 0, this sequence is not exact. 
(iii) Apply * ®, A/Az to the exact sequence (5.2.1). We get the sequence: 


0 A/Az = A/Ar > A/tA®, A/Ax = 0. 
Multiplication by x is 0 on A/Ax. Hence this sequence is the same as: 
0 A/Ar + A/Ax + A/Ar @, A/Ax > 0 


which shows that A/Axr ®, A/Ax ~ A/Az and moreover that this sequence is not 
exact. 

(iv) Notice that the functor Hom ,(*,A) being additive, it sends split exact se- 
quences to split exact sequences. This shows that (5.2.1) does not split. 


5.2. EXACT FUNCTORS 75 


Example 5.2.5. We shall show that the functor lim : Fct([°?, Mod(k)) — Mod(k) 
is not right exact in general, even if k is a field. 

Consider as above the k-algebra A := k|z] over a field k. Denote by J = A- a 
the ideal generated by x. Notice that A/I"t! ~ k[z]$", where k[z]$" denotes 
the k-vector space consisting of polynomials of degree < n. For p < n denote by 
Upn: A/I"-»A/I? the natural epimorphisms. They define a projective system of 
A-modules. One checks easily that 


lim A/I" ~k|[z]], 


the ring of formal series with coefficients in k. On the other hand, for p < n the 
monomorphisms J"? define a projective system of A-modules and one has 


lim I” ~ 0. 
Now consider the projective system of exact sequences of A-modules 
0-9 I" > A-A/I" 5 0. 


By taking the limit of these exact sequences one gets the sequence 0 > 0 > k{a] > 
k|{z]] — 0 which is no more exact, neither in the category Mod(A) nor in the 
category Mod(k). 


The Mittag-Leffler condition 


Let us give a criterion in order that the limit of an exact sequence remains exact 
in the category Mod(A). This is a particular case of the so-called “Mittag-Leffler” 
condition (see [EGA3}). 


Proposition 5.2.6. Let A be a ring and let 0 > {M/} ae {M,} > {M" > 0 
be an exact sequence of projective systems of A-modules indexed by N. Assume that 
for each n, the map My.,, — M), is surjective. Then the sequence 


0 > lim M! 4 lim M, S lim M” > 0 
n nm nm 
as exact. 


Proof. Let us denote by v, the morphisms M, — M, 1; which define the projective 
system {M,}, and similarly for v,,v). Let {rp} € lim M,,- Hence zx, € Mj, and 
Up(Z5) = Zp 

We shall first show that u,: g71(a”) 3 g71,(#%_,) is surjective. Let x,_1 € 
9, .(a"_,). Take tn € g71(a"). Then gp—i(vn(tn) — 2n-1)) = 0. Hence vn(z,) — 
In—1 = fn—-1(z,_1). By the hypothesis f,-1(},_1) = fn_-1(v),(z},)) for some 2’, and 
LHS yl i = TW) ) = tina 


Then we can choose %, € g,*(x”) inductively such that Up(@n) = @n—1- 
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5.3 Injective and projective objects 


Definition 5.3.1. Let @ be an abelian category. 
(i) An object I of @ is injective if the functor Hom,(e, J) is exact. 


(ii) One says that @ has enough injectives if for any X € @ there exists a monomor- 
phism X>-IJ with J injective. 


(iii) An object P is projective in @ if it is injective in @°?, i.e., if the functor 


Hom ,(P, *) is exact. 


(iv) One says that @ has enough projectives if for any X € @ there exists an 
epimorphism P—»X with P projective. 


Proposition 5.3.2. The object I € © is injective if and only if, for any X,Y € © 
and any diagram in which the row 1s exact: 


— ae 


& 


Fi 
the dotted arrow may be completed, making the solid diagram commutative. 


Proof. (i) Assume that I is injective and let X” denote the cokernel of the morphism 
X'— X. Applying the functor Hom,(+,J/) to the sequence 0 > X' > X > X", 
one gets the exact sequence: 


Hom,(X", 1) 3 Hom, (X, 1) “4 Hom,(X", I) > 0. 


Thus there exists h: X > J such that ho f =k. 
(ii) Conversely, consider an exact sequence 0 > X’ 4, x 4X” + 0. Then the 


sequence 0 — Hom, (X”, I) * Hom,(X, J) at Hom,(X', J) — 0 is exact by the 
hypothesis. 
To conclude, apply Lemma 5.2.2. 


By reversing the arrows, we get that P is projective if and only if for any diagram 
in which the row is exact: 


KX 5G 


the dotted arrow may be completed, making the solid diagram commutative. 


Lemma 5.3.3. Let 0 > X’ 4 X 4 X” > 0 be an exact sequence in @, and 
assume that X' is injective. Then the sequence splits. 


Proof. Applying the preceding result with k = idy, we find h: X — X’ such that 
ko f =idx. Then apply Proposition 5.1.8. 


5.3. INJECTIVE AND PROJECTIVE OBJECTS ‘we 


It follows that if F: @ + @’ is an additive functor of abelian categories, and the 
hypotheses of the lemma are satisfied, then the sequence 0 > F(X’) > F(X) > 
F(X") > 0 splits and in particular is exact. 


Lemma 5.3.4. Let X',X" belong to@. Then X'® X" is injective if and only if 
X' and X" are injective. 


Proof. It is enough to remark that for two additive functors of abelian categories F’ 
and G, the functor F 6G: X 4 F(X) 6 G(X) is exact if and only if the functors 
F and G are exact. 


Applying Lemmas 5.3.3 and 5.3.4, we get: 


Proposition 5.3.5. Let 0 — X' —= X > X" + 0 be an exact sequence in @ and 
assume X' and X are injective. Then X" is injective. 


Example 5.3.6. (i) Let A be a ring. An A-module M is free if it is isomorphic 
to a direct sum of copies of A, that is, M ~ A®! for some small set J. It follows 
from (2.1.4) and Proposition 5.2.3 (iv) that free modules are projective. 

Let M € Mod(A). For m € M, denote by A, a copy of A and denote by 
ln € Am the unit. Define the linear map 


vb: GQ An >M 


meM 


by setting w(1,,) = m and extending by linearity. This map is clearly surjective. 
Since the left A-module @,,,<,, Am is free, it is projective. This shows that the 
category Mod(A) has enough projectives. 

More generally, if there exists an A-module N such that M @ N is free then M 
is projective (see Exercise 5.3). 

One can prove that Mod(A) has enough injectives (see Exercise 5.4). 
(ii) If k is a field, then any object of Mod(k) is both injective and projective. 
(iii) Let A be a k-algebra and let M € Mod(A°?). One says that M is flat if the 
functor M @®, +: Mod(A) + Mod(k) is exact. Clearly, projective modules are flat. 


Although Proposition 5.3.7 below is a particular case of Theorem 7.2.2, we in- 
clude it for pedagogical reasons. 
For a category @, denote by -% the full additive subcategory of injective objects. 


Proposition 5.3.7. Let @ be an abelian category which admits enough injectives. 
Then, for any X € @, there exists an exact sequence 


(5.3.1) 09 X oho. oi: 

with I% € %e¢ for alln > 0. 

Proof. We proceed by induction. Assume to have constructed: 
09X39 Ro.-- 3]. 


For n = 0 this is the hypothesis. Set B” = Coker(I?”' > I.) (with Ix’ = X). Then 
Ty! + IR. + B” + 0 is exact. Embed B” in an injective object: 0 — B? > IXtt. 
Then I?’ + I? + I%*" is exact, and the induction proceeds. 
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The sequence 
( x x xX 


is called an injective resolution resolution of X. 
Note that, identifying X and Ix to objects of Ct(@), 


(5.8.3) X > Ix is a qis. 


Of course, there is a similar result for projective resolutions. If for any X € @ 
there is an exact sequence Y + X — 0 with Y projective, then one can construct 
a projective-resolution of X, that is, a qis Py — X, where the P%’s are projective. 


5.4 Generators and Grothendieck categories 


In this section it is essential to fix a universe %. Hence, a category means a Y- 
category and small means @%-small. 


Definition 5.4.1. Let @ be a category. A system of generators in @ is a family 
of objects {G;}icr of @ such that J is small and a morphism f: X — Y in @ is 
an isomorphism as soon as Hom ,(G;, X) + Hom,(G;, Y) is an isomorphism for all 
tel. 

If the family contains a single element, say G, one says that G is a generator. 

If {G,}ier is a system of generators, then the functor [[,., Hom,(Gi, +): @ > 
Set is conservative. If is additive, these two conditions are equivalent !. Moreover, 
if @ is additive, admits small coproducts and a system of generators as above, then 
it admits a generator, namely the object Qj; Gi. 


Lemma 5.4.2. Let @ be an abelian category which admits small coproducts and a 
generator G. 


(a) The functor Hom ,(G, +) ts faithful. 
(b) For any X € @, there exist a small set I and an epimorphism G°!—>X. 


Proof. In this proof, we write Hom (Y, Z) instead of Hom,(Y, Z). 


(a) The functor Hom,(G, ¢) is left exact and conservative by the hypothesis. Then 
use Exercise 5.13. 
(b) There is a natural isomorphism (see Exercise 5.12): 


Hom go,(Hom (G, X), Hom (@, X)) ~ Hom (G°" (6, x), 


Geom (G,X) 


The identity morphism on the left-hand side defines the natural morphism —| 


X. This morphism defines the morphism 
Hom (G, G2"™ @*)) _, Hom (G, X). 


This last morphism being obviously surjective, the result follows from Exercise 5.14. 


‘There was a mistake in [KS06, Def. 5.2.1], see the Errata on the webpage of the author. 


5.5. COMPLEXES IN ABELIAN CATEGORIES 79 


Definition 5.4.3. A Grothendieck category is an abelian category which admits 
small limits and small colimits, a generator and such that filtered small colimits are 
exact. 


We shall not give the proof of the important Grothendieck’s theorem below, 
referring to [KS06, Th. 9.6.2]. See [Gro57] for the original proof. 


Theorem 5.4.4. Let @ be an abelian Grothendieck category. Then @ admits enough 
anjectives. 


5.5 Complexes in abelian categories 


One still denotes by @ an abelian category. 


Solving linear equations 


The aim of this subsection is to illustrate and motivate the constructions which will 
appear further. In this subsection, we work in the category Mod(A) for a k-algebra 
A. Recall that the category Mod(A) admits enough projectives. 

Suppose one is interested in studying a system of linear equations 


No 
(5.5.1) SS pijtt; = Vi, CS 1,...,™1) 
j=l 
where the p;;’s belong to the ring A and u;,v; belong to some left A-module S. 
Using matrix notations, one can write equations (5.5.1) as 
(5.5.2) Pou =v 


where P is the matrix (p;;) with N, rows and No columns, defining the A-linear 
map Po: : SNe — $1. Now consider the right A-linear map 


(5,5-4) -Py: A™ = AN, 


where -P) operates on the right and the elements of AN°® and A™: are written as 
rows. Let (€1,...,@N)) and (fi,..., fv,) denote the canonical basis of AN® and A™, 
respectively. One gets: 


No 
(5.5.4) 12 Pas ¢= Ty aeg VG) 
j=l 


Hence Im Pp is generated by the elements ae pie; fori = 1,...,Ny. Denote by 
M the quotient module AN°/A™! - Py and by w : AN® > M the natural A-linear 
map. Let (ui,...,un,) denote the images by ~ of (e1,...,en,). Then M is a left A- 
module with generators (u1,...,Uy)) and relations pear Digg =U fort = 1, 2025 Vi 
By construction, we have an exact sequence of left A-modules: 


(5.5.5) Ae, we 7 SW. 


80 CHAPTER 5. ABELIAN CATEGORIES 


Applying the left exact functor Hom ,(+*,S) to this sequence, we find the exact 
sequence of k-modules: 
(5.5.6) 0 + Hom ,(M, 5) 3 SN 2 g™ 


(where Po: operates on the left). Hence, the k-module of solutions of the homoge- 
neous equation associated to (5.5.1) is described by Hom ,(M, 5). 

Assume now that A is left Noetherian, that is, any submodule of a free A-module 
of finite rank is of finite type. In this case, arguing as in the proof of Proposition 5.3.7 
below, we construct an exact sequence 


abet AN ANE SE, Ne Sr 50. 
In other words, we have a projective resolution L“° — M of M by finite free left 
A-modules: 

Do: +9 D2 3 Lh 15..-3 1°30. 


Applying the left exact functor Hom ,(*,S) to L*, we find the complex of k- 
modules: 


(5.5.7) aig Fe ght Pe BNe 4 es. 
Then 


fee ,9)) & ker Po, 
H'(Hom ,(L*, S)) ~ ker(P,)/ Im(Pp). 


Hence, a necessary condition to solve the equation Pou = v is that P,v = 0 and this 
necessary condition is sufficient if H'(Hom ,(L°,S)) ~ 0. As we shall see in § 7.3, 
the cohomology groups H/(Hom ,(L*,S)) do not depend, up to isomorphisms, of 
the choice of the projective resolution L* of M and are denoted Ext?,(M oe 


Cohomology 


Recall that the categories C*(@) are abelian for * = ub, +, —,b. 
Let X € C(@). One defines the following objects of @: 


Z"(X) :=ker d®. 


BX) =Ind* 
A"(X):=Z"(X)/B"(X)  (:= Coker(B"(X) > Z"(X))) 
One calls H"(X) the n-th cohomology object of X. If f: X — Y is a morphism 


in C(@), then it induces morphisms Z"(X) > Z"(Y) and B"(X) > B"(Y), thus 
a morphism H"(f): H"(X) — AH”"(Y). Clearly, H"(X @®Y) ~ A"(X) @ AY). 
Hence we have obtained an additive functor: 


H"(*):C(@) 3@. 
Notice that H"(X) = H°(X[n]). 
There are exact sequences 
xr-t © ker dt, + H"(X) 3 0, 
0 + H"(X) > Coker dy! 2s et 


The next result is easily checked. 


5.5. COMPLEXES IN ABELIAN CATEGORIES 81 
Lemma 5.5.1. For n € Z, the sequences below are exact: 
(5.5.8) 0 H"(X) 3 Coker(dt=!) SS ker dt? = HX) 3 0. 


One defines the truncation functors: 


7S", FS": O(€) + C-(@) 


(5.5.9) Tah F2"- C(@) > CTP) 


as follows. Let X =--+ 4 X*' 3 X® > X™! |--.. One sets: 


(X):= ++ 3X"? > X11 5 kerdt 3 05--- 

(X):= ++ > X™ 1 SX" = Imd? 3 05--- 
T2"(X):= +++ 30> Cokerdi' 3 X™th = x"? =... 

(X):= + 303 Imdy! a xX" 3 xt... 


There is a chain of morphisms in C(@): 
TIP X 3 TSPX BK THK eX, 
and there are exact sequences in C(@): 


03> 75" 1X 4 7S5"X > A"(X)[-n] > 0, 
0 > H"(X)[-n] > 72"X 3 T2""1X > 0, 
03 7TS"X 3X 3 7e"1X 0, 


Qa Far ly a XS eX S| 0, 


(5.5.10) 


We have the isomorphisms 


AX) 757, 


H)(7r2"X) os mrsex) =| 
0 9 


(5.5.11) . 
HX) j2n, 


Hi (72"X) (rex) =| 
0 q <M: 


The verification is straightforward. 


Lemma 5.5.2. Let @ be an abelian category and let f: X — Y be a morphism in 
C(@) homotopic to zero. Then H"(f): H"(X) — H"(Y) is the 0 morphism. 


Proof. Let f? = s"*+ odt + d¢1 os". Then d% = 0 on kerd% and dt tos" = 0 
on ker d?./Imd}-'. Hence H"(f): kerd%/Imd}-'! > ker d?-/Imdj-' is the zero 
morphism. 


In view of Lemma 5.5.2, the functor H°: C(@) > @ extends as a functor 
H®: K(@) 3 @. 


One shall be aware that the additive category K(@) is not abelian in general. 
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Definition 5.5.3. One says that a morphism f: X — Y in C(@) is a quasi- 
isomorphism (a qis, for short) if H*(f) is an isomorphism for all k € Z. In such a 
case, one says that X and Y are quasi-isomorphic. In particular, X € C(@) is qis 
to 0 if and only if the complex X is exact. 


Remark 5.5.4. By Lemma 5.5.2, a complex homotopic to 0 is qis to 0, but the 
converse is false. In particular, the property for a complex of being homotopic to 0 
is preserved when applying an additive functor, contrarily to the property of being 
qis to 0. 


Remark 5.5.5. Consider a bounded complex X * and denote by Y° the complex 
given by YI = H/(X*), dj. =0. One has: 


(5.5.12) Y* =@aA"(Xx"*)[-i). 


The complexes X* and Y* have the same cohomology objects. In other words, 
Hi(Y*) ~ H3(X*). However, in general these isomorphisms are neither induced 
by a morphism from X* — Y*, nor by a morphism from Y* —> X°, and the two 
complexes X° and Y* are not quasi-isomorphic. 


Long exact sequence 
Lemma 5.5.6. (The “five leomma”.) Consider a commutative diagram: 


a Qa 


x? o. xl 1, x? 2 ¥3 


onl orn 


ye >Y! >Y? i 
B 


0 1 2 


and assume that the rows are exact. 


(i) If f° is an epimorphism and f', f? are monomorphisms, then f? is a monomor- 
phism. 


(ii) If f° is a monomorphism and f°, f? are epimorphisms, then f! is an epimor- 
phism. 


As already mentioned in the introduction of this Chapter, there is a theorem of 
Fred and Mitchell [Mit60, Fre64] which asserts that we may assume that @ is a full 
abelian subcategory of Mod(A) for some ring A, what we will do here. Hence we 
may choose elements in the objects of @. 


Proof. (i) Let rz € Xz and assume that f?(r2) = 0. Then f? 0 a9(x2) = 0 and f? 
being a monomorphism, this implies a2(x2) = 0. Since the first row is exact, there 
exists 2, € X, such that a; (21) = x2. Set y, = f1(x1). Since 6,0 f!(x,) = 0 and the 
second row is exact, there exists yo € Y° such that So(yo) = f*(r1). Since f° is an 
epimorphism, there exists 9 € X° such that yo = f°(x). Since ftoa9(x9) = f+(21) 
and f! is a monomorphism, ao(x%9) = 2. Therefore, x2 = a1(r;) = 0. 
(ii) is nothing but (i) in @°?. 
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Lemma 5.5.7. (The snake lemma.) Consider the commutative diagram in @ below 
with exact rows: 


pee ea) eee) 
a B 


Then there exists a morphism 6: ker y — Cokera giving rise to an exact sequence: 
(50:18) ker a — ker 6 > kery *, Coker a + Coker 8 + Coker Y. 


Proof. Here again, we shall assume that @ is a full abelian subcategory of Mod(A) 
for some ring A. 


(i) Let us first prove that the sequence ker a > ker 3 — ker y is exact. Let x € ker 8 
with g(x) = 0. Using the fact that the first row is exact, there exists x’ € X’ with 
f(z’) =a. Then f' ca(z’) = Bo f(z’) =0. Since f’ is a monomorphism, a(x’) = 0 
and a’ € kera. 


(ii) The sequence Cokera — Coker — Cokery is exact. If one works in the 
abstract setting of abelian categories, this follows from (i) by reversing the arrows. 
Otherwise, if one wishes to remain in the setting of A-modules, one can adapt the 
proof of (i)?. 
(iii) Let us construct the map 6 making the sequence exact. Let 2” € kery and 
choose x € X with g(x) = x”. Set y = Gly). Since g’(y) = 0, there exists y’ € Y’ 
with f’(y’) = y. One defines 6(x”) as the image of y’ in Coker a, that is, in Y’/ Ima. 
The reader will check that the map 6 is well-defined (i.e., the construction does 
not depend on the various choices) and that the sequence (5.5.13) is exact. 


One shall be aware that the morphism 06 is not unique. Replacing 6 with —d 
does not change the conclusion. 


Theorem 5.5.8. Let 0 > X' 4 X 4X" +40 be an exact sequence in C(@). 
(i) For each k € Z, the sequence H*(X') + H*(X) > H*(X") is exact. 
(ii) For eachk € Z, there exists 6° : H*(X") > H**1(X’) making the long sequence 
(5.5.14) --» > H*(X) > HR(X") SS EHX) @ HEX) 4. 


exact. Moreover, one can construct 6" functorial with respect to short exact 
sequences of C(@). 


?The reader shall be aware that the opposite of an abelian category is still abelian, but the 
category Mod(A) is not equivalent to the opposite category Mod(A)°?. 
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Proof. Consider the commutative diagrams: 


0 0 0 
Y y 
Y Y 
Coker di7* > Coker dS * —> Coker dy —>0 
ay ak | den | 
0 ——+ ker ditt — a ker dit? —7 eke Cy 
Y Y 
Berax") Ako1 (X) Beh x) 
Y Y 
0 0 0 


The columns are exact by Lemma 5.5.1 and the rows are exact by the hypothesis. 
Hence, the result follows from Lemma 5.5.7. 


Corollary 5.5.9. Consider a morphism f: X + Y in C(@) and recall that Mc(f) 
denotes the mapping cone of f. There is a long exact sequence: 


(5.5.15) --- > H*-1(Me(f)) > H*(X) 4 H*(Y) + H*(Mc(f)) 9 ++. 
Proof. Using (4.2.2), we get a complex: 
(5.5.16) 0+ Y + Me(f) > Xf] 30. 


Clearly, this complex is exact. Indeed, in degree n, it gives the split exact sequence 
03 Y" 3 Y"@x™ — xX"! — 0. Applying Theorem 5.5.8, we find a long exact 
sequence 


pk-1 


(5.5.17)-- + H**(Me(f)) — H*-!(X[1]) —> H*(Y) = H*(Me(f)) +. 


It remains to check that, up to a sign, the morphism 6*-!: H*(X) > H¥*(Y) is 
H*(f). We shall not give the proof here. 


One shall be aware that although the exact sequences 0 > Y" > Y"@ X™*1 > 
X"*t! _, 0 split, the exact sequence of complexes (5.5.16) does not split in general. 


5.6 Double complexes in abelian categories 


In this subsection we shall illustrate the fact that the use of truncation functors is 
an alternative to that of spectral sequences (and is much easier). We follow [KS06, 
§ 12.5]. 

Let @ denote an abelian category. 

Recall that, for a double complex X = X°*, the finiteness condition (4.3.7) says 
that for all p € Z, the set {(m,n) € Zx Z;m+n =p such that X™™” F 0} is finite. 
From now on, 


(5.6.1) We assume that X satisfies (4.3.7). 
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Note that 
(5.6.2) The functor tot: Ci(@) + C(@) is exact. 
In Section 4.3, we have constructed the functors F;: C?(@) > C(C(@)). Since 


Fi i p . < ~< > 
now @ is abelian, we can consider the truncation functors T7”, 77”, T7”", etc. For 


example, one defines al = Feo o TS" o Fy, that is, setting X; = F7(X): 
<n _ n—-1 dy n m 
For n € Z, we also introduce the simple complex 
H?(X) = H"(F;(X)) 
and the double complex 
TOK S28 Sees, 


Of course, the same constructions hold with Fy; instead of F’. 
It follows from (5.5.11) and (5.6.2) that 


(5.6.3) the natural morphism tot(7="(X)) > tot(7<”"(X)) is a qis for all n. 


Since H?(X) is a simple complex, one has H?(X) ~ tot(F;'H"F)(X)). We deduce 
from (5.5.10) the exact sequence in C(@), functorial with respect to X: 


(5.6.4) 0 + tot(7"-1(X)) > tot(r$"(X)) + H?(X) [—n] > 0. 


Theorem 5.6.1. Let f: X — Y be a morphism of double complexes in @, both sat- 
isfying (4.3.7). Assume that f induces an isomorphism H,;,;H;(X) > Hy7,H,(Y). 
Then tot(f): tot(X) — tot(Y) is a quasi-isomorphism. 


Proof. The hypothesis is equivalent to 
(5.6.5) HP(f): HP(X) > AP(Y) is a qis for all n. 


Since H?(r7?X) is isomorphic to H?(X) for n > p or to 0 otherwise, we get the 
isomorphisms 


Hy Hy(17?X) => Ay, Hy(17"Y) for all Pp. 
For n fixed, we have 
(5.6.6) H"(tot(X)) ~ H"(tot(r7”X)) for p <0, 


and similarly with Y instead of X. Hence, replacing X and Y with ad X and ra Is 
we may assume from the beginning that 


(5.6.7) X? =Oand YP =0 forn < 0. 
Using (5.6.4), we get a commutative diagram of exact sequences: 

0 —= tot(#=”"'(X)) —= tot(r#"(X)) —> H?(X) [-n] —~0 
(5.6.8) | ours" |rourstun |srnt-m 

0 ——> tote.” “()) os tot(T="(Y)) —+ H?(Y) [—n] ——0 


By (5.6.5), the vertical arrow on the right is a qis for all n € Z. Thanks to (5.6.7), 
the vertical arrow on the left is a qis forn < 0. It follows by induction, using (5.6.3), 
that all vertical arrows are qis. Then the result follows from (5.6.6). 
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Corollary 5.6.2. Let X be a double complex in @ satisfying (4.3.7). If H;(X) ~ 0, 
then tot(X) is qis to 0. 


Proof. Apply Theorem 5.6.1 with Y = 0 and use (5.6.5). 


Corollary 5.6.3. Let X be a double complex in @ satisfying (4.3.7). Assume that 
all rows X7* are exact for 7 An. Then tot(X) is gis to X™* [—n]. 


Proof. Denote by a the “stupid” truncation functor which to a double complex 
X associates the double complex whose rows are those of X for 7 > n and are 
0 for 7 < n. Define similarly oe Now apply Theorem 5.6.1 to the morphism 
o-"(X) + X, next to the morphism 07"(X) > of"07"(X) ~ X™* [=n]. 


Corollary 5.6.4. Let X** be a double complex. Assume that all rows X%* and 
columns X*4 are 0 for 7 <0 and are exact for 7 > 0. Then H?(X°*) ~ H?(X*°) 
for all p. 


Proof. Both X°* and X*° are qis to tot(X). 


Let us describe the isomorphism H?(X°*) ~ H?(X*°) in the case where @ = 
Mod(A) by the so-called “Weil procedure”. 

Let x2?° © X?°, with d’x?° = 0 which represents y € H?(X°°). Define x?! = 
d"x?:°, Then d'x?! = 0, and the first column being exact, there exists ?~! € X?-!4 
with d'x?1! = x, One can iterate this procedure until getting x°? € X°?. Since 
d'd!’x°” = 0, and d’ is injective on X°” for p > 0 by the hypothesis, we get d’x°” = 0. 
The class of x9” in H?(X°*) will be the image of y by the Weil procedure. Of course, 
one has to check that this image does not depend of the various choices we have 
made, and that it induces an isomorphism. 

This can be visualized by the diagram: 


5.7 Koszul complexes 


Recall that k denotes a commutative unital ring. In this section, we do not work in 
abstract abelian categories but in the category Mod(k). 

If L is a finite free k-module of rank n, one denotes by N L the k-module 
consisting of j-multilinear alternate forms on the dual space L* and calls it the j-th 
exterior power of L. (Recall that L* = Hom, (L,k).) 

Note that A\'L~ Land \"L~k. One sets \°L =k. 

If (€1,...,€n) is a basis of L and I = {i <--- <1;} C {1,...,n}, one sets 


er = € A AN Oi 
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For a subset J C {1,...,}, one denotes by |/| its cardinal. Recall that: 


4 
AL is free with basis {e7;J C {1,...,n}, |Z] = 7}. 


If 741,...,%m belong to the set (1,...,n), one defines e;, \--- A e;,, by reducing to 
the case where 7; < --- <7;, using the convention e; A e; = —e; A e;. 

Let M be a k-module and let y = (¥1,.-.,n) be n k-linear endomorphisms of 
M which commute with one another: 


|= 0, L439 =m, 
(Recall the notation [a,b] := ab — ba.) Set 


MO =Me Ax". 


Hence M®) = M and M™ ~ M. Denote by (e1,...,€n) the canonical basis of k”. 
Hence, any element of MM) may be written uniquely as a sum 


m = ) my & ey. 
=J 


One defines d € Hom, (M“, M0+) by: 


d(m ® er) = Yelm )@e;, Aer 


and extending d by k-linearity. Using the commutativity of the y;’s one checks 
easily that dod = 0. Hence we get a complex, called a Koszul complex and denoted 
K°(M, 9): 

03-M%4...5M™ 40. 


When n = 1, the cohomology of this complex gives the kernel and cokernel of 1. 
More generally, 


H°(K* (M,¢)) ker y, MN... N ker Yn, 
H"(K* (M, p)) = M/(y1(M) + +--+ en(M)). 


Set y’ = {1,---,Yn—1} and denote by d’ the differential in K*(M,y’). Then y, 
defines a morphism 


(5.7.1) Gn: K°(M,¢') > K°(M,¢’) 

Lemma 5.7.1. The complex K*°(M, )[1] ts isomorphic to the mapping cone of 
55... 

Proof. * Consider the diagram 


Me(n)? —z—> Me($,)?*1 
M 
dP sr | 


k+l (M, ~) ae Os y) 
K 


3The proof may be skipped 
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given explicitly by: 


(M@ AP kK") & (M@ A? k™) (M@ AP ke) & (M@ AP k) 


—d' 0 
—Yn d' 


id @(id Gen A) id @(id @en A) 


M @ Mee k” 5 M @ hee k” 


Then 


diy (a @es + b Sex) = —d'(a Sez) + (d'(b Bex) — Yn(a) Bez), 
AP(a@ery +b @ex) =a Ger +b @en A ex. 


(i) The vertical arrows are isomorphisms. Indeed, let us treat the first one. It is 
described by: 


(5.7.2) Si as @er+) dx Bex Yas Best > be Wen Aex 
J K J K 


with |J| = p+1 and |K| =p. Any element of Mert k” may uniquely be written 
as in the right hand side of (5.7.2). 
(ii) The diagram commutes. Indeed, 


N+ o dh (a@ez +b @ex) = —d'(a @ez) + en Ad'(b @ex) — Yn(a) @en Nes 
= —d'(a@eyz) —d'(b @en A €x) — Yn(a) En A € 7, 
det" o (a @ey +b Bex) = —d(a Bez +b @en A ex) 

= —d'(a @e€7) — Yn(a) @en Nez — d'(b@en A ex). 


Theorem 5.7.2. There exists a k-linear long exact sequence 


(5.7.3) ++» > AY(K*(M,¢')) > HK" (M,¢')) > HI (K*(M,9)) > 


Proof. Apply Lemma 5.7.1 and the long exact sequence (5.5.15). 


Definition 5.7.3. (i) Iffor each j, 1 <j <n, y; is injective as an endomorphism 
of M/(y1(M)+---+9,;-1(M/)), one says that (y1,..., Yn) is a regular sequence. 


(ii) If for each 7, 1 < j <n, y; is surjective as an endomorphism of ker yg) MN... 
ker y;_1, one says that (y1,...,%,) is a coregular sequence. 


Corollary 5.7.4. (i) If (¥1,-.., Yn) is a regular sequence, then H/(K°(M,¢)) ~ 
0 for 9 x, 
(ii) If (~1,.--, Gn) is a coregular sequence, then Hi(K°(M,y)) ~0 for 7 £0. 
Proof. Assume for example that (~1,..., Qn) is a regular sequence and let us argue 
by induction on n. The cohomology of AK*(M,’) is thus concentrated in degree 


n —1 and is isomorphic to M/(yi(M) +---+ Yn_1(M)). By the hypothesis, y,, is 
injective on this group, and Corollary 5.7.4 follows. 
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Second proof. Let us give a direct proof of the Corollary in case n = 2 for coregular 
sequences. Hence we consider the complex: 


09>M4MxM%M—30 


where d(x) = (y1(x), yo(x)), d(y, z) = Ye(y) — yi(z) and we assume ¢; is surjective 
on M, pe is surjective on ker yy. 

Let (y,z) € Mx M with go(y) = yi(z). We look for x € M solution of 
yi(x) = y, (x) = z. First choose x2’ € M with v(x’) = y. Then yo yi(2’) = 
poly) = 1(z) = 91 ° Yo(2’). Thus yi(z — Ye(2’)) = 0 and there exists t € M with 
yi(t) =0, yo(t) = z—o(a’). Hence y = yi(t+2’), z= yo(t+a’) andx=t+a' 
is a solution to our problem. 


Example 5.7.5. Let k be a field of characteristic 0 and let A = k[x),..., x]. 
(i) Denote by x;- the multiplication by x; in A. We get the complex: 


CAO Sto Ae) 3G 


where: 


("a7 @er) =S 0S 5 aj - a1 Be; Aer. 
I j=l I 


The sequence (21:,...,2n:) is a regular sequence. Hence the Koszul complex is exact 
except in degree n where its cohomology is isomorphic to k. 

(ii) Denote by 0; the partial derivation with respect to x;. This is a k-linear map 
on the k-vector space A. Hence we get a Koszul complex 


OS AOS cee Am 6 


where: 
d(>—- ay @er) — Ss" SG We; A ey. 
I j=1 I 


The sequence (0j-,...,0n:) is a coregular sequence and the above complex is exact 
except in degree 0 where its cohomology is isomorphic to k. Writing dz; instead of 
ej, we recognize the “de Rham complex”. 


Example 5.7.6. Let k be a field and let A= k|z,y], M =k ~ A/tA+yA. Let 
us calculate a free (hence, projective) resolution of M. Since (x,y) is a regular 
sequence of endomorphisms of A (viewed as a k-module), M is quasi-isomorphic to 
the complex: 


M’:03AS5A53A50, 


where u(a) = (ya,—xa), v(b,c) = xb + yc and the module A on the right stands 
in degree 0. Therefore, for N an A-module, Hom ,(M*,N) is represented by the 
complex: 


03> NS N74 N50, 


where v' = Hom(v, N), u’ = Hom(u, N) and the module N on the left stands in 
degree 0. Since v’(n) = (xn, yn) and u'(m, 1) = ym—cl, we find again a Koszul com- 
plex. Choosing N = A, its cohomology is concentrated in degree 2 and isomorphic 
to k. 
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Example 5.7.7. Let W = W,(k) be the Weyl algebra introduced in Example 
1.2.2, and denote by -O; the multiplication on the right by 0;. Then (-01,...,-On) is 
a regular sequence on W and we get the Koszul complex: 


(3 WO 22547" 30 


where: 


n 


5(_ az Ber) =S°S ar-0; @ej Aer. 
I 


j=l I 


This complex is exact except in degree n where its cohomology is isomorphic to k[z] 
(see Exercise 5.9). 


Remark 5.7.8. One may also encounter co-Koszul complexes. For I = (i1,...,%x), 
introduce 
Sie 0 if7 ¢ {i1,..., te} 
jt (=1)"S;, — (—1)'*e,, A... A Ej, A...A Ci, if ey, = €; 


where e;, \...A &;, A... A e;, means that e; should be omitted in e;, A... A ei,. 
Define 6 by: 


d(m @ ez) = 3 y;(m)e; ler. 


Here again one checks easily that 6 o 6 = 0, and we get the complex: 
K.(M,¢):0 + M@ 4... M© 0, 


This complex is in fact isomorphic to a Koszul complex. Consider the isomorphism 


j n—j 
* \\ k” > /\ k” 
which associates ¢7m ®e; to m ®ez, where I =(1,...,n)\TI and ¢, is the signature 


of the permutation which sends (1,...,n) to [UT (any i € J is smaller than any 
j € 1). Then, up to a sign, * interchanges d and 0. 


De Rham complexes 


Let EF be a real vector space of dimension n and let U be an open subset of FE. 
Denote as usual by @°(U) the C-algebra of C-valued functions on U of class C™. 
Recall that Q!(U) denotes the @~(U)-module of C°-functions on U with values in 
E* @g C ~ Hom, (F, C). Hence 


O1(U) © E* @y 6°(U). 


For p € N, one sets 
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(The first exterior product is taken over the commutative ring @°(U) and the second 
one over R.) Hence, 2°(U) = @~(U), Q?(U) = 0 for p > n and Q"(U) is free of 
rank 1 over @*(U). The differential is a C-linear map 


d: 6° (U) 3 OU). 


The differential extends by multilinearity as a C-linear map d: Q?(U) > 0P?t1(U) 
satisfying 


(5.7.4) al 
ve d(wy ix We) = dw A We + (—)?wy ix dwy for any Ww, € OP(U). 


We get a complex, called the De Rham complex, that we denote by DR(U): 


(5.7.5) DR(UV) :=0 3 (UY) 4 --- 5 0"(Y) 5 0. 
Let us choose a basis (e€1,...,€n) of EL and denote by 2; the function which, to 
x=)>,_, 2: e; € E, associates its i-th cordinate x;. Then (dzj,...,da,) is the dual 


basis on E* and the differential of a function y is given by 
dy = S- Oip dxj. 
i=1 


a) 
where 0; := ae By its construction, the Koszul complex of (0),...,0,) acting on 
vy 
@~(U) is nothing but the De Rham complex: 


K*(€°(U), (O1,---,n)) = DR(V). 
Note that H°(DR(U)) is the space of locally constant functions on U, and there- 
fore is isomorphic to C#°) where #cc(U) denotes the cardinal of the set. of con- 


nected components of U. Using sheaf theory, one proves that all cohomology groups 
H(DR(U)) are topological invariants of U. 


Holomorphic De Rham complexes 


Replacing R” with C", @~(U) with @(U), the space of holomorphic functions on 
U and the real derivation with the holomorphic derivation, one constructs similarly 
the holomorphic De Rham complex. 


Example 5.7.9. Let n = 1 and let U = C \ {0}. The holomorphic De Rham 
complex reduces to 


03 6(U) & 6(U) 30. 


Its cohomology is isomorphic to C in degree 0 and 1. 
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Exercises to Chapter 5 


Exercise 5.1. Prove assertion (iv) in Proposition 5.2.3, that is, prove that for a ring 
A and a small set J, the two functors [] and @ from Fet(J, Mod(A)) to Mod(A) 


are exact. 


Exercise 5.2. Consider two complexes in an abelian category @: Xj} 3 X1 > X] 
and X5 > X, > XJ. Prove that the two sequences are exact if and only if the 
sequence X} © X5 > X1 @ Xp  X] @ XZ is exact. 


Exercise 5.3. Let A be a ring. 
(i) Prove that a free module is projective. 


(ii) Prove that a module P is projective if and only if it is a direct summand of a 
free module (i.e., there exists a module K such that P © K is free). 


(iii) An A-module M is flat if the functor + @, M is exact. (One defines similarly 
flat right A-modules.) Deduce from (ii) that projective modules are flat. 


Exercise 5.4. (see [God58, Th. 1.2.2]) If M is a Z-module, set MY = Hom,(M,Q/Z)] 
(i) Prove that Q/Z is injective in Mod(Z). 

(ii) Prove that the map Hom,(M, N) + Hom,(NY, MY) is injective for any M,N € 
Mod(Z). 

(iii) Prove that if P is a right projective A-module, then PY is left A-injective. 

(iv) Let M be an A-module. Prove that there exists an injective A-module J and a 
monomorphism M — I. 

(Hint: (iii) Use formula (1.2.4). 

(iv) Prove that M ++ MYY is an injective map using (ii), and replace M with MYY.) 


Exercise 5.5. Let @ be an abelian category which admits small colimits and such 
that small filtered colimits are exact. Let {X;}i<7 be a family of objects of @ indexed 
by a small set J and let 79 € J. Prove that the natural morphism X;, — Bier X; is 
a monomorphism. 


Exercise 5.6. Let @ be an abelian category. 

(i) Prove that a complex 0 > X — Y — Z is exact iff and only if for any object 
W ¢€ @ the complex of abelian groups 0 + Hom,(W,X) > Hom,(W,Y) > 
Hom,(W, Z) is exact. 

(ii) By reversing the arrows, state and prove a similar statement for a complex 
X—->Y 72-0. 


Exercise 5.7. Recall Definition 2.4.1. Let @ be an abelian category and consider 
a commutative diagram: 


Vtay 


|0 
i 


a 


g 


The square is Cartesian if the sequence 0 —> V > X x Y > Z is exact, that is, if 
V~X xzY (recall that X xz Y = ker(f — g), where f—g:X ®Y > Z). The 
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square is co-Cartesian if the sequence V > X @Y > Z — 0 is exact, that is, if 
Z~xX Oy Y (recall that X @z Y = Coker(f’ — g'), where f’—g’: V3 XxY). 


(i) Assume the square is Cartesian and f is an epimorphism. Prove that f’ is an 
epimorphism. 

(ii) Assume the square is co-Cartesian and f’ is a monomorphism. Prove that f is 
a monomorphism. 


Exercise 5.8. Let @ be an abelian category and consider a double complexe 


0 0 0 


Y Y 
G9 Ge 


Y Y 
Oa Xi ee 


Y Y 
(5 = 


Assume that all rows are exact as well as the second and third column. Prove that 
all columns are exact. 


Exercise 5.9. Let k be a field of characteristic 0, W := W,,(k) the Wey] algebra in 
n variables. 


(i) Denote by x;-: W — W the multiplication on the left by x; on W (hence, the 
x;:’s are morphisms of right W-modules). Prove that y = (a1-,...,@n°) is a regular 
sequence and calculate H!(K*(W,)). 

(ii) Denote -O; the multiplication on the right by 0; on W. Prove that w = 
(-O1,...,°On) is a regular sequence and calculate H?(K * (W,1)). 

(iii) Now consider the left W,,(k)-module @ := k[x,,...,2,] and the k-linear map 
0; : C — C (derivation with respect to x;). Prove that A = (01,...,0,) is a coregular 
sequence and calculate H/(K*(@, X)). 


Exercise 5.10. Let A = W2(k) be the Weyl algebra in two variables. Construct 
the Koszul complex associated to ~, = -%1, G2 = -O2 and calculate its cohomology. 


Exercise 5.11. Let k be a field, A = k{|x,y] and consider the A-module M = 
5, k{2]t’, where the action of x € A is the usual one and the action of y € A is 
defined by y- x"t)+! = xt) for 7 > 1, y-a"t = 0. Define the endomorphisms of M, 
yi(m) = x-m and y2(m) = y-m. Calculate the cohomology of the Kozsul complex 
K*(M, 9). 


Exercise 5.12. Let @ be an abelian actegory which admits small direct sums and 
let J be a small set. For X,Y € @, prove the isomorphism 


Hom,,,(7, Hom, (Y, X)) ~ Hom, (Y®, X). 
(Hint: see (1.1.3) and (1.1.5).) 


Exercise 5.13. Let F: @ > @’ be an additive functor of abelian categories. Prove 
that if F is faithful then it is conservative. Conversely, assume that F’ is conservative 
and either left or right exact. Prove that F is faithful. 
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Exercise 5.14. Let @ be an abelian category which admits small coproducts and a 
cogenerator G. Let f: X — Y bea morphism in @ and assume that Homy(G, X) > 
Hom,(G, Y) is surjective. Prove that f is an epimorphism. 


(Hint: use Lemma 5.4.2 and Exercise 1.6.) 


Chapter 6 


Triangulated categories 


Triangulated categories play an iimportant role in mathematics and this subject 
would deserve more that the short chapter that we present here. They are a sub- 
stitute, in some sense, to abelian categories, the distinguished triangles playing the 
role of the exact sequences, and they are naturally associated to additive categories. 
Indeed, as we shall see the homotopy category K(@) associated with an additive 
category @ is naturally triangulated. 

We have restricted ourselves to describe the main properties of such categories 
as well as some basic results without addressing many related topics. In particular, 
we localize triangulated categories and triangulated functors with the construction 
of derived categories in mind. 

Some tedious proofs are skipped, referring to [KS06]. 

Note that the fact that the morphism in TR4 (see below) is not unique is the 
source of many troubles. It is the main obstacle encountered when trying to “glue” 
derived categories. This difficulty is overcome with the theory of co-categories where 
stable categories play the role of triangulated categories. 

Some references: |GM96, KS90, KS06, Nec01, Ver96, Wei94, Yek20]. 


6.1 Triangulated categories 


Definition 6.1.1. A category with translation (Y,7T) is an additive category Z 
endowed with an automorphism T: ZY — Q (i.e., an invertible functor), called the 
translation functor. 

A triangle in (9,T) is a sequence of morphisms: 


(6.1.1) HAV SoS Te. 


A morphism of triangles is a commutative diagram: 


Ray rl 


JT 


x V6 ae, 


f’ 


Example 6.1.2. The triangle X iy Ges T(X) is isomorphic to the triangle 


(6.1.1), but the triangle X 2 7 T(X) is not isomorphic to the triangle 
(6.1.1) in general. 


95 


96 
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Definition 6.1.3. A triangulated category is an additive category ZY endowed with 
an automorphism T and a family of triangles called distinguished triangles (d.t. for 
short), this family satisfying axioms TRO - TR5 below. 


TRO 


ueH 


TR2 


TR3 


TR4 


TR5 


A triangle isomorphic to a d.t. is a d.t. 
The triangle X eS T(X) isa dt. 


For all f: X — Y there exists a d.t. X ES ele ae T(X). 


A triangle X ES ees T(X) isad.t. ifand only if Y 4 Z = T(X) a 


TY ) isa dt, 


Given two dt. X SY 4 Zs T(X) and X’ Sv’ S 7 ™ T(x) and 
morphisms a: X + X’ and 6: Y > Y’' with f’oa = Bo f, there exists a 
morphism 7: Z > Z’ giving rise to a morphism of d.t.: 


ay 7 
| | 7 r10)| 

! ! Y , 
Nya), 


(Octahedral axiom) Given three d.t. 


Reve A, 
Y S240 ST), 
RPL GAS ST. 


there exists a distinguished triangle Z’ 4 Y’ a ae T(Z’) making the 
diagram below commutative: 


(6.1.2) xX 


Diagram (6.1.2) is often called the octahedron diagram. Indeed, it can be written 
using the vertexes of an octahedron. 
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In this diagram, the notation A + B means A T(B). 


Remark 6.1.4. The category ZY? endowed with the image by the contravariant 
functor op: Y > Y° of the family of the d.t. in J, is a triangulated category. 


6.2 Triangulated and cohomological functors 


Definition 6.2.1. (i) A triangulated functor of triangulated categories F’: (9,T) >] 
(9',T’) is an additive functor which satisfies Fo T ~ T’ o F and which sends 
distinguished triangles to distinguished triangles. 


(ii) A triangulated subcategory 9’ of J is a subcategory Y of F which is trian- 
gulated and such that the functor Y’ > Z is triangulated. 


(iii) Let (Y,T) be a triangulated category, @ an abelian category, F: J > @ an 
additive functor. One says that F' is a cohomological functor if for any d.t. 
X—>Y-—>Z-T(X) in J, the sequence F(X) > F(Y) > F(Z) is exact in 
6. 


Remark 6.2.2. By TR3, a cohomological functor gives rise to a long exact sequence: 
(6.2.1) + 3 F(X) > F(Y) > F(Z) > F(T (X)) >: 


Proposition 6.2.3. (i) If X ES er ae T(X) is a d.t. then go f =0. 
(ii) For any W € J, the functors Hom g(W,-) and Hom 4(-,W) are cohomological. 


Note that (ii) means that ify: W > Y (resp. y: Y  W) satisfies go y = 0 
(resp. yo f = 0), then y factorizes through f (resp. through g). 


Proof. (i) Applying TR1 and TR4 we get a commutative diagram: 


ae) st re Ae: C) 
ttl 
xX Y 7; FOX: 


Then go f factorizes through 0. 
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(ii) Let X > Y > Z 4 T(X) bead.t. and let W € J. We want to show that 
Hom (W, X) 2 Hom (W, Y) 2 Hom (W, Z) 


is exact, ie., for all y: W > Y such that gow = 0, there exists »: W — X such 
that py = fow. This means that the dotted arrow below may be completed, and 
this follows from the axioms TR4 and TR3. 


w+ Ww —+0—-+T(W) 
vt 
Y Y 
Rye 2 6 F(x) 


The proof for Hom (-, W) is similar. 
Proposition 6.2.4. Consider a morphism of d.t.: 


pes gee NEG 
| at of te 
pt Ei 8 87 pe) 


If a and 2 are isomorphisms, then so is ¥. 


Proof. Apply Hom(W,-) to this diagram and write X instead of Hom(W,X), a 
instead of Hom (W, a), etc. We get the commutative diagram: 


The rows are exact in view of the preceding proposition and @, 8, T(a), T(B) 
are isomorphisms. Therefore 7 = Hom(W,7) : Hom(W,Z) — Hom(W, 2’) is an 
isomorphism. This implies that 7 is an isomorphism by the Yoneda lemma. 


Corollary 6.2.5. Let J be a full triangulated category of Z. 


(i) Consider a triangle X toy 27S T(X) in B and assume that this triangle 
is distinguished in Y. Then it is distinguished in Y. 


(ii) Consider a d.t. X > Y > Z—>T(X) in @, with X andY in Y. Then there 
exists Z' € Y' and an isomorphism Z ~ Z’. 


Proof. (i) There exists a d.t. X SYS 7 = T(X) in ’. Then Z’ is isomorphic 
to Z by TR4 and Proposition 6.2.4. 
(ii) Apply TR2 to the morphism X — Y in 9. 


Remark 6.2.6. The proof of Proposition 6.2.4 does not make use of axiom TR 5, 
and this proposition implies that TR 5 is equivalent to the axiom: 

TRO’: given f: X > Y and g: Y > Z, there exists a commutative diagram (6.1.2) 
such that all rows are d.t. 
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Remark 6.2.7. (a) The morphism y in TR 4 is not unique and this is the origin of 
many troubles. 


(b) Similarly, it follows from Proposition 6.2.4 that the object Z given in TR2 is 
unique up to isomorphism. However, this isomorphism is not unique, and again this 
is the source of many troubles (e.g., glueing problems in sheaf theory). 


6.3. Applications to the homotopy category 


Let @ be an additive category. Both C(@) and K(@) are endowed with a nat- 
ural translation functor. (Recall that the homotopy category K(@) is defined by 
identifying to zero the morphisms in C(@) homotopic to zero.) 

Also recall that if f: X — Y is a morphism in C(@), one defines its mapping 
cone Mc(f), an object of C(@), and there is a natural triangle 


(6.3.1) Ye ie) 22 ai vi. 


Such a triangle is called a mapping cone triangle. Clearly, a triangle in C(@) gives 


rise to a triangle in the homotopy category K(@). 


Definition 6.3.1. A distinguished triangle (d.t. for short) in K(@) is a triangle 
isomorphic in K(@) to a mapping cone triangle. 


Theorem 6.3.2. The category K(@) endowed with the shift functor [1] and the 
family of d.t. as a triangulated category. 


We shall not give here the proof of this classical and fundamental result, referring 
to [KS06, Th. 11.2.6]. 


Notation 6.3.3. We shall often write X > Y > Z +4 instead of X > Y 3 Z > 
X(1] to denote a d.t. in K(@). 


6.4 Localization of triangulated categories 
Definition 6.4.1. A null system WV in is a full triangulated saturated subcategory 
of J. 
A null system .% satisfies: 
NI OEY, 
N2 X € Y if and only if T(X) € Y, 
N3 ifX ~>Y —>Z 3 T(X)isadt. in Mand X,Y € WV then ZEN. 


One easily checks that if 4 is a full saturated subcategory of FY satisfying N1-N2- 
N38, then the restriction of T to VY and the family of d.t. X ~ Y — Z > T(X) in 
J with X,Y,Z € WV make -Y a null system of Y. Moreover, it has the property 
that given a d.t. as above in Y, the three objects X,Y, Z belong to -V as soon as 
two objects among them belong to -%. 

To a null system one associates a family of morphisms as follows. Define: 


(6.4.1) Y:={f: X > Y, there existsad.t. X ~> Y > Z 3 T(X) with Ze WV}. 
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Lemma 6.4.2. .Y is a right and left multiplicative system. 


Proof. By reversing the arrows, it is enough to prove that Y is a right multiplicative 
system. 


S1 is obvious. 
S2 follows from the octahedral axiom TR5 (see (6.1.2)). 
S3: There existsad.t.W % X 3 X’ +4 with W € %. The morphism ho f: W > 


Y gives rise toad.t.W > Y > Z *, and by TR4 there exists a morphism of 
triangles 


W x } ees 


ib, 


 —— say gee 


S4 By replacing f with f—g, it is enough to check that if there exists s ©. WY: W > X 
such that f os =0 then there exists t € Y: Y > Z such that to f = 0. Consider 
the diagram 


By Proposition 6.2.3 the sequence 
Hom (Z, Y) 4 Hom (X,Y) + Hom (Z,Y) “> Hom (X’,Y). 


is exact. Since fos = 0, the dotted arrow h may be completed, making the diagram 
commutative. Then we embed hf in a d. t. and obtain the arrow t. Since toh = 0, 
we get to f =0. Since ZE V,teE S%. 


Theorem 6.4.3. Let FZ be a triangulated category, V a null system in ZY and let 
S be as in (6.4.1). Then 


(i) Denote as usual by Dy the localization of 9 by SY and by Q the localization 
functor. Then Dy is an additive category endowed with an automorphism (the 
image of T, still denoted by T). 


(ii) Define a d.t. in Dy as being isomorphic to the image by Q of a d.t. in J. 
Then Dy is a triangulated category. 


(iii) If X € YW, then Q(X) ~ 0. 


(iv) Let F: J > Y' be a functor of triangulated categories such that F(X) ~ 0 for 
any X € WV. Then F factors uniquely through Q. 


The proof being straightforward but tedious, it will not be given here. For a 
complete proof, see for example [KS06]. 
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Notation 6.4.4. We will write F/.W instead of Dy. 


Now consider a full triangulated subcategory 4% of Z. denote by WN the full 
subcategory of Y whose objects are Ob(.Y) N Ob(.¥%). This is clearly a null system 
in F. 


Proposition 6.4.5. Let Y be a triangulated category, N a null system and ¥% a 
full triangulated subcategory of Z. Assume condition (i) or (ii) below 


(i) any morphism Y > Z with Y € ¥ and Z € WN factorizes as Y > Z' > Z 
with Z'E NF, 


(ii) any morphism Z + Y with Y € ¥ and Z € WN factorizes as Z > Z' > Y 
with ZENS. 


Then the functor 4/(V 14) > G/N is fully faithful. 


Proof. We shall apply Proposition 3.2.1. We may assume (ii), the case (i) being 
deduced by considering Y°?. Let f: Y  X be a morphism in .Y with Y € .%. We 
shall show that there exists g: X > W with W € ¥ and gof € .Y. The morphism 
f is embedded ina d.t. Y > X > Z > T(Y) with Z € VW. By the hypothesis, the 
morphism Z —+ T(Y) factorizes through an object Z’ € WM .%. We may embed 
Z' + T(Y) into a d.t. and obtain a commutative diagram of d.t.: 


2 a ee 


aa 


Y W Z!—+T(Y) 


By TR4, the dotted arrow g may be completed and Z’ belonging to -/, this implies 
that go fe. 


Proposition 6.4.6. Let Y be a triangulated category, NM a null system and % a 
full triangulated subcategory of Z. Assume conditions (i) or (ii) below: 


(i) for any X € JY, there exists a d.t. X > Y 4 Z 4 T(X) with Z € YW and 
Ye YF, 


(ii) for any X © QY, there exists a d.t. Y > X 4 ZA T(X) with Z € VW and 
yey. 


Then £/N 1% + Y/N is an equivalence of categories. 


Proof. Apply Corollary 3.2.2. 


Localization of triangulated functors 


Let F: J > FY be a functor of triangulated categories and let -VW be a null system 
in Y. One defines the localization of F’ similarly as in the usual case, replacing all 
categories and functors by triangulated ones. Applying Proposition 3.3.2, we get: 


Proposition 6.4.7. Let F: J > MY be a functor of triangulated categories. Let WV 
a null system of Z and Y a full triangulated subcategory of J. Assume 
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(a) for any X © Y, there exists a d.t. X ~ Y ~ Z > T(X) with Z € NV and 
Ye, 


(b) for anyY € VN YF, F(Y) ~0. 
Then F' is right localizable. 


One defines F'y by the diagram: 


j > QIN 
I —> F/IAN Fy 


| 
IZ 


If one replaces condition (a) in Proposition 6.4.7 by the condition 


(a)’ for any X € Q, there exists adt. YX > Z > T(X) with Z € YW and 
Ye FZ, 


one gets that F' is left localizable. 
Finally, let us consider triangulated bifunctors, i.e., bifunctors which are additive 
and triangulated with respect to each of their arguments. 


Proposition 6.4.8. Let 9,V,% and ZY, N',F' be as in Proposition 6.4.7. Let 
F:9xG — GQ" be a triangulated bifunctor. Assume: 


(a) for any X © Y, there exists ad.t. X ~ Y ~ Z > T(X) with Z € NV and 
rer 


(b) for any X' € &, there exists a d.t. X' > Y' > Z' > T(X’') with Z' € N' and 
Ye f' 

(c) forany Y €.% and Y’e WA", FLY, Y') = 0, 

(d) foranyY € FNNW and Y' € #', F(Y,Y') ~ 0. 

Then F' is right localizable. 


One denotes by F'y.y- its localization. 
Of course, there exists a similar result for left localizable functors by reversing 
the arrows in the hypotheses (a) and (b) above. 


Localization and direct sums 


Proposition 6.4.9. Let Z be a triangulated category admitting small direct sums 
(hence, a small direct sum of d. t. is again a d. t.) and let WY be a null system 
in Q stable by such direct sums. Then G/N admits small direct sums and the 
localization functor Q commutes with such direct sums. 
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Proof. We shall follow [KS06, Prop. 10.2.8]. 

Let {X;}icer be a small family of objects in J and let Y € Y. A morphism 
u: Q(@:X;) > Y defines for each i a morphism u;: Q(X;) > Y. (As far as there is 
no risk of confusion, we write Y instead of Q(Y).) Hence we have a natural map 


0: Hom 9, y(Q(@:X:), Y) [][ Hom, gp QA): 


In order to prove that Q(@;X;) is the direct sum of the family Q(X;), it is enough 
to check that 6 is bijective for any Y € Y. 

(i) The map @ is surjective. Consider a family of morphisms u;: Hom g, y(Q(X;), Y). 
We represent each u; by a morphism v;: X; > Y together with ad. t. X; > X; > 
Zi +. with Zi, € NM. We get a morphism v: ©; X; > Y and, for each i, ad. t. 
OX! > OX; > OZ; a By the hypothesis, 6;Z; € VY and it follows that v 
defines a morphism Q(@;X/) > Y in B/N. 

(ii) The map @ is injective. Assume that the composition Q(X;) > Q(@:X;) > 
Q(Y) is 0 for all j € J. The morphism u may be represented by morphisms @,X; 
Y’< Y with s € .Y where -Y is the multiplicative system associated with .” and 
the image of the composition X; + @;X; > Y’ is zero in /.V. By the result of 
Exercise 6.7 for each i there exists Z; € -W such that this composition factorizes as 
X;— Z; > Y'. Therefore, @;X; — Y' factorizes as @;X; + @;Z; — Y’ and thus 
Q(u) = 0. 


Exercises to Chapter 6 


Exercise 6.1. Let ZY be a triangulated category and consider a commutative dia- 
gram in J: 

xX f 

xX f 


Assume that T(f) 0h’ = 0 and the first row is a d.t. Prove that the second row is 
also a d.t. under one of the hypotheses: 


oye) 


| 7 


i 7) 


(i) for any P € &, the sequence below is exact: 
Hom,(P,X) — Hom,(P, Y)— Hom,(P, 2’) > Hom ,(P,T(X)), 
(ii) for any P € &, the sequence below is exact: 
Hom ,(T(Y), P) > Hom ,(T(X), P) > Hom ,(Z’, P) + Hom ,(Y, P). 


Exercise 6.2. Let be a triangulated category and let X; > Y; — Z, > T(X1) 
and Xp > Y2 > Z, — T(X2) be two d.t. Show that X; @ X2 — Y,; ®@Y2 > 
Z a) Zo a T(X4) <p) T(X2) is a d.t. 

In particular, X 3 X PY 9 Y 7s T(X) isa dt. 

(Hint: Consider a d.t. X; @ X» — Y, @Y2 — H > T(X,) ® T(X_2) and construct 
the morphisms H + Z, © Z, then apply the result of Exercise 6.1.) 
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Exercise 6.3. Let X 5Y $74 T(X) bead.t. in a triangulated category. 


(i) Prove that if h = 0, this d.t. is isomorphic to X — X 6 Z > Z = T(X): 

(ii) Prove the same result by assuming now that there exists k : Y — X with 
ko f =idx. 

(Hint: to prove (i), construct the morphism Y + X 6 Z by TR4, then use Propo- 
sition 6.2.4.) 


Exercise 6.4. Let X 5 Y 3 Z 3 T(X) be ad.t. in a triangulated category. 
Prove that f is an isomorphism if and only if Z is isomorphic to 0. 


Exercise 6.5. Let f: X — Y be a monomorphism in a triangulated category ZY. 
Prove that there exist Z € Y and an isomorphism h: Y ~> X © Z such that the 
composition X + Y + X @ Z is the canonical morphism. 


Exercise 6.6. Let Z be a triangulated category, -V a null system and let Y be an 
object of J such that Hom 5(Z,Y) ~ 0 for all Z € WY. Prove that Hom 4(X,Y) 
Hom g,y(X, Y). 


Exercise 6.7. Let Z be a triangulated category, -V a null system and let Q: J > 
JQ/AN be the canonical functor. 

(i) Let f: X > Y be a morphism in Y and assume that Q(f) = 0 in Z/.V. Prove 
that there exists Z € VY such that f factorizes as X — ZY. 

(ii) For X € JY, prove that Q(X) ~ O if and only if there exists Y such that 
X @®Y € YW and this last condition is equivalent to X @TX € YW. 


Chapter 7 


Derived categories 


This chapter is devoted to derived categories. Recall that the homotopy category 
K(@) of an additive category @ is triangulated. When @ is abelian, the cohomology 
functor H®: K(@) > @ is cohomological and the derived category D(@) of @ is 
obtained by localizing K(@) with respect to the family of quasi-isomorphisms. We 
explain here this construction, with some examples. We also construct the right 
derived functor of a left exact functor as well as a bifunctor. Some classical examples 
are discussed. 

Finally, we state, without proof, the Brown representability theorem, a funda- 
mental result for applications. 

The reader shall be aware that in general, the derived category D*(@) of a 
UM -category @ is no more a W-category (see Remark 7.2.7). 
Some references: |[GM96, Har66, KS90, KS06, Ver96, Wei94]. 


7.1 Derived categories 


Construction of the derived category 


From now on, @ will denote an abelian category. 

Recall that if f: X — Y is a morphism in C(@), one says that f is a quasi- 
isomorphism (a qis, for short) if H*(f): H*(X) > H*(Y) is an isomorphism for all 
k. One extends this definition to morphisms in K(@). 

If one embeds f intoadt. X 4 Y > Z +4, then f is a qis iff H*(Z) ~ 0 for 
all k € Z, that is, if Z is qis to 0. 


Proposition 7.1.1. Let @ be an abelian category. The functor H®: K(@) > @ is 
a cohomological functor. 


Proof. Let X Ly + 7 +s beadt. Then it is isomorphic to X + Y a), 


Mc(f) Baten X(1] +*,” Since the sequence in C(@): 


0—- Y > Mc(f) > X[1] 3 0 
is exact, it follows from Theorem 5.5.8 that the sequence 


H*(Y) — H*(Mc(f)) > H**"(X) 


is exact. Therefore, H*(Y) + H*(Z) + H**1(X) is exact. 
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Corollary 7.1.2. Let 0 > X Ay 4 Z- 0 be an exact sequence in C(@) and 
define yp: Mc(f) > Z as py" = (0,g"). Then is a qis. 


Proof. Consider the exact sequence in C(@): 


0 > M(idx) S Mc(f) & Z 30 


where y”: (X"*! @ X”) — X™*! @Y™ is defined by: y" = ( — 2 ) Since 
H*(Mc(idx)) ~ 0 for all k, we get the result by Proposition 7.1.1. 


We shall localize K(@) with respect to the family of objects qis to zero (see 
Section 6.4). Define: 


N(@) ={X € K(@); H*(X) ~0 for all k}. 


One also defines N*(@) = N(@) NK*(@) for * =b,+,-. 
Clearly, N*(@) is a null system in K*(@). 


Definition 7.1.3. One defines the derived categories D*(@) as K*(@)/N*(@), 
where * = ub,b,+,—. One denotes by Q the localization functor K*(@) — D*(@). 


By Theorem 6.4.3, these are triangulated categories. Note that: 
e a quasi-isomorphism in K(@) becomes an isomorphism in D(@), 


Recall the truncation functors given in (5.5.9). These functors send a complex 
homotopic to zero to a complex homotopic to zero, hence are well defined on Kt (@). 
Moreover, they send a qis to a qis. Hence the functors below are well defined: 


Hi(«): D(@) > @, 
i ie D(@) > D(@), 
r=", F": D/@) 9 D*(@). 
Note that: 


e there are isomorphisms of functors 


e H(+) is a cohomological functor on D*(@) (apply Proposition 7.1.1). 


In particular, if X Ly 47 Aisadt. in D(@), we get a long exact sequence: 
(7.1.1) --» > H*(X) > H*(Y) — H*(Z) — HPH(X) 5 --- 

Let X € K(@), with H?(X) = 0 for j > n. Then the morphism 7$”X — X in 
K(@) is a qis, hence an isomorphism in D(@). 

It follows from Proposition 6.4.5 that D*(@) is equivalent to the full subcategory 
of D(@) consisting of objects X satisfying H/(X) ~ 0 for 7 << 0, and similarly for 
D-(@), D°(@). Moreover, @ is equivalent to the full subcategory of D(@) consisting 
of objects X satisfying H’(X) ~ 0 for 7 4 0. For a,b € ZU {—oo} U {+o0} with 
a <b, one sets 
(71.2) Dil) :-={X € D(@); H1(X) ~ 0 for j ¢ [a, b]}. 


One defines similarly D=*(@), D<*(@), etc. 
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Definition 7.1.4. Let X,Y be objects of @. One sets 
Ext®,(X, Y) = Hompg)(X, Y[A]). 


Notation 7.1.5. Let A be a ring. We shall write for short D*(A) instead of 
D*(Mod(A)), for * = @,b, +, —. 


Remark 7.1.6. (i) Let X € K(@) and let Q(X) denote its image in D(@). One 
can prove that: 


Q(X) ~0 = X is qis to 0 in K(@). 


(ii) Let f: X — Y be a morphism in C(@). Then f ~ 0 in D(@) iff there exists X’ 
and a qis g: X' — X such that f og is homotopic to 0, or else iff there exists Y’ 
and a qis h: Y > Y’ such that ho f is homotopic to 0. 


Remark 7.1.7. Consider an exact sequence 0 — X > Y > Z > 0 in @. It gives 
rise toad.t. X +~ Y + Z > X[1] in D(@). Consider the morphism y: Z > X{1] in 
D(@). It defines morphisms H*(y): H*(Z) > H**+(X) is 0 for all k € Z and X and 
Z being concentrated in degree 0, we get that. H*(y) ~ 0 for all k € Z. However, ¥ is 
not the zero morphism in D(@) in general (this happens if the short exact sequence 
splits). In fact, let us apply the cohomological functor Hom yyy (W, *) to the d.t. 
above. It gives rise to the long exact sequence: 


+ Hom py (W,Y) > Hompegy(W, Z) > Hom py (W, X[1]) > + 


6 


where ¥ = Homyy(W,7). Since Hompy(W,Y) + Homp ge) (W, Z) is not an 
epimorphism in general, 7 is not zero. Therefore y is not zero in general (see Theo- 
rem 7.4.9 below). The morphism 7 may be described as follows (see Example 4.2.4), 


where y is a qis in C(@): 


Z:= 6—0— 7 — 5 
‘| | 
Me ps Ox ey 0 
_ _ | 
X{l:= —— ne 


By using the exact sequences (??), we get: 
Proposition 7.1.8. Let X € D(@). 
(i) There are d.t. in D(@): 


TeX 3X 3 perx 
(7.1.3) TPAX 4 7S"X + HX) [-n] S, 


HO [nx ex SS, 


(ii) Moreover, H"(X)[—n] ~ rS"72"X ~ 72"7S"X. 
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Corollary 7.1.9. Let @ be an abelian category and assume that for any Y,Z € @, 
Ext®,(Y,Z) ~0 fork > 2. Let X €D>(@). Then: 


X~x DHX) [—J]. 


Proof. Call amplitude of X the smallest integer k such that H’(X) ~ 0 for j not 
belonging to some interval of length k. If k = 0, this means that there exists some i 
with H?(X) = 0 for 7 47, hence X ~ H*(X) [—i]. Now we argue by induction on the 
amplitude and we assume the result is proved for all X with amplitude < n—1. Let 
X with amplitude < n. Of course, we may assume (for simplicity in the notations) 
that X is concentrated in degree > 0. Consider the d.t. (7.1.3): 


TSP1X 5 75"X 3 H"(X)[-n] SS. 


By the induction hypothesis, 7$""!X ~ ®j<,H/(X) [—j]. Now we have 
Hom poy) (H"(X)[-n], H?(X) [-7 + 1) & Homp pg) (H"(X), H?(X) [n — j + 1) 


and these groups are 0 for 7 < n by the hypothesis. Therefore, 
Hom pp gy(H"(X)[-n], 73"7X [1]) ~0 


and the result follows from Exercise 6.3, 


Example 7.1.10. Ifa ring A is a principal ideal domain (such as a field, or Z, or k[z] 
for k a field), then the category Mod(A) satisfies the hypotheses of Corollary 7.1.9. 


7.2 Resolutions 
Definition 7.2.1. Let Y be a full additive subcategory of @. We say that Y is 
cogenerating if for all X in @, there exist Y € YX and a monomorphism XY. 

If Y is cogenerating in @°?, one says that Y is generating in @. 
Theorem 7.2.2. Assume Y is cogenerating. Then for anya € Z and X° € 
C="(@), there exist Y* € C="(_Y) and a quasi-isomorphism X* + Y°. 
Proof. We shall follows the proof of [KS06, Lem. 13.2.1]. 


Let X° € C#*(@). We shall construct by induction on p a complex Ye, in Y and 
a morphism f: X* — Y<, such that H*(X*) + H*(Y,) is an isomorphism for 
k < p and is a monomorphism for k = p, visualized by the diagram 


p-1 12 pt. 


Xe: ee pr yp 2, yt XS 
|p | 
‘ 1 
Ye,°= iba > Yr-l > YP 


For p < a, choose se = 0. Now assume that YS has been constructed. Set 


p p—1 p+ 
Z? = Coker dy” ®eoker dbo} ker dy, 


=! 
W? = Coker dh, ® coker ao! XPtt 
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(Recall that in an abelian category, given two morphisms Z + X and Z > Y, 
X @zY is the cokernel of Z + X @Y.) Hence, there isa monomorphism Z? + W?. 
Consider the commutative diagram 


0 —> H?(X*) —+ Coker d37' —~ ker ditt —+ H?+1(x*) —+0 


a fF || 


0 —> H?(X °) —-» Coker d?>1 > ZP > HP+1(X*)—__+0 
Y 


The top row is clearly exact. The sequence Coker d4-' — Coker d?-' © ker ditt > 
H”*!(X*) — 0 defines the morphism Z? — H?t'(X*) and one checks that the 
sequence Coker d?-' + Z? —» H?+!(X*) — 0 is exact. Denote by K? the kernel of 
Coker i>" — Z. We get a morphism u: H?(X*) > K? which is a monomorphism 
by the induction hypothesis and which is an epimorphism thanks to the fact that 
the middle square in (7.2.1) is co-Cartesian (see [KS06, Exe. 8.21]). Therefore, 
Diagram 7.2.1 is exact. Since Y is cogenerating, we may find a monomorphism 
W? <> YPt! with Y?*? € Y. The natural morphisms X?*' + W? and Y? + W? 
define the morphisms f?+': X?+! > Y?t! and d}: Y? + Y?t". Let Y2,., be the 
complex so constructed. Then 


H?(Y 2,41) & ker(Coker df" — Y?*1) ~ ker(Coker df" > Z?) ~ H?(X°). 
Finally, the monomorphism Z? > Y?*! induces the monomorphism 


H?*1(X*) ~ Coker (Coker df! — Z?) 
— Coker (Coker ns yes) es EEO aa 


We shall also have to consider the following situation. Consider the hypothesis 


(7.2.2) there exists d € Nx» such that for any exact sequence 
= Yi, 7-:-Yg>Y 70, with Y;e Y,1<j<d,wehaveY € Y. 


Corollary 7.2.3. Assume Y is cogenerating and satisfies (7.2.2). Then for any 
X* € Cl4l(@), there exist Y° € Clab+4( g) and a quasi-isomorphism X* + 
ae 


Proof. Let X* — Y* be a quasi-isomorphism given by Theorem 7.2.2, with Y° € 
C="(_f). Consider the truncation functor 7 of (5.5.9). It induces an isomorphism 
TI(X*°) + X° for 7 > b and a quasi-isomorphism for all j: 

rSI(X*) BY SHY"). 


Moreover, the sequence Y?+! — Yet? -5 .-. is exact. Thanks to the hypothesis, we 
get that rS°+4(Y*) belongs to Cla’+4+4(_g) and this complex is qis to X°. 


In the sequel, for Y an additive subcategory of @, we set 


(7.2.3) N*(f):=N(@)NKt(Y). 


It is clear that N*(_Z) is a null system in K*(Y). 
Applying Proposition 6.4.6, we get: 
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Corollary 7.2.4. Let Y be an additive subcategory of @ and assume that Y is 
cogenerating. Then 


(a) For any X* € Kt(@), there exists Y° € Kt(_Y) and a qis X° + Y*. More- 
over, the natural functor 6: K*(_Y%)/N*(Y) — D*(@) is an equivalence of 
categorves. 


(b) Assume moreover that Y satisfies (7.2.2) and X° € K?(@). Then we may 
choose Y° € K?(_Y) and the natural functor 0: K?(_%)/N°(%) > D?(@) is 
an equivalence of categories. 


Injective resolutions 


In this subsection, @ denotes an abelian category and -%% its full additive subcate- 
gory consisting of injective objects. We shall asume 


(7.2.4) the abelian category @ admits enough injectives. 


In other words, the category 4% is cogenerating. 


Proposition 7.2.5. (i) Let f°: X° 31° be a morphism in C*(@). Assume I° 
belongs to @+ (4%) and X° is exact. Then f* is homotopic to 0. 


(ii) Let I° € Ct(.4%e) and assume I° is exact. Then I* is homotopic to 0. 


Proof. (i) Consider the solid diagram: 


Xk-2 Xr-l Xk Xt 
gkol ee si ee ae r 


- - zE 
pk-2 pki Tk pet 


We shall construct by induction morphisms s* satisfying: 
f= ode td? os. 


For j << 0, s1 = 0. Assume we have constructed the s’ for 7 < k. Define 
g* = f* —d® 1 08*. One has 
Oo” 5 cee = ia 0 oc _ a 4 gk S a 
= fed ads aoe ia 1+ ak eooy 2 5 gk 1 


= 0. 


Hence, g* factorizes through X*/Imd‘-'. Since the complex X°* is exact, the 
sequence 0 — X*/Imdh-! + X**1 is exact. Consider 


0 —+> X*/Imd§-' —~> Be 


gle" 


The dotted arrow may be completed by Proposition 5.3.2. 
(ii) Apply the result of (i) with X¥° =J* and f = idx. 
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Corollary 7.2.6. Assume that @ admits enough injectives. Then K*(%e) > 
Dt(@) is an equivalence of categories. 


Proof. According to Notation 7.2.3, N+ (.%) is the subcategory of Kt (.%¢) consist- 
ing of complexes qis to 0. By Corollary 7.2.4, the natural functor K*(.%v)/Nt(4%e) >] 
Dt(@) is an equivalence. To conclude, remark that the objects of Nt (4%) are iso- 
morphic to 0 in Kt(.%,). Hence, Kt (.%y)/N*(.4%e) is equivalent to Kt (4). 


Remark 7.2.7. Assume that @ admits enough injectives. Then Dt(@) is a Y- 
category. 


7.3 Derived functors 


In this section, @ and @’ will denote abelian categories and F': @ > @’ a left exact 
functor. We shall construct the right derived functor RF’: D*(@) + Dt(@’) under 
suitable conditions, and in particular the j-th derived functor R/F: @ — @'. Note 
that we do not assume that @ admits enough injectives. 

The functor F' defines naturally a functor 


KtF: Kt+(@) 3 Kt(@’). 


For short, one often writes F' instead of Kt F. Applying the results of § 6.4, we shall 
construct (under suitable hypotheses) the right localization of F’. Recall Definition 
7.3.3. By Lemma 7.3.4, Kt(F’) sends N*(_Y) to Nt(@’). 


Definition 7.3.1. (a) If the functor K*F: K*(@) > D*(@’) admits a right lo- 
calization (with respect to the qis in K*(@)), one says that F’ admits a right 
derived functor and one denotes by RF: Dt (@) + D*(@’) the right localization 
of F. 


(b) If F admits a right derived functor, one sets for X € @, RIF(X) = Hi(RF(X)). 
(c) An object X € @ satisfying RI F(X) ~ 0 for all 7 4 0 is called F-acyclic. 


(d) Assume that F’ admits a right derived functor. One says that F’ has cohomo- 
logical dimension < d with d € N if for any X € @, RIF(X) ~ 0 for 7 > d. If 
such an integer d exists, one says that F has finite cohomological dimension. 


There is a similar definition for right exact functor. The exact formulation is left 
to the reader. 

Note that if F: @ — @’ is exact, it admits a right derived functor as well as 
a left derived functor and both coincide. In this case, one still denotes by F’ its 
localization. 

Recall that if RF exists, then it sends distinguished triangles in Dt(@) to dis- 
tinguished triangles in D+(@’). In particular, we get: 


Proposition 7.3.2. Let F: © — @' a left exact functor as above and let 0 > 


X' 4 x 4 xX" 0 be an exact sequence in @. Then Then there exists a long exact 
sequence: 


0 > F(X') 3 F(X) 3 --» > REF(X") 3 REF(X) — REF(X") 3 --- 
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Definition 7.3.3. Let Y be a full additive subcategory of @. One says that Y is 
F-injective if: 


(i) Y is cogenerating, 


(ii) for any exact sequence 0 > X’ > X > X” > 0in @ with X’e€ YJ XE Y, 
then X” € Y, 


(iii) for any exact sequence 0 > X' > X > X" > 0 in @ with X’ € Y, the 
sequence 0 > F(X’) > F(X) > F(X") — 0 is exact. 


By considering @°?, one obtains the notion of an F’-projective subcategory, F’ 
being right exact. 


Lemma 7.3.4. Assume Y is F-injective and let X* € C*(Y) be a complex qis 
to zero (i.e. X* is exact). Then F(X") is qis to zero. 


Proof. We decompose X* into short exact sequences (assuming that this complex 
starts at step 0 for convenience): 


03 X° > x'3= 7Z' 30 
03 Z' += xX? 37°30 


03 Z* 1 + X" +7" 50 
By induction we find that all the Z?’s belong to _Y, hence all the sequences: 
0 F(Z") > F(X") = F(Z") 3 0 
are exact. Hence the sequence 


03 F(X®) > F(X") 3 .--- 


is exact. 


Theorem 7.3.5. Let F: @ > @' be a left exact functor of abelian categories and 
let ¥ CE be a full additive subcategory. Assume that Y is F-injective. Then 


(a) F admits a right derived functor RF’: D*(@) > Dt(@’). 
(b) If moreover Y satisfies (7.2.2), then RF induces a functor D>(@) > D?(@’). 
By reversing the arrows, one obtains a similar result for right exact functors. 


Proof. (i) We shall apply Proposition 6.4.7. Condition (a) is satisfied thanks to 
Corollary 7.2.4. Condition (b) is satisfied thanks to Lemma 7.3.4. 


(ii) The proof of (b) is similar. 


The construction of RF is vizualised by the diagram 


K+( g) —“<* __ k+(# 
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Recall that the derived functor RF is triangulated, and does not depend on the 
category Y. Hence, if X' > X > X" isadt. in Dt(@), then RF(X') > 
RF(X) > RF(X") isa dt. in Dt(@’). (Recall that an exact sequence 0 > 
X'+ X > X" > 0 in @ gives rise toa d.t. in D(@).) Applying the cohomological 
functor H°, we get the long exact sequence in @’: 


+ => REF(X') = REF(X) — RPF(X") 3 REOF(X 3 .--- 


By considering the category @°?, one defines the notion of left derived functor of a 
right exact functor F’. 


Remark 7.3.6. Let F: @ > @’ be a left exact functor and assume that F’ admits 
a right derived functor. 

(i) If the category -%¢ of injective objects of @ is cogenerating, then it is F-injective. 
(ii) Denote by -% the full additive subcategory of @ consisting of F’-acyclic objects 
and assume that this category if cogenerating. Then .%,- is F-injective. Indeed, 
conditions (ii) and (iii) of Definition 7.3.3 are satisfied thanks to Proposition 7.3.2. 


The next corollary, whose proof follows immediately from the construction of 
RF, gives an explicit construction of the derived functor. 


Corollary 7.3.7. Assume Y is F-injective. Let X € @ and let0 + X + Y° be 
a resolution of X with Y° € Ct(_Y). Then for each n, there is an isomorphism 
ROR xX) SAY), 


In other words, in order to calculate the derived functors R’F(X) for X € @, 
it is enough to replace X with a right _Y-resolution, apply F' to this complex and 
take the j-th cohomology. This construction applies in particular if @ has enough 
injectives. 


Derived functor of a composition 


Let F: @ > @' and G: G@' > @" be left exact functors of abelian categories. Then 
GoF: @ + @" is left exact. Using the universal property of the localization, one 
shows that if F,G and GoF are right derivable, then there exists a natural morphism 
of functors 


(7.3.1) R(Go F) 3 RGo RF. 


Theorem 7.3.8. Assume that there exist full additive subcategories Y C © and 
J4' C6' such that Y is F-injective, J' is G-injective and F( Y) C JY’. Then JY 
is (Go F)-injective and the morphism in (7.3.1) is an isomorphism: R(Go F’) ~> 
RGoRF. 


Proof. (i) The fact that Y is (Go F)) injective follows immediately from the defini- 
tion. 

(ii) Let X € K*(@) and Y € Kt(Y) together with a gis X + Y. Then RF(X) is 
represented by the complex F'(Y) which belongs to Kt(_Y"). Hence RG(RF(X)) 
is represented by G(F(Y)) = (Go F)(Y), and this last complex also represents 
R(Go F)(Y) since Y € Ct(Y) and Y is Go F injective. 


Explain why 
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Note that in general F’ does not send injective objects of @ to injective objects 
of @’. That is why the notion of an “F-injective” category is important. 


Corollary 7.3.9. Assume that there exists a full additive subcategory Y CC such 
that Y is F-injective and assume that G is exact. Then Y is (Go F)-injective and 
the morphism in (7.3.1) is an isomorphism. 


Proof. If G is exact, then @’ is G-injective. 


Corollary 7.3.10. In the situation of Theorem 7.3.8, let X € @ and assume that 
RIF(X) ~ 0 for j > 0 and that F sends the objects of Y to G-acyclic objects of 
G'. Then Ri(Go F)(X) ~ (RIG)(F(X)). 


Proof. Let X — Ix be a quasi-isomorphism with I; € CT(%). Denote by -% the 
full additive subcategory of @’ consisting of G-acyclic objects (see Remark 7.3.6). 
By the hypothesis, F([y) is qis to F(X) and belongs to Ct(.%¢). Hence Ri(Go 
F)(X)) ~ H9(G(F(Ix))) by Corollary 7.3.7. Finally, H7(G(F(Ix))) ~ R'GF(X). 


7.4 Bifunctors 


Now consider three abelian categories @, 6’, @” and an additive bifunctor: 
F:6@x6@ 3G". 


We shall assume that F is left exact with respect to each of its arguments. 

Let X € Kt(@), X’ € K*t(@’) and assume that X or X’ is homotopic to 0. Then 
one checks easily that tot(F'(X,X’)) is homotopic to zero. Hence one can naturally 
define: 


KtF: K*(@) x Kt(@’) = Kt (@") 
by setting: 
Kt F(X, X") = tot(F(X, X’)). 
If there is no risk of confusion, we shall sometimes write F' instead of Kt F. 


Definition 7.4.1. If the functor Kt F': K*(@) x K*(@’) > D*(@”) admits a right 
localization (with respect to the qis in Kt(@) and Kt(@’)), one says that F' admits 
a right derived functor and one denotes by RF: Dt(@) x D*(@’) > Dt(@") the 


right localization of F’. 
One defines similarly the notion of left derived functor for a right exact bifunctor. 


Definition 7.4.2. Let Y and Y' be additive subcategories of @ and @’, respec- 
tively. One says (Y, Y") is F-injective if: 


(i) for all X’ € Y', Y is F(+, X')-injective, 


(ii) for all X € Y, Y' is F(X, *)-injective. 
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One defines similarly the notion of being G-projective for a right exact bifunctor 


G. 


Theorem 7.4.3. Let F:@ x @' > G" be a left exact bifunctor of abelian categories 
and let Y and Y' be additive subcategories of © and 6’, respectively. Assume 
that (¥, f£') is F-injective. Then F admits a right derived functor RF: D*(@) x 
Dt(@’) = Dt(@”). 


Proof. Let X € KT( Y) and X’ € Kt(_Y’'). If X or X’ is qis to 0, then F(X, X’) 
is qis to zero. Indeed, all rows and column of F(X, X’) are exact. 
To conclude, apply Proposition 6.4.8. 


There is a similar statement for a right exact bifunctor G, replacing F’-injective 
with G-projective. 

One naturally extends Definition 7.3.1 to bifunctors. The exact statement is left 
to the reader. 


Proposition 7.4.4. Let F: @ x @' > @" be a left exact bifunctor of abelian cate- 
gories and let Y and Y' be two additive cogeneratimg subcategories of @ and 6" 
respectively. Assume 


(a) for each I € Y, the functor F(I, +): €' > ©" is exact, 
(b) for each I' € Y', the functor F(+,I'): @ > @" is exact. 


Then for all Y € 6’, JY is F(+,Y)-injective and for all X € ©, Y' is F(X, *)- 


injective. 
Proof. (i) Let 0 — X’ + X > X” — 0 be an exact sequence in @. It is easily 


checked that if both functors F(X’, *) and F(X, +) are exact, then so is F(X”, ¢). 


(ii) Now consider the exact sequence as above and assume that X' € Y. Let Y € 
and let us prove that the sequence 0 > F(X’, Y) — F(X,Y) > F(X", Y) > 0 is 
exact. Consider a resolution 0 + Y — Y°* with the Y?’s in Y’ and consider the 
double complex 


03 F(X',Y°) > F(X,Y*) = F(X", Y*) +0 


The rows of this complex are exact. Hence, we get a long exact sequence (see 
Theorem 5.5.8 ) 


03 F(XLY) S FOGGY) S POY) > PRY ya. 


Since F(X’, +) is exact and H'(Y*) ~ 0, H1(F(X',Y*)) ~0. 


Lemma 7.4.5. Let F: @ x © > ©" and Y Y' be as in Proposition 7.4.4. Let 
0+ X > Ixy and0 > Y > Jy be resolutions of X and Y in Y and J', 
respectively. 

Then, for j € Z, there is an isomorphism Hi F(X, Iy-) ~ Hi F(Ix,Y). 
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Proof. Consider the double complex: 


0 0 0 
Y Y 

0 0 tee gee Cee eee 
Y Y 


O—> F(X, ly) + FUX, FY) > FU Ey) > 


Y Y 
O— F(X, Fy) > FU, By) > FU, Fy) > 


Y Y 


The cohomology of the first row (resp. column) calculates H* F (Ix, Y) (resp. H* F(X, I;-))] 
Since the other rows and columns are exact by the hypotheses, the result follows 
from Theorem 5.6.4. 


Corollary 7.4.6. Let F: @x@' + ©" be a left exact bifunctor of abelian categories 
and let ¥ and Y' be cogeneratimg additive subcategories of € and 6’, respectively. 
Assume moreover that for all X € Y, F(X,*) ts exact and for all X' € J’, 
F(+,X°‘) is exact. Then for all X' € 6", JY is F(+,X’)-injective and for all X € @, 
J! is F(X, +)-injective. Moreover, F admits a right derived functor, and for all 
XEG6,Y €G', one has: 


(7.4.1) RF(X,Y) ~ (RF(X, +))(Y) © (RF(+,Y))(X). 


Proof. The first part of the statement is nothing but Proposition 7.4.4. The fact 
that F’ admits a right derived functor follows from Theorem 7.4.3 and (7.4.1) follows 
from Lemma 7.4.5, 


Example 7.4.7. Assume @ has enough injectives. Then 
RHom,: D7 (@) x D*(@) > D*(Z) 


exists and may be calculated as follows. Let X € D-(@) and Y € Dt(@). There 
exists a qis in K*(@), Y > I, the I’’s being injective. Then: 


RHom y(X,Y) ~ Hom®,(X, J). 


If @ has enough projectives, and P > X isa qis in K~(@), the P?’s being projective, 
one also has: 


RHom (X,Y) ~ Hom’, (P, Y). 
These isomorphisms hold in D*(Z). 


Example 7.4.8. Let A be a k-algebra. By choosing the category of projective 
modules for Y and Y' in Theorem 7.4.3, we get that the bifunctor 


i 
*@,°: D (A) x D (A) 3D (k) 
is well defined. Moreover, 


ie 
N®,M~s(N @, P) = s(Q@, M) 
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where P (resp. Q) is a complex of projective A-modules gis to M (resp. to N). 

Note that instead of choosing the category of projective modules, we could have 
chosen that of flat modules. When working with sheaves, there are not enough 
projective modules in general, although they are enough flat modules. 


In the preceding situation, one has: 
L 
Tor,*(N, M) ~ H*(N®,M). 


The functors RHom, and Hom),¢) 


Theorem 7.4.9. Let @ be an abelian category with enough injectives. Then for 
X ED (@), Y €Dt(@) andj €Z: 


H/RHom ¢(X,Y) + Hompyy(X, Y [j]). 


Proof. By Proposition 7.2.2, there exists Ty € C*(.%) and a qis Y + Iy. Then we 
have the isomorphisms: 
Hom pg) (X, Y[j]) = Hom gg) (X, Ly[i]) 
~ H°(Hom?,(X, Iy[j])) 
~ RiHom,(X, Y), 


where the second isomorphism follows from Proposition 4.4.5. 


Recall that one has set 
Ext?,(X,Y) := H/RHom¢(X,Y). 


Example 7.4.10. Let W be the Weyl algebra in one variable over a field k of 
characteristic 0: W = k{x, 0] with the relation [x, 0] = —1. 


L 
Let @ = W/W -0, Q=W/0-W and let us calculate N@,,0. We have an 
exact sequence: 0 > W *~ws030. Therefore, 22 is qis to the complex 


0o-wi+weo 
i 
where W~' = W° = W and W’° is in degree 0. Then 2@,,@ is qis to the complex 
(30°20 0. 


where @-! = @° = @ and @” is in degree 0. Since 0: G > @ is surjective and has 
k as kernel, we obtain: 


L 
28,6 ~ k{I). 


Example 7.4.11. Let k be a field and let A = k[x1,...,2,]. This is a commutative 
Noetherian ring and it is known (Hilbert) that any finitely generated A-module 
admits a finite free presentation of length at most n, 7.e., M is qis to a complex: 


= (Sos SSG 
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where the L/’s are free of finite rank. Consider the left exact functor 
Hom ,(*, A): Mod(A)°? + Mod(A) 

and denote for short by * its derived functor: 

(7.4.2) *:= RHom ,(*, A). 


Since free A-modules are projective, we find that RHom ,(M, A) is isomorphic in 
D°(A) to the complex 


P= jee eee! Tw, 


Using (7.3.1), we find a natural morphism of functors 


* * 


id > “*:=*0%*, 
Applying * to the object RHom ,(M, A) we find: 
RHom ,(RHom ,(M, A), A) ~ RHom ,(L*, A) 
~L~ M. 


In other words, we have proved the isomorphism M ~ M** in D?(A). 
Assume now n = 1, i.e., A = k|x] and consider the natural morphism in Mod(A): 
f: A— A/Az. Applying the functor *, we get the morphism in D(A): 


f*: RHom ,(A/Az, A) > A. 


Remember that RHom ,(A/Az,A) ~ A/xA[-1]. Hence H?(f*) = 0 for all j € Z, 
although f* 4 0 since f** = f. 


Let us give an example of an object of a derived category which is not iso- 
morphic to the direct sum of its cohomology objects (hence, a situation in which 
Corollary 7.1.9 does not apply). 


Example 7.4.12. Let k be a field and let A = k[x1, x2]. Define the A-modules 
M' = A/(Az,+ Ate), M = A/(Ax? + Axyt2), M” = A/Azy. 

There is an exact sequence 

(7.4.3) 0+ M'’>+>M—>M">0 


and this exact sequence does not split since 7; kills M’ and M” but not M. 

Recall the functor * of (7.4.2). We have M™ ~ H?(M")[—2] and M’* ~ 
H'(M")[-1]. The functor * applied to the exact sequence (7.4.3) gives rise to 
the long exact sequence 


0— H'(M") > H'(M*) 3 030- H?(M") 3 H?(M") 3 0. 


Hence H'(M*)[—1] ~ H1(M"*)[-1] ~ M"* and H?(M*)[—2] ~ H?(M")[-2] ~ 
M’. Assume for a while M* ~ @,;H?(M*)[—j]. This implies M* ~ M* @ M”* 
hence (by applying again the functor *), M ~ M’@ M", which is a contradiction. 
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7.5 The Brown representability theorem 


We shall follow the exposition of [KS06, § 10.5}. 


Definition 7.5.1. Let Z be a triangulated category admitting small direct sums. A 
system of t-generators ¥ in J is asmall family of objects of Z satisfying conditions 
(i) and (ii) below. 

(i) For any X € J with Hom j(C,X) ~ 0 for all C € #, we have X ~ 0. 


(ii) For any countable set I and any family {u;: X; — Y;}ie; of morphisms in 
9, the map Hom,(C, ®:Xi) s Hom ,(C, :¥;) vanishes for every C € # 
as soon as Hom ,(C, X;) “+ Hom,(C, Y;) vanishes for every i € I and every 


Ce F. 


What we call below the Brown representability Theorem is in fact a corollary of 
such a theorem. See [KS06, Cor. 10.5.3}. 


Theorem 7.5.2. (The Brown representability Theorem.) Let Z be a triangulated 
category admitting small direct sums and a system of t-generators. Let F: J > Y' 
be a triangulated functor of triangulated categories and assume that F’ commutes 
with small direct sums. Then F' admits a right adjoint G and G is triangulated. 


Recall Definition 5.4.3 of a Grothendieck category and also recall that such a 
definition relies on the notion of universe. Hence, all categories in the sequel belong 
to a given universe Y%. 

We shall apply Theorem 7.5.2 in the particular case of derived categories. Recall 
Definition ??. 

Theorem 7.5.3. (see [KS06, Th. 14.2.1]) Let @ be a Grothendieck abelian category. 


Then D(@) admits small direct sums and a system of t-generators. 


Note that the existence of small direct sums follows from Proposition 6.4.9. 
From now on, we shall follow [GS16, § 2.3]. 


Lemma 7.5.4. Let @ be a Grothendieck category and let d € Z. Then the cohomol- 
ogy functor H% and the truncation functors T<¢ and r24 commute with small direct 
sums in D(@). In other words, if {Xi}ier is a small family of objects of D(@), then 


(7.5.1) Bo TSX, mB X;) 


and similarly with T2% and H?. 


Proof. (i) Let us treat first the functor H¢. Recall that Q: K(@) + D(@) denotes 
the localization functor and Q commutes with small direct sums by Proposition 6.4.9. 
Let us denote for a while by H¢: K(@) — @ the cohomology functor usually denoted 
by H*. Then H? ~ H40Q. 

Let {X;}; be a small family of objects in K(@). Then 

H*(@,Q(X;)) ~ H4(Q(@iX;)) ~ H4(@:Xi) 
= @,H"(X;) ~ @:H"(Q(X,))). 
(ii) The morphism in (7.5.1) is well-defined and it is enough to check that it induces 


an isomorphism on the cohomology. This follows from (i) since for any object 
Y € D(@), H4(r=4Y) is either 0 or HI(Y). 
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Lemma 7.5.5. Let @ and G' be two Grothendieck categories and let p: @ + @' be 
a left exact functor. Let I be a small category. Assume 


(i) I is either filtrant or discrete, 
(ii) p commutes with inductive limits indexed by I, 


(iii) inductive limits indexed by I of injective objects in @ are acyclic for the functor 
p. 


Then for all j € Z, the functor Rip: 6 > €@' commutes with inductive limits indexed 
by I. 


Proof. Let a: I > @ be a functor. Denote by % the full additive subcategory of @ 
consisting of injective objects. It follows for example from [KS06, Cor. 9.6.6] that 
there exists a functor Ww: I — ¥Y and a morphism of functors a > w such that 
for each i € I, a(i) — (i) is a monomorphism. Therefore one can construct a 
functor UV: J + Ct(.¥%) and a morphism of functor a — W such that for each i € J, 
a(i) + W(z) is a quasi-isomorphism. Set X; = a(7) and G; = W(i). We get a qis 
X; > G;,, hence a qis 


colim X; — colim G; . 
On the other hand, we have 
colim R/ p(X;) ~ colim H!(p(G; )) 


~ H’p(colim G; ) 


where the second isomorphism follows from the fact that H? commutes with direct 
sums and with filtrant inductive limits. Then the result follows from hypothesis (iii). 


Lemma 7.5.6. We make the same hypothesis as in Lemma 7.5.5. Let -oo <a< 
b < oo, let I be a small set and let X; € DI*4(@). Then 


(7.5.2) D Fol(X) oar RAD x 


Proof. The morphism in (7.5.2) is well-defined and we have to prove it is an isomor- 
phism. If b = a, the result follows from Lemma 7.5.5. The general case is deduced 
by induction on 6 — a by considering the distinguished triangles 


A(X) |-0) Ser 


Theorem 7.5.7. (see [GS16, Prop. 2.21]) Let @ and @' be two Grothendieck cate- 
gories and let p: €@ + G' be a left exact functor. Assume that 


(i) p has finite cohomological dimension, 


(ii) p commutes with small direct sums, 
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(iii) small direct sums of injective objects in @ are acyclic for the functor p. 
Then 

(a) the functor Rp: D(@) > D(@’) commutes with small direct sums, 

(b) the functor Rp: D(@) > D(@’) admits a right adjoint p': D(@') + D(@), 
(c) the functor p' induces a functor p': D*(@') 4 Dt(@). 


Proof. (a) Let {Xi}ier be a family of objects of D(@). It is enough to check that 
the natural morphism in D(@’) 


(7.5.3) AD Ro X:) + Re(Q@ Xi) 


ier tel 


induces an isomorphism on the cohomology groups. Assume that p has cohomolog- 
ical dimension < d. For X € D(@) and for j € Z, we have 


779 Ro(X) ~ TI Rp(r27-F- 1X). 
The functor p being left exact we get for k > 7: 
(7.5.4) H* Ro(X) ~ H® Ro(rs*r25-4 1X), 
We have the sequence of isomorphisms: 


H®R Xj) ~ H*® Ro(r2*r23-* 1! CD X,) ~ HERA 18" 27-1 X, 
p p(T pl 


~ BD HR tpt ) ~D Hie 


The first and last isomorphisms follow from (7.5.4). 

The second isomorphism follows from Lemma, 7.5.4. 

The third isomorphism follows from Lemma 7.5.6. 

(b) follows from (a) and the Brown representability theorem 7.5.2. 


(c) This follows from hypothesis (i) and (the well-known) Lemma 7.5.8 below. 


Lemma 7.5.8. Let p: @ — G' be a left exact functor between two Grothendieck 
categories. Assume that p: D(@) — D(@') admits a right adjoint p': D(@') > D(@) 
and assume moreover that p has finite cohomological dimension. Then the functor 
p' sends Dt(@’) to D*(@). 


Proof. By the hypothesis, we have for X € D(@) and Y € D(@’) 
Hom pig ((X), ¥) = Hom pre) (X, em): 


Assume that the cohomological dimension of the functor p is < r. Let Y € D=°(@’). 
Then (using Exercise 7.8) Hom py (X, '(Y)) = 0 for all X € D<~"(@). This implies 


that p'(Y) € D2-"(@’). 
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Exercises to Chapter 7 


Exercise 7.1. Let @ be an abelian category with enough injectives. Prove that the 
two conditions below are equivalent. 

(i) For all X and Y in @, Ext?,(X, ¥)=0 forall 7 > x. 

(ii) For all X in @, there exists an exact sequence 0 > X 4 X9 >---> X" 40, 
with the X/’s injective. 

In such a situation, one says that @ has homological dimension < n and one writes 
dh(@) <n. 

(iii) Assume moreover that @ has enough projectives. Prove that (i) is equivalent 
to: for all X in Y, there exists an exact sequence 0 > X" 4 --- > X° > X 30, 
with the X/’s projective. 

Exercise 7.2. Let @ be an abelian category with enough injective and such that 
dh(@) <1. Let F: @ > @’' be a left exact functor and let X € Dt(@). 

(i) Construct an isomorphism H*(RF(X)) ~ F(H*(X)) @ R'F(H*"1(X)). 

(ii) Recall that dh(Mod(Z)) = 1. Let X € D™(Z), and let M € Mod(Z). Deduce 
the isomorphism 


H*(X®M) ~ (H*(X) @ M) © Torg!(H**"(X), M). 


Exercise 7.3. Let F: @ > @’ be a left exact functor of abelian categories and let 
Z# bean F-injective additive subcategory of @. Assume that F’ has cohomological 
dimension < n. Prove that for any X € @ there exists an exact sequence 0 > X > 
X° >... X”" + 0, with the X/’s in Y. 


Exercise 7.4. Let @ be an abelian category with enough injectives and let 0 > 
X'—> X + X"” + 0 be an exact sequence in @. Assuming that Ext),(X", X') ~ 0, 
prove that the sequence splits. 


Exercise 7.5. Let @ be an abelian category and let X ~ Y > Z *, be a dt. 
in D(@). Assuming that Ext (2, X) ~ 0, prove that Y ~ X @ Z. (Hint: use 
Exercise 6.3.) 


Exercise 7.6. Let @ be an abelian category, let X € D>(@) and let a < b € Z. 
Assume that H/(X) ~ 0 for j 4 a,b and Ext? °1"(H?(X), H°(X)) ~ 0. Prove the 
isomorphism X ~ H*(X)[—a] 6 H®(X)[—b]. (Hint: use Exercise 7.5 and the d.t. 
in 7.13. 


Exercise 7.7. We follow the notations of Exercise 5.9. Hence, k is a field of char- 
acteristic 0 and W := W,,(k) is the Weyl algebra in n variables. Let 1 < p <n and 
consider the left ideal 


Ty = W + ayes + W + tg t+ W Opp +++ + W - On: 
Define similarly the right ideal 


Jp = 01-W+-->+2-W+ Op -W+---+On,-W. 


iL 
For 1 <p<q<n, calculate RHomy,(W/I,,W/I,) and W/Jq @y, W/Ip. 
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Exercise 7.8. Let @ be an abelian category. 

(a) Let X € DS°(@) and Y € D*°(@). Prove that Hompig)(X,Y) ~ 0. 

(b) Conversely, let Y € D(@) and assume that Homp (X,Y) ~ 0 for all X € 
D<°(@). Prove that Y € D=°(@). 


Exercise 7.9. Let F: @ — @’ be a left exact functor of abelian categories and 
assume that F’ has a right derived functor and has cohomological dimension < d. 
Denote by YY the additive subcategory of @ consisting of F-injective objects and 
consider an exact sequence 0 > X > X° > X!'>.---> X75 0 with Xi 6 9 
for 0 < j <d. Prove that X¢ EY. 

(Hint: decompose the exact sequence into short exact sequences 0 + Zi-1 + XI 
Z) +0 with Z~! = X and show that R/F(Z*) ~ 0 for 7 > d—k.) 
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Chapter 8 


Sheaves on sites 


A presheaf on a topological space X with values in a category & is nothing but a 
contravariant functor defined on the category of the open subsets of X with values 
in &. It is thus natural to extend this definition, as did Grothendieck. A presheaf 
on a small category @x is nothing but a functor defined on @,” and @x is called a 
presite. 


A site X is a presite endowed with a “Grothendieck topology”. For each U € @x, 
one is given a family of “coverings” of U, a covering being a family of morphisms 
V — U, this family playing the role of usual coverings on topological spaces. The 
theory is much easier when assuming, as we do here, that the category @y admits 
finite products and fiber products. 


This chapter starts with a rapid overview of classical abelian sheaves on topolog- 
ical spaces. Then we study presheaves on presites, before introducing Grothendieck 
topologies and sheaves on sites. Under suitable hypotheses on the category ./, we 
construct the sheaf associated with a presheaf and study the category Sh(X, /) of 
sheaves on X with values in <. We also study the operations of direct and inverse 
images as well as those of restriction and extension of sheaves. In the course of 
the study, we introduce locally constant sheaves. They are of fundamental impor- 
tance in mathematics and are a first step towards constructible sheaves which will 
be treated later. 


Finally, we glue sheaves, that is, given a covering of X and sheaves defined on 
the open sets of this coverings satisfying a natural cocycle condition, we prove the 
existence and unicity of a sheaf on X locally isomorphic to these locally defined 
sheaves. In other words, we show that the prestack of sheaves on X is a stack. 


Caution. As already mentioned, we fix a universe Y and, unless otherwise spec- 
ified, a category means a W%-category. Moreover, all rings, topological spaces, etc., 
are supposed to be small. 


Some references. As already mentioned in the introduction, classical sheaf theory 
was first exposed in the book of Roger Godement [God58] then in [Bre67]. For an 
approach in the language of derived categories, see [Ive86, GM96, KS90]. Sheaves on 
Grothendieck topologies are exposed in [SGA4] and [KS06]. A short presentation in 
case of the étale topology is given in [Tam94]. 
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8.1 Abelian sheaves on topological spaces: a short 
introduction 


In this introductory section, we shall define sheaves of k-modules on a topological 
space. 

Let X be a topological space. The family of open subsets of X is ordered by 
inclusion and we denote by Op, the associated category. Hence: 


t fu cy, 
Hom,,_ (U,V) = Co : 
Px @ otherwise. 
Note that the category Opy admits a terminal object, namely X, and finite products, 
namely U x V =UNV. Indeed, any pair of morphisms (W —> U,W — V), (that 
is, inclusions (W Cc U,W C V)) factors uniquely through a morphism W > UNV. 


Definition 8.1.1. (a) A presheaf F' on X of k-modules is a functor Opy — Mod(k).J 
(b) A morphism of presheaves is a morphism of such functors. 
(c) One denotes by PSh(kx) the category of presheaves of k-modules. 


In other words, a presheaf F’ associates to each open set U C X a k-module 
F(U) and to each open inclusion U Cc V a linear map F(V) > F(U), often called 
the restriction map, these maps being compatible, that is, for U C V C W, the 
composition of the restriction maps F'(W) > F(V) > F(U) is the restriction map 
F(W) — F(U) and the restriction F(U) — F(U) is the identity map. 

A morphism of presheaves y: F' > G is the data for any open set U of a map 
p(U): F(U) > G(U) such that for any open inclusion U Cc V, the diagram below 
commutes: 


(8.1.1) | 
FU) 22 eo. 


e If s € F(V), one says that s is a section of F on V and if U is an open subset 
of V, one denotes by s|y its image by the restriction map. 


e If U © Opy and F € PSh(kx), one defines the presheaf Fy on U, the 
restriction of F' to U, by setting for W € Opy, (F|u)(W) = F(W). 


Examples 8.1.2. (i) Let M € Mod(k). The correspondence U ++ M is a presheaf, 
called the constant presheaf on X with fiber M. 

(ii) Let @°(U) denote the C-vector space of C-valued continuous functions on U. 
Then U ++ @°(U) (with the usual restriction morphisms) is a presheaf of C-vector 
spaces, denoted @%.. If y € @°(X), multiplication by y is an endomorphism of the 
presheaf @Y. 


Consider a family Y := {U;}icr7 of open subsets of X indexed by a set J. One says 
that Y is an open covering of U if U; C U for all i and U, U; = U. 
Let F' be a presheaf on X and consider the two conditions below. 
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S1 For any open subset U C X, any open covering {U;}ier of U, any s € F(U) 
satisfying s|y, = 0 for all 7, one has s = 0. 


S2 For any open subset U C X, any open covering {U;}icr of U, any family 
{s; € F(U;) hier satisfying s; u,, for all i,j, there exists s ¢ F(U) with 
sly, = s; for all i. 


Uiz = 83 


Definition 8.1.3. (i) One says that the presheaf F’ is separated if it satisfies S1. 
One says that F' is a sheaf if it satisfies S1 and 82. 


(ii) One denotes by Mod(kx) the full subcategory of PSh(kx) whose objects are 
sheaves and by 1x: Mod(kx) + PSh(kx) the forgetful functor. 


(ili) One writes Hom, .(*, *) instead of Homyoay,)(*, *)- 


Notation 8.1.4. Let F' be a sheaf of k-modules on X. 

(i) One defines its support, denoted by supp F’, as the complementary of the union 
of all open subsets U of X such that Fly = 0. 

(ii) Let s € F(U). One defines its support, denoted by supp s, as the complementary 
in U of the union of all open subsets V of U such that s|y = 0. 


Example 8.1.5. Let X be a topological space. The presheaf @Y of C-valued con- 
tinuous functions is a sheaf. 

Now, let M € Mod(k). The presheaf of locally constant functions on X with 
values in M is a sheaf, called the constant sheaf with stalk M and denoted Mx. 
Note that if X # @, the constant presheaf with stalk M is not a sheaf except if 
M0 


Examples 8.1.6. On a manifold X we have the following classical sheaves. 


(a) Let X be a real manifold of class C™. 


@ <x: the sheaf of complex valued functions of class C°, 

Ybx: the sheaf of complex valued Schwartz’s distributions, 

Cp ). the sheaf of p-forms of class €%, Do: the sheaf of p-forms with 
distributions as coefficients. 


(b) Let X be a real manifold of class C”, that is, a real analytic manifold. 


Wy, or CY: the sheaf of complex valued real analytic functions, 
of) or 62"): the sheaf of p-forms of class C”, 

By: the sheaf of Sato’s hyperfunctions, 

Be). the sheaf of p-forms with hyperfunctions as coefficients. 


(c) Let X is a complex manifold. 


Ox: the sheaf holomorphic functions, 
OQ%.: the sheaf of holomorphic p-forms, 
Ys: the sheaf of (finite order) differential operators with coefficients in Ox. 


Examples 8.1.7. (a) On a topological space X, the presheaf U ++ @:?(U) of con- 
tinuous bounded functions is not a sheaf in general. To be bounded is not a 
local property and axiom 82 is not satisfied. 
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(b) Let X = C and denote by z the holomorphic coordinate. The holomorphic 
derivation 2 is aendomorphism of the sheaf @y. Consider the presheaf F’: U +> 
o(U)/ZeU), that is, the presheaf Coker(2: Ox — Gx). For U an open disk, 
F(U) ~ Osince the equation of = g is always solvable. However, if U = C\{0}, 
F(U) #0. Hence the presheaf F’ does not satisfy axiom S1. 


(c) If F is a sheaf on X and U is open, then Fy is sheaf on U. 


Definition 8.1.8. Let x € X, and let J, denote the full subcategory of Op, con- 
sisting of open neighborhoods of x. For a presheaf F’ on X, one sets: 


(8.1.2) Ff, =colim FU): 
Uer2? 


One calls F), the stalk of F' at x. 
Proposition 8.1.9. The functor F +> F), from PSh(kx) to Mod(k) is exact. 


Proof. The functor F' +> F, is the composition 


colim 


PSh(kx) = Fet(Opy’, Mod(k)) — Fet(Z2?, Mod(k)) ——> Mod(k). 


The first functor associates to a presheaf F' its restriction to the category JP. It is 
clearly exact. Since U,V € J, implies UNV € I,, the category J°? is filtered and it 
follows from Corollary 2.6.7 that, in this situation, the functor colim is exact. 


Let x € U and let s € F(U). The image s, € F;, of s is called the germ of s at 2. 

Since J°? is filtered, a germ s, € F), is represented by a section s € F'(U) for some 
open neighborhood U of x, and for s € F(U),t € F(V), s, = t, means that there 
exists an open neighborhood W of x with W C UNV such that pwu(s) = pwv(t). 
(See also Example 2.6.12.) 


8.2 Presites and presheaves 


Many proofs in this section are particularly tedious and may be skipped, at least in 
a first reading. 


Definition 8.2.1. (i) A presite X is a small category @x. 
(ii) A morphism of presites f: X — Y is a functor f': @ > @x. 


In the sequel, we shall say that a presite XY has a property # if the category Gx 
has the property Y. 

For example, we say that X has a terminal object if so has @y. In such a case, 
we denote this object by X. 

We denote by X°? the presite associated with the category @y”. 

We denote by X the presite associated with the category @Q. 


Example 8.2.2. We shall identify a topological space X to the presite associated 
with the category Opyx. 
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Let f: X — Y be a continuous map of topological spaces. It defines a morphism of 
presites by setting 


f'(V) =f" (V) for V € Opy. 
In particular, for U open in X, there are natural morphisms of presites 


ee!) ju: X 3 U,Opy 3V OV € Opy. 


This example already shows that, when considering topological spaces as presites, 
we get morphisms of presites which do not correspond to any morphism of topological 
spaces. 


Definition 8.2.3. Let & be a category. 
(i) An -valued presheaf F' on a presite X is a functor F': @? > &. 


(ii) One denotes by PSh(X, 2) the (big) category of presheaves on X with values 
in &. In other words, PSh(X, &#) = Fet(@y”, &). 


(iii) One sets PSh(X) := PSh(X, Set). In other words, PSh(X) = @. 


(iv) One sets PSh(kx) := PSh(X,Mod(k)) and called an object of PSh(kx) a k- 
abelian presheaf, or an abelian presheaf, for short. 


e A presheaf F' on X associates to each object U € @y an object F(U) of &, 
and to each morphism u: U + V, a morphism p,: F(V) > F(U), such that 
for v: V + W, one has: 


Pidy = idrw), Pvou = Pu © Pv- 


e The morphism p, is called a restriction morphism. When there is no risk of 
confusion, we shall not write it. 


e A morphism of presheaves y: F' — G is thus the data for any U € Gx of a 
morphism y(U): F(U) — G(U) such that for any morphism V — U, Dia- 
gram 8.1.1 commutes. 


e The category PSh(X, &) inherits of most all properties of the category &. For 
example, if < admits small limits (resp. colimits) then so does PSh(X, ). If 
@ is abelian, then PSh(X, &) is abelian. 


e If & is a subcategory of Set (or more generally of Set’ for a small set I) and 
U € @x, an element s of F(U) is called a section of F on U. 


e In view of the Yoneda lemma, the functor 
hy: @y — PSH(X), Un Homy, (+, U) 


is fully faithful. One shall be aware that, when @y admits limits or colimits, 
the functor hy commutes with limits but not with colimits in general. (See 
Exercise 2.10.) 
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The functor I'(U; +) 

For U € @x, one defines the functor [(U; +): PSh(X,2#) > & by setting for 
F € PSH(X, &#) : 

(8.2.2) MU: FP) =F), 

Assuming that </ admits limits, one also sets 


(8.2.3) P(X; F) = lim FU). 


Of course, if @y admits a terminal object X, equations (8.2.3) and (8.2.2) are 
compatible. 

The functor [(U; *) commutes with limits and colimits as soon as & admits 
such limits. For example, if & is an abelian category and y: F > G is a morphism 
of presheaves, then (ker y)(U) ~ ker y(U) and (Coker y)(U) ~ Coker y(U), where 
y(U): FU) > GU). 

Examples 8.2.4. (i) Let M € &. The correspondence U ++ M is a presheaf, called 
the constant presheaf on X with fiber M. 

(ii) When X is a topological space and <& = Mod(C), we have already encountered 
the presheaf @°(U) of C-valued continuous functions on X. 


8.3 Operations on presheaves 


In this section, we shall consider a category & satisfying 


(8.3.1) @ admits small limits and colimits. 


Direct and inverse images of presheaves 


Recall that a morphism of presites f: X — Y is a functor f': @ — @x. We shall 
use Definition 1.4.5. 


Definition 8.3.1. Consider a morphism of presites f: X > Y. 


(i) Let F € PSh(X, &). One defines f,F € PSh(Y, 2), the direct image of F’ by 
f, by setting for V € &: f, F(V) = F(f*(V)). 


(ii) Let G € PSh(Y, #). One defines f'G € PSh(X, &) and f?G € PSh(X, #) by 
setting for U € @x: 


iG U)= colim G(V), 
WU) (U— fi(V) )e(@Y JP ) 
me U)= li G(V). 

( ) UV) U6 )u ( ) 


Note that f'G is a well defined presheaf on X. Indeed, consider a morphism 
u: U 4U' in @x. The morphism ftG(U’) > f'G(U) is given by: 


'G(U') = colim V’)> colim G(V). 
i ( ) (U' > ft(V’)) ( ) (U ft(V)) ( ) 


There is a similar remark with f*G. 
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Example 8.3.2. Assume that X and Y are topological spaces as in Example 8.2.2. 
Then for U € Opx, 
fia) = colim GV), 
fi'GU) = im, G(V). 
Theorem 8.3.3. Let f: X — Y be a morphism of presites. 
(i) We have a pair of adjoint functors (f', fx): 
f') PSh(¥ 7) 2 PShX, wef. 
In other words, we have an isomorphism of bifunctors 
(8.3.2) Hom pantx.ar) (E"( © )¢*) = Homi PSh(Y.0/) ( ate): 
(ii) Similarly, we have a pair of adjoint functors (f,, f*): 
fa PShUX a) S—= PSH Ya7) 2 7% 
In other words, we have an isomorphism of bifunctors 


(8.3.3) Hom psh(Y,a/) (F«( *),°) = Hom PSh(¥,0/)( bo (2). 


Proof. Since (i) and (ii) are equivalent by reversing the arrows, that is, by considering 
the morphism of presites f°?: X°P — Y°?, we shall only prove (i). 


(a) First, we construct a map 

®: Hom pony) (G, feF) + Hom ponrxo( f'G,F). 
Let 6 € Hom psn(¥/)(G, f.F) and let U € @y. For V € Gy and a morphism 
U + f'(V), the composition 


elaig eee 


MPV) FO) 
gives a morphism ®(0)(U): pone ow) — F(U). The morphism ®(@)(U) is 


functorial in U, that is, for any morphism U’ > U in @x, the diagram below 
commutes: 


colim G(V) “OW . ru) 
U—- ft(V) 
colim G(V’) ae FU’). 


UI FV) 


Therefore, the family of morphisms {®(@)(U)}y defines the morphism (6). 


(b) Next, we construct a map 


W: Hom pax) (f'G, F) 4 Hom poy (G, feF). 
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Let A € Hom psn(x.a(t'G, F) and let V € Gy. The morphism 


FV): AG(FV) = colim G(W) > F(FV) 


~ f 
together with the morphism G(V) > oo G(W) defines the morphism 
WAV): GV) 4 FPV) = FF (V). 


The morphism W(A)(V) is functorial in V and defines U()). 
(c) The reader will check that V and © are inverse one to each other. 


Proposition 8.3.4. Let X le ea morphisms of presites. Then 


(907) pA Oeo Les 
(Gog) 7 eq! 
(Gel = eg. 


Proof. The first isomorphism is obvious and the others follow by adjunction. 


Remark 8.3.5. The constructions of the functors f' and f? are obtained by the 
so-called Kan extension of functors. 
Restriction and extension of presheaves 


Let X be a presite. We shall always make the hypothesis: 
(8.3.4) the presite X admits products of two objects and fiber products. 


Note that a category admits a terminal object and fiber products if and only if it 
admits finite projective limits. If a category @y admits a terminal object X, then 
UxxV “Ux V for any U,V € @x. 


Notation 8.3.6. We do not ask the presite X satisfying (8.3.4) to have a terminal 
object. However, for U,,U2 € @x, we shall denote by U; x x U2 their product in @x. 


For U € Gx, we set Gy := (@x)u and we still denote by U the presite associated 
with the category Gy. We shall use the two morphisms of presites jy: X — U and 
iy: U + X associated with the functors jf; and 7f;: 


ju: X OU, jp: GO Gx, VOU) Y, 


ee) i(wUo hk, 414A SE, Vix eeV SU), 


Recall (8.2.1) for a description of the functors iy and jy in case of topological 
spaces. 
Let F € PSh(X, #). One sets 


Fly — ju.f 
and one calls F'|y the restriction of F' to U. 
Proposition 8.3.7. Let U € @x. One has the isomorphisms of functors of presheavesf 


rl 


: oy 
Jux =tyu, Ju = Ux. 
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Proof. Let F € PSh(kx, #) and let (V — U) € G. One has 


()F)(V 4 U)~  colim  F(W) 
~F(V) © (jy. F)(V > U). 


The isomorphism i. ~ iy, follows by adjunction. 


More generally, consider a morphism s: V - U in @x. It defines a functor 


(8.3.6) tee €v — Gy, hence, a morphism of sites page Va 
Proposition 8.3.8. Let U € @x and (V > U) € Gy. For F € PSh(X, #) and 
G € PSh(U, #), we have: 


(i) Gu.F)(V > U) = FV), 


(ii) iv GV) 2 Lsctiom , (V,U) G(V > U). 


(iii) jj, GV) ~ GU xx V 3 U). 


Proof. (i) is obvious. 
(ii) By its definition, 


iT GWV)~ colim GW 3 U 
Wav) (Vit, (WU))E((Gy)Y)°P ( ) 
(WU) 


~~ 


~ colim G 
VowWSU 


~N 


colim G(V > U). 
(s: V—+U)€Hom (V,U) 


Here, we use the fact that the category Homy (V,U) is cofinal in ((@)”)°?. The 
result follows since the category Homy, (V,U) is discrete. 
(iii) By its definition, 


i, GV) ~ G(W 3 U) 


im 
Gp (WU) PV )e(Cu)v 


~ lim G(W =U) 
U<-W->V 


~G(U xxV 30). 


Here, the last isomorphism follows from the fact that U xx V — U is a terminal 
object in (Gy)v. 


Internal hom 


Recall Definition 1.4.6 for the definition of Moro. 
Proposition 8.3.9. Let F,G € PSh(X,.@#/). There is a natural isomorphism 


(8.3.7) A: Hom peycx (FG) Hom /(F(V), G(U)). 


lim 
(U—-V)€Moro(@x )°P 
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Proof. (i) First, we construct the map A. Let y: F — G be a morphism in 
PSh(X, &) and let U — V be a morphism in @y. The morphism y(U): F(U) > 
G(U) and the restriction morphism F(V) > F(U) define yy oy: F(V) — G(U). 
Moreover a morphism a: (U > V) > (U' > V’) in Moro(@x) defines a morphism 


Ya: Hom ,(F(V’), G(U’)) > Hom /(F(V), G(U)) 
as follows. To yyy’: F(V") > G(U’), one associates the composition 
guy: F(V) > F(V’) == GW’) > Gv). 


(ii) The map J is injective. Indeed, A(y) = A(w) implies that y(U) = w(U) for all 
U € 6x. 
(iii) The map A is surjective. Let {p(U — V)}u—v € jim Hom ,(F(V),G(U)). 


To a morphism s: U > V in @x, one associates the two morphisms in Moro(@x): 


U—+V U—=+V 


L eee 


US. VV 
In the the diagram below, the two triangles commute. Hence, the square commutes. 


y(V) 


G(V) 
eae | 
GU) 


(8.3.8) F(V) 


p(U—V) 
SS 


p(U) 


FU) 


Therefore, the family {y(U — V)}y-—y defines a morphism of functors y: F > 
G. 


Let s: V > U bea morphism in @ x and let F,G € PSh(X, #). The restriction 
functor j,,s,,,,: PSh(U, &) — PSh(V, .&) defines the map 


Hom psn(u./) (Flu, Glu) — Hom psnv./) (Flv, Glv). 


Definition 8.3.10. Let F,G € PSh(X,#). One denotes by #Hom(F,G) the 
presheaf of sets on X, U ++ Hom pony «yy (F lu, Glu). 


By its definition, we have for U € @x: 
(8.3.9) Hom pen) (Flu, Glu) ~ Hom (F,G)(U). 
Note that in case & = Mod(k), then “om (F,G) belongs to Mod(kx). 


Tensor products 


In this subsection, we assume that < = Mod(k). 


sh 
Definition 8.3.11. Let F,, f) € PSh(kx). Their tensor product, denoted F/O Fy 
is the presheaf U +> F\(U) @ Fo(U). 
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Proposition 8.3.12. Let F; € PSh(kx), (i = 1,2,3). There are natural isomor- 
phisms: 


sh 
Hom (F,@ Fy, F3) ~ Hom (Fi, Hom (Fo, F3)), 
psh 
Hom pgp (cx) (Fi ® Fa, F3) ~ Hom poy) (Fi, Hom (Fo, F3)). 


We skip the proof. 


8.4 Grothendieck topologies 


We shall axiomatize the classical notion of a covering in a topological space. 
Let X be a presite. Recall that all along this book, we assume (8.3.4), that is: 


(8.4.1) the presite X admits products of two objects and fiber products. 


Recall Notation 8.3.6. 

In the sequel, we shall often write Y C Gy instead of Y C Ob(G). We shall 
also often write V € Gy instead of (V > U) € Gy. For Y C G and V € Gy, we 
set 


V xp Z:={V xy WW EF}, 


a subset of Gy. 
For Y% C Gy and .% C Gy, we set 


A xy %o:= {VU xu VN €: A, Ve € A}, 


a subset of Gy. 
For a morphism of presites f: X — Y (that is, a functor f': @ — @x) and 
Vey, SY C Gy, we set 


FP) = {f'(W),W € F}, 
a subset of pv). 


Definition 8.4.1. Let U € @y. Consider two subsets .~% and -% of Ob(@). One 
says that .~% is a refinement of .“% if for any U, € .~% there exists Up € -% anda 
morphism U; — U2 in Gy. In such a case, we write 4%, < -%. 


Remark 8.4.2. Instead of considering a subset .Y of Ob(@,), one may also consider 
afamily Y = {U;}ier of objects of Gy indexed by a set J. To such a family one may 
associate Y = ImWY C Ob(®y). Then for % = {Uj}ier and WM = {Vj}je7, we say 
that Y is a refinement of % and write Y% =< % if for any i € I there exists 7 € J 
and a morphism U; > V; in Gy. This is equivalent to saying that In @% = Im %. 

Of course, if the map J > Ob(@y), i +> U; is injective, it is equivalent to work 
with Y = {U;}ier or with Y = Im(7%). 


Definition 8.4.3. Let X be a presite satisfying hypothesis (8.3.4). A Grothendieck 
topology (or simply “a topology”) on X is the data for each U € @x of a family 
Cov(U) of subsets of Ob(@,) satisfying the axioms COV1-COV4 below. 
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COV1 {U} belongs to Cov(U). 
COV2 If A € Cov(U) is a refinement of % C Ob(Gy), then .% € Cov(U). 


COVS3 If Y% belongs to Cov(U), then Y xy V belongs to Cov(V) for any (V > U) € 
Cy. 


COV4 If A belongs to Cov(U), % C Gy, and .% xy V belongs to Cov(V) for any 
V € A, then -~% belongs to Cov(U). 


An element of Cov(U) is called a covering of U. 


Intuitively, COV3 means that a covering of an open set U induces a covering on 
any open subset V Cc U, and COV4 means that if a family of open subsets of U 
induces a covering on each subset of a covering of U, then this family is a covering 
of U. 

Since the category @y does not necessarily admit a terminal object, the following 
definition is useful. 


Definition 8.4.4. Let X be a presite endowed with a Grothendieck topology. A 
covering of X is a subset Y of Ob(@x) such that Y xx U belongs to Cov(U) for 
any U € @x. 


Definition 8.4.5. (i) A site X is a presite X satisfying hypothesis (8.3.4) and 
endowed with a Grothendieck topology. 


(ii) A morphism of sites f: X — Y is a morphism of presites such that 


(a) f': @ —- @x commutes with products and fiber products, 
(b) for any V € @ and .Y € Cov(V), f'(.%) € Cov(f*(V)). 


Examples 8.4.6. ax (i) The classical notion of a covering on a topological space X 
is as follows. A family % C Opy is acovering if ye, V = U. Axioms COV1-COV4 
are clearly satisfied, and we still denote by X the site so obtained. If f: X — Y is 
a continuous map of topological spaces, it defines a morphism of sites. 

(ii) Let X be a presite. The initial topology on X is defined as follows. Any subset 
of Ob(@) is a covering. We shall denote by Xjn; this site. Note that if X is a site, 
the morphism of presites idy: X — X induces a morphism of sites Xj,; > X. 

(iii) Let X be a presite. The final topology on X is defined as follows. A family 
SY C Ob(Gy) is a covering of U if and only if {U} € .Y. Note that if X is a site, 
the morphism of presites idy: X — X induces a morphism of sites X + Xgp. 

(iv) We shall denote by {pt} the set with one element and we denote this element by 
pt. We endow {pt} with the discrete topology. Hence, the category @{,1; associated 
with the presite {pt} has two objects, @ and pt and {pt} is a site. The Grothendieck 
topology so defined is the final topology. If X is a toplogical space, we shall usually 
denote by ax: X — {pt} the unique continuous map from X to {pt}. 

(v) Let Pt be the category with one object (let us say c) and one morphism, ide. 
Then the initial and final topology on Pt differs. The empty covering is a covering of 
c for the initial topology, not for the final one. In the sequel, we endow Pt with the 
final topology. If X is a site with a terminal object X, there is a natural morphism 
of sites X — Pt, which associates the object X € @x to c € Pt. 
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(vi) Let X be a topological space. Let us endow Op y with the following Grothendieck] 
topology: Y C Opy is a covering of U if there exists a finite subset .Y’ C Y such 
that Uve gyi V =U. Axioms COV1-COV4 are clearly satisfied. We denote by X finite 
the site so obtained. 

(vii) Let X be a real analytic manifold. The subanalytic site X,, is defined in [KSO1] 
as follows: the objects of @x,, are the relatively compact subanalytic open subsets 
of X and the topology is that of X finite, that is, a covering of U € @x,, is a covering 
of U in X finite. We shall develop this point in Chapter 12. 

(viii) Let X be a topological space endowed with an equivalence relation ~. Let 
Gx be the category of saturated open subsets (U is saturated if € U andu~y 
implies y € U). We endow @x with the induced topology, that is, the coverings of 
U € @x are the saturated coverings of U in X. 

(ix) Let Y be a universe with VY € YW. Denote by CP be the small W-category 
whose objects are the real manifolds of class C® belonging to Y and morphisms are 
morphisms of such manifolds. Let X € C? and define the category @x as follows. 
An object of @x is an étale morphism f: Y + X in C7. (Recall that a morphism 
f: Y -— X is étale if f is open and, locally on Y, f is an isomorphism onto its 
image.) A morphism wu: (Yi A, X) > (¥2 LN X) is a morphism g: Y; — Y2 such 
that foog = fi. Necessarily, g is étale. Let us denote by X. the presite so defined. 
We endowed it with the following topology: a family of morphism {U; AG \iisa 
covering of U € @x if U is the union of the f;(U;)’s. 


Let X be a site and let U € @x. To U is associated the category Gy. 


e Denoting again by U the presite associated with Gy, the presite U satisfies 
(8.3.4). Moreover, the presite U admits a terminal object, namely U (i.e., 


idy: U 3 U.) 

e The functor jj: Gy —- @x given by j(V > U) = V defines a morphism of 
presites: 
(8.4.2) TiS. 


e The functor t},;: @x > Gy given by t,(V) =U xx V — U defines a morphism 
of presites 


(8.4.3) ye eX. 


Definition 8.4.7. The induced topology by X on the presite U is defined as follows. 
Let (V > U) € G. A subset Y% C Gy is a covering of (V — U) if it is a covering 
of V in Cx. 


Clearly this family satisfies the axioms COV1—COV4, and thus defines a topology 
on the presite U. 
Lemma 8.4.8. The morphisms of presites (8.4.2) and (8.4.3) are morphisms of 
sites. 


The obvious verifications are left to the reader. 


Example 8.4.9. Let X be a topological space, U an open subset. Note that both 
Opx and Op, admit finite projective limits, but in general j,, does not commute 
with such limits since it does not send the terminal object U of Op, to the terminal 
object X of Opx. 
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8.5 Sheaves 


from now on and until the end of this book, we shall assume that the category 
A satisfies hypotheses 8.5.1 below which are satisfied in particular when choosing 
@ = Set or L = Mod(k). See [KS06, (17.4.1) and Prop. 3.1.11]. 


(a) & admits small limits and small colimits and small filtered 
colimits are exact (i.e. commute with finite limits). 


(b) There exist a set I and a functor A: & — Set! such that 
(8.5.1) 
(i) A commutes with small products, 


(ii) A commutes with small filtered colimits, 


(iii) A is conservative. 


Let Y% C Gy. Recall that an object V € Y is a morphism V > U. Let F € 
PSh(X,.&). One defines F'(.%) by the exact sequence (i.e., F'(.%) is the kernel of 
the double arrow): 


(8.5.2) F.Y)>3 [FY s [[ FV xv". 
VES VI VWES 


Here the two arrows are associated with [[y.7 F(V) — F(V’) > F(V' xx V”) and 
Iver FV) — FIV") = F(V’ xx V"). 

Assume that .Y is stable by fiber products, that is, if V ~ U and W + U 
belong to .Y then V xy W > U belongs to .%. In this case, looking at 7 as a full 
subcategory of Gy, the natural morphism eee (V) > [Ivey F(V) factorizes 


through F’(.%) and one checks that 


(8.5.3) F(V) &% F(S). 


lim 
(VUES 


Note that, if @ = Set, a section s € F(.%) is the data of a family of sections 
{sy € F(V)}vey such that for any V’,V” € YS, 


Svilvixyv" = svi lvixyv"- 


Here, sy’|y'x,vv is the image of s by the restriction map associated with the natural 
morphism V’ x x V” — V’ and similarly with V”. 
For a presheaf F’, there is a natural map 


(8.5.4) F(U) > F(P). 


Definition 8.5.1. (i) One says that a presheaf F’ is separated if for any U € 
Gx and any covering .Y of U, the natural morphism F(U) > F(.%) is a 
monomorphism. 


(ii) One says that a presheaf F is a sheaf if for any U € @y and any covering Y 
of U, the natural map F'(U) — F(.7%) is an isomorphism. 
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(iii) One denotes by Sh(X,.2) the full subcategory of PSh(X,.&) whose objects 
are sheaves and by tx : Sh(X, #) > PSh(X, &) the forgetful functor. If there 
is no risk of confusion, we write / instead of tx, or even, we do not write v. 


(iv) One sets Sh(X) = Sh(X,Set) and Mod(kx) = Sh(X, Mod(k)). One calls an 
object of Mod(kx) a k-abelian sheaf, or an abelian sheaf, for short. 


Remark 8.5.2. To check that a presheaf F’ is a sheaf, it is enough to verify that 
the map F'(U) > F(.%) is an isomorphism for any U and any covering -Y stable by 
fiber products. 


Remark 8.5.3. Assume that & is either the category Set or the category Mod(k). 
Let F' be a presheaf on X and consider the two conditions below. 


S1 For any U € @x, any covering .Y of U, any s,t € F(U) satisfying s|y = tly for 
all V € .Y, one has s = t. 


S2 For any U € @x, any covering -Y of U, any family {sy € F(V)}vey» satisfying 
svlvxypw = Swlvxyw for all U,V € Y, there exists s € F(U) with s|y = sy for 
all V € F. 


Then a presheaf F’ is separated (resp. is a sheaf) if and only if it satisfies S1 (resp. 
S1 and 82). 


Assume that X is a topological space and & = Mod(k). Let F' € Mod(kx). 


e Let {Uj }ier be a family of disjoint open subsets. Then F((],U;) = [], F(Ui)- 
In particular, F'(@) = 0. 


e One defines the support of F’, denoted supp F’, as the complementary of the 
union of all open subsets U of X such that F']y = 0. Note that F'|x\supp r = 0. 


e Let s € F(U). One defines its support, denoted by supp s, as the complemen- 
tary of the union of all open subsets U of X such that s|y = 0. 


Of course, these notions of support have no meaning on a site. 


Theorem 8.5.4. Let F € PSh(X, #) andG € Sh(X, #). The presheaf Hom (F,txG)] 
is a Sheaf of sets on X. (A sheaf of k-modules in case & = Mod(k).) 


In the sequel, we shall not write cx. 


Proof. Let U € @xy and let Y be a covering of U. We shall check conditions S1 and 
S2 as in Remark 8.5.3. Consider the diagram 


F(U) —> FUP) — veo FV) = Tv viee FV’ xu V") 


| | | | 


G(U) —> G7) — [vexGV) =2 Ty yiev GV xu V") 


(S1) Let y,w: Fly — Gly be two morphisms defined on U. Denote by yy, vy 
their restriction to V € Y. These families of morphisms define the morphisms 
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py, vy: F(S) + G(S). Assuming that yy = vy for all V, we get py = vy 
hence y(U) = W(U) and by the same argument, y(V) = ¥(V) for any V > U. 

(S2) Let {yv }v be a family of morphisms yy: F|y — Gly and assume that yy = 
yw on V xy W. Then this family of morphisms defines a morphism yy: F'(.%) > 
G(.). One constructs y(U) as the composition F(U) > F(A) #4 GY) < 
G(U). Replacing U with V — U, one checks easily that the family of morphisms 
{y(V)}vy—su so constructed defines a morphism of presheaves F'|y > Gy. 


We shall still denote by #om(F,G) the sheaf given by Theorem 8.5.4. 


Corollary 8.5.5. Let yp: F > G be a morphism in Sh(X,.#/). Assume that there 
is a covering Y of X such that py: F\y > Gly is an isomorphism for any V € . 
Then ~ is an isomorphism. 


Proof. For V € %, denote by wy the inverse of yy. Then for any V,W € -Y, 
Uvilvxxw = Uwlvxxw- By Theorem 8.5.4, there exists ~): G — F such that ly = 
wy for all V € SY. Clearly yoy = idr and yo w = idg. 


In other words, a morphism of sheaves which is locally an isomorphism, is an iso- 
morphism. In § 8.8 we shall construct sheaves which are locally isomorphic without 
being isomorphic. 


Example 8.5.6. We have already encountered many classical examples of sheaves 
on a topological space or on a (real or complex) manifold in Example 8.1.6. 


8.6 Sheaf associated with a presheaf 


Recall that we have made Hypotheses 8.3.1. 

In this section, we shall explain how to construct the “sheaf associated with a 
presheaf”. More precisely, we shall show that the natural forgetful functor vx : 
Sh(X,#) — PSh(X, 2) which, to a sheaf F’, associates the underlying presheaf, 
admits a left adjoint. 

Let U € Gx and let .~% and .~% be two subsets of Gy. Notice first that the 
relation .“% xX .% is a pre-order on Cov(U). Hence, Cov(U) inherits a structure of 
a category: 


{pt} if ~% is a refinement of ./, 


Hom Cov(u) (1s 72) 7 { @ otherwise. 


For 4%, .% € Cov(U), “4% xy % again belongs to Cov(U). Therefore: 


Lemma 8.6.1. The category Cov(U) is cofiltered (1.e., the opposite category is fil- 
tered). 


Lemma 8.6.2. Let F € PSh(X,.&) and let U € @y. Then F naturally defines a 
functor Cov(U) > &. 


Proof. Let %, X -%. We shall construct a natural morphism F'(.%) > F(.%). 
For V; € .~% we construct F'(.%) > F(V,) by choosing Vo € -“% and a morphism 
V, + V2. The composition F'(.%) > Ivey, FV) > F(V2) > F(Vi) does not 
depend on the choice of V; + V2. Indeed, if we have two morphisms V; > Vy and 
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Vi — Vz’, these morphisms factorize through V; > Vz xy, V3’ and the composition 
F(A) > F(V3) > F(VS xv, Va’) > F(V\) is the same as the composition F'(.%4) > 
P(V2') + F(V2 xv, V2!) > F(Vi). 

The family of morphisms F'(.%) — F(Vi), Vi € A, defines F(.%) > F(A) 
and one checks easily the functoriality of this construction. 


One defines the presheaf F'* by setting for all U € @x: 


6.1 Ft — li BUF 
(8.6.1) ee 
For any V — U, the morphism F'*(U) — F*(V) is defined by the sequence of 
morphisms 


Ft(U)= colim F(.Y)> colim F(V xy-%)> _colim F(Z)=FT(V). 
-S ECov(U)°P S% ECov(U)°P TF ECov(V)°P 
The second arrow is well-defined since V xy -% € Cov(V). 

Hence, F +> F'* defines a functor + : PSh(X,#) — PSh(X,#/). More- 
over for each U € Gy, the maps F(U) > F(.Y%), AY € Cov(U) define F(U) > 
y Sue F(.S) = Ft(U). Hence, there is a morphism of functors a : id > F. 

SF ECov(U)°P 
Theorem 8.6.3. Assume that & satisfies (8.5.1). 
(i) If F is a separated presheaf, then F — F'* is a monomorphism. 


(ii) If F is a sheaf, then F + F* is an isomorphism. 


) 
) 
(iii) For any presheaf F, F'* is a separated presheaf. 
(iv) For any separated presheaf F, F'* is a sheaf. 

) 


(v) The functor *:=**+: PSh(X, &) > Sh(X, &) is a left adjoint to the embedding 


functor tx: Sh(X, @) > PSH(X, x). 
(vi) The functor +: PSh(X,#) > PSh(X, x) is left exact and the functor * is 


exact. 


Proof. In the course of the proof of (iii) and (iv) we shall use Hypothesis (8.5.1) (ii) 
and reduce to the case where & = Set’. 

(i) By the hypothesis, for any open set U and any covering .Y of U, the mor- 
phism F(U) — F(.Y%) is a monomorphism. Since Cov(U) is cofiltered, F(U) > 


colim F(.Y%) = Ft(U) is a monomorphism. 
S%ECov(U) 


(ii) By the hypothesis, for any open set U and any covering -Y of U, the morphism 
F(U) > F(.7) is an isomorphism. The result follows. 

(iii) Let 51, $2 € Ft(U) and let .% € Cov(U) be such that s; = s2 in Ft (.%) is 0. 
We may represent s; and s by sections s),52 € F(.%) where Y € Cov(U). Then 
the images of s; and sg by the composition of the maps F'(.%) > F*(U) > F*(.A%) 
coincide. For each (V > U) € .% there exists “%, € Cov(V) such that the image 
of s; and sy in F(.A%, xy %) coincide. By Axiom Cov 4, we get a covering of U on 
which $1 = $2, hence s; = s2 in F*(U). 


142 CHAPTER 8. SHEAVES ON SITES 


(iv) Let us prove that the map F’*(U) + F*(.%) is an epimorphism. Recall that 
F*(SAp) is the kernel of [Jyey, FTV) 3 view, FTV’ xu V"). One may rep- 
resent a section of F'*(.%) (with .“%y a covering of V € .%) by a section s of 
vex f(y) whose two images in [Tyr yney Ft(% Xu “yr) coincide. Since 
F is separated, these two images already coincide in Hyrvie HEA Xu Ayn). 
Therefore, s belongs to ker([]yey, F(%) 3 Tv wien F(A Xu Av). Again 
by Axiom Cov 4, we get a covering .~, of U such that s € F(.%). 

(v) Let G € Sh(X, #). The morphism F' + F'* defines the morphism 


A: Hom psn(x,a) (PF G) + Hom psn(xr)(P G) 
and the functor + defines the morphism 


Hom pgicx 7) (Fs G) + Hom pgix yy (Fs G*) 


~ Hom penx) (FG). 


One checks that these two morphisms are inverse one to each other. Therefore is 
an isomorphism. Replacing F with F'*, the result follows. 

(vi) To prove that * is left exact, it is enough to check that for each U € @x, the 
functor F — F'*(U) is left exact. Since F+(U) = colim F(.Y), where Y ranges over 
the cofiltered category Cov(U), it is enough to check that the functor F > F(.%) 
is left exact. This follows from (8.5.2) and the fact that FH F(V) is exact. 


Since * = t*, this functor is left exact. Since it is a left adjoint, it is right exact. 


In the sequel, we shall often omit to write the symbol vx. Hence, (v) may be 
written as follows with F € PSh(X, #) and G € Sh(X, #) 


(8.6.2) Hom gicx.7)(F"; G) => Hom pei x (FG). 


Definition 8.6.4. (i) For F' a presheaf on X, the sheaf F’ is called the sheaf 
associated with F’. 


(ii) We denote by @: id > vx 0% the natural morphism of functor associated with 
the pair of adjoint functor (%, vx). 


Hence, Theorem 8.6.3 (vi) may be formulated as follows: any morphism of 
presheaves y: F — G, with G a sheaf, factorizes uniquely as 


rn eM 


(8.6.3) | we 


Fe 


Remark 8.6.5. When X is a topological space and & = Mod(k), the construction 
of the sheaf F’* is much easier. Define: 


F°(U)={s:U > | | F,; s(x) € F, and for all x € U, 
xeU 
there exists an open neighborhood V of x in U 


and t € F(V) with t, = s(y) for all y € V}. 
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Define 6: F + F* as follows. To s € F(U), one associates the section of F': 
(xH+ s,) € F°(U). 


One checks that (F*,@) has the required properties, that is, any morphism of 
presheaves y: F — G factorizes uniquely as in (8.6.3). Details are left to the 
reader. 


Theorem 8.6.6. (i) The category Sh(X, @) admits small limits and such limits 
commute with the functor vx. 


(ii) The category Sh(X,&@) admits small colimits. More precisely, if {F;}icr is an 
inductive system of sheaves, its colimit is the sheaf associated with its colimit 
in PSh(kx). 


(iii) The functor tx: Sh(X,#) > PSh(X, &) is fully faithful and commutes with 
small limits (in particular, it is left exact). The functor “ : PSh(X,#) > 
Sh(X, ) commutes with small colimits and is exact. 


(iv) Small filtered colimits are exact in Sh(X, /). 


Proof. (i) Let {F;}ic; be a small projective system of sheaves, let U € @x and let 
SY € Cov(U). By the definition of F(.%), one sees that the morphism F(U) > 
F(A) commutes with limits, that is, (lim F;)(U) (lim F;)(7). Hence a projec- 
tive limit of sheaves in the category PSh(X, #/) is a sheaf. The fact that this sheaf 
is a projective limit in Sh(X,.&) of the projective system {F;}ic; follows from the 
fact that the forgetful functor PSh(X, #) > Sh(X, #) is fully faithful: 


Hom gucxa)(G lim Fi) ~ Hom pgicx or) (G, lim F;) 


~ lim Hom psh(x (Gs F;) 


~ lim Hom g(x .~)(G, Fi). 


(ii) Let {F;}ier is a small inductive system of sheaves. Let us denote by “colim” F; 


its inductive limit in the category PSh(X.2/) and let G € Sh(X,.&). We have the 
chain of isomorphisms 


Hom gi¢x,.7)((“colim” F7)*, G) ~ Hom pgicx,.v)(“colim” F;, G) 
~ lim Hom pgn(x,o/) (Fi, G) 


~ lim Hom gy x.) (Fi, G). 


(iii) The functor vx is fully faithful by definition. By adjunction, vx commutes with 
small limits and * commutes with small colimits. It is exact by Theorem 8.6.3. 

(iv) Small filtered colimits are exact in the category <, whence in the category 
PSh(X, &). Then the result follows since “ is exact. 
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The functor I'(U; -) 


We have already introduced the functors [(U; +) and [(X; ©) on presheaves in (8.2.2)] 
and (8.2.3). We keep the same notation for sheaves. 


Proposition 8.6.7. The functors 1(U; *): Sh(X,#) > & is left exact. The same 
result holds for [(X; ¢). 


Proof. The functor vx is left exact and the functor F ++ F(U) is exact on PSh(X, )] 


Remark 8.6.8. As usual, one endows the set pt is with its natural topology (con- 
sisting of two open sets, pt and @). Then the functor 


T(pt; +): Sh(X, 7) 9 & 
is an equivalence of categories. In the sequel, we shall identify these two categories. 


The functor ['(X; +) is not exact in general, as shown by the example below, a 
variant of Example 8.1.7 (e). 


Example 8.6.9. Let X be a complex curve. The holomorphic De Rham complex 
reads as 0 > Cy - Gx Bat Qy — 0. Applying the functor [(U; +) for an open 


subset U of X, we find the complex 0 > Cx(U) > @x(U) s Qx(U) > 0. Choosing 
for example X = C and U = C \ {0}, this complex is no more exact. 


8.7 Operations on sheaves 


Direct and inverse images of sheaves 


Let f: X — Y be a morphism of sites. Recall Definitions 8.3.1 and 8.4.5. 
Proposition 8.7.1. Let F € Sh(X, &). Then the presheaf f,F is a sheaf on Y. 


Proof. Let V € @y and let .Y be a covering of V. Since f’.Y is a covering of f'V, 
we get the chain of isomorphisms 


faF(V) = FP WV)) & PGS) = fF (FP). 


Hence, the functor f,: PSh(kx) — PSh(Y,.#) induces a functor (we keep the 
same notation) 


fer Sh(X,.W) > SH(Y, #). 


Definition 8.7.2. Let G € Sh(Y,./). One denotes by f~'G the sheaf on X asso- 
ciated with the presheaf f'G and calls it the inverse image of G. In other words, 


PG Gy. 


Theorem 8.7.3. Let f: X — Y be a morphism of sites. 
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(i) The functor f~t: Sh(Y,#) > Sh(X, &) is left adjoint to f,. In other words, 
there 1s an isomorphism 


Hom ane tC: FP’) ~ Hom guy (G, fF) 
functorial with respect to F € Sh(X, #) and G € Sh(Y, &). 
(ii) The functor f, commutes with small limits. In particular, it is is left exact. 
(iii) The functor f~' commutes with small colimits and is exact. 


(iv) There are natural morphisms of functors id + f,f~' and f-'f, — id. 

Proof. (i) Denote for a while by “f,” the direct image in the categories of presheaves. 
Since f is left adjoint to “f,” and @ is left adjoint to vx, f~! = “0 ft is left adjoint 
to re = ae OLX. 

(ii) and (iv) as well as the first part of (iii) follow from the adjunction property. 


(iii) It remains to prove that the functor f~! is left exact. The functor “ being exact, 
it is enough to prove that ft: Sh(Y,./) > PSh(X, a) is left exact, hence that. for 
U € Gx, the functor 


GH colim G(V) 
(UF) E(€Y oP 


is exact. This follows from the fact that, @ admitting fiber products, the category 
(@¥)°P is either empty or is filtered. 


Corollary 8.7.4. Let Ge PSh(Y,. #). Then (ftG)* 4 f-1(G*). 
Proof. One has the chain of isomorphisms, functorial with respect to F' € Sh(X, &): 
Hom anceaF'G), i) om raw", #) = Hom psh(¥e7/)(G f.F) 
~ Hom guy) (@", feF) ~ Hom guy on(f (G"); F)- 


Hence, the result follows from the Yoneda lemma. 
Consider two morphisms of sites f: X — Y and g: Y > Z. 


Proposition 8.7.5. (i) go f: X > Z is a morphism of sites. 


(ii) One has natural isomorphisms of functors 


GO fe = (Gof), FOG? = (go fy. 
Proof. (i) is obvious. 
(ii) The functoriality of direct images for presheaves is clear (see Proposition 8.3.4). 


It then follows for sheaves by Proposition 8.7.1. The functoriality of inverse images 
follows by adjunction. 


Examples 8.7.6. Assume that f: X — Y is a morphism of topological spaces. 
(i) For x € X, 


(8.7.1) "G22 7 G26 xa. 


(ii) Denote by i,: {z} — X the embedding of « € X into X. Then, for F € 
Sh(X, HZ) 


PF, ~ i;'F. 
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Examples 8.7.7. (i) Let Z = {a,b} be a set with two elements, let Y be a topo- 
logical space and let X = Z x Y ~ Y|]|Y, the disjoint union of two copies of Y. 
Let f: X — Y be the projection. Then f,f-'G ~ G@G. In fact, if V is open in 
Y, then T(V; f,f 1G) e TV LIV; f '@)2 T(V;G) 6 T(V;G). 

(ii) Let X = Y =C \ {0}, and let f : X + Y be the map z+ 2z?, where z denotes 
a holomorphic coordinate on C. If D is an open disk in Y, f~'D is isomorphic to 
the disjoint union of two copies of D. Hence, the sheaf f,kx|p is isomorphic to k3,, 
the constant sheaf of rank two on D. However, ['(Y; f.ky) = P(X;kx) =k, which 
shows that the sheaf f,kx is not isomorphic to ky. 

(iii) Let f: X — Y be a morphism of topological spaces. To each open subset 
V CY is associated a natural “pull-back” map: T(V;@?) > T(V; f,.@2) defined by 
pts yo f. We obtain a morphism @? > f,@%, hence a morphism: 


fe = @. 


For example, if X is closed in Y and f is the injection, f~'@? will be the sheaf on X 
of continuous functions on Y defined in a neighborhood of X. If f is a topological 
submersion (locally on X, f is isomorphic to a projection Y x Z 4 Y), then f-'¢? 
will be the subsheaf of @2 consisting of functions locally constant on the fibers of 
7. 

(iv) Let ig: S — X be the embedding of a closed subset S of a topological space 
X. Then the functor zg, is exact. 


Restriction and extension of sheaves 


Let X be a site and let U € @x. We have already defined the morphisms of 
sites jy: X — U and iy: U + X and we have proved in Proposition 8.3.7 the 
isomorphism of functors of presheaves 


(8.7.2) ju. zi, jp wives 
Proposition 8.7.8. Let U € @x. 


(i) The functor i, sends Sh(X, .&) to Sh(U, &) and the functor jj, sends Sh(U, o/) 
to Sh(X, &). 


(ii) The functor jy,: Sh(X,W@) > Sh(U, #) commutes with small limits and col- 
imits and in particular is exact. Moreover, jy, ~ iz’. 


(iii) The functor jz’: Sh(U, &) + Sh(X, &) is exact. 


Proof. (i) follows from (8.7.2). 


(ii) The functor j,, admits both a right and a left adjoint. The isomorphism j,,, ~ 
iz’ follows from (i). 


(iii) This is a particular case of Theorem 8.7.3. 


Notation 8.7.9. One sets 


8.7.3 iu::=jy, Sh(U,.2/) + Sh(X, o/), 
U 
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and for F € Sh(X, 2): 
Flys, Fie, 
(8.7.4) Flt a ag tg 
TyF = ligig Pe 
Hence, zy; is exact and Ty is left exact. Moreover, 
(8.7.5) (Ty F)(X) ~ F(U). 
We thus have two pairs of adjoint functors (j7",jy,); Gael: 


ia 
(8.7.6) Sh(U, &) ——iv. 


ip 


Sh(X, o/), 


which are also written as two pairs of adjoint functors (iy), iz'), (ig', iv.): 
tu 
(8.7.7) Sh(U, &) ——i;'— Sh(X, &). 
WU « 
For V > U a morphism in @x, there are natural morphisms : 
Fy > fy 30 FOF OIVE. 
Also note that ((*)y,Ty(¢)) is a pair of adjoint functors. 
Proposition 8.7.10. For U,V © @x there are natural isomorphisms 


(pe =e Tov) 2 7 oer (). 


Proof. By adjunction, it is enough to prove the second isomorphism. One has for 
WwW E Cx: 


yy (F))(W) =Ty(F)U xx W) 
~ FV xXx U xx W) ~ Tux,v(F)(W). 


Let f: X + Y bea morphism of sites. Let V € Gy, set U = f'(V) and denote 
by fv: U — V the morphism of sites associated with the functor fi: Gy > Gy 
deduced from f’. We get the commutative diagram of sites 


cm 


Proposition 8.7.11. There are natural isomorphisms of functors 


y ts 
(8.7.8) c 
: 


pe ee 


jv 


iy tein ct Wer Sys 5 
F : F ey EAs 
(ea heasibet te tee 
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Proof. This follows from the isomorphisms jy,fe & fvau. flip & ie fa 


fitux@ vefon ond ig fo 2 ay fy 
One can sheafify Theorem 8.7.3 


Proposition 8.7.12. Let f: X — Y be a morphism of sites. For F € Sh(X, #) 
and G € Sh(Y, @), there is a natural isomorphism in Sh(Y, #) 


(8.7.9) Hom (G,f.F) ~ f, Hom (f-'G, F). 


Proof. Let V € @y and set U = f'(V). Denote by fy: U — V the morphism of 
sites associated with f. Using Proposition 8.7.11, we get the chain of isomorphisms 


L(V; f.#om (f'G, F)) ~T(U; Hom (f'G, F)) 
~ Hom (f~'Glu, Flv) 
~ Hom ((fy)7"(Glv), Flv) 
~ Hom (Gly, (fu), Flv) 
~ Hom (Glv, (fF) |v) 
~T(V; Hom(G, f,F)). 


These isomorphisms being functorial with respect to V, the isomorphism (8.7.9) 
follows. 


In the next statement, we assume & = Mod(k). 


Proposition 8.7.13. Let F € Mod(kx) and G € Mod(ky). One has the isomor- 
phisms 


(8.7.10) iu (G @iz'F) ~inG @F. 
Proof. The right hand side of (8.7.10) is the sheaf associated with the presheaf 


V( @ Gv) @F(v), 
s: VU 
and the left hand side is the sheaf associated with the presheaf 


Ve @ (GV) ®F(V)). 


s: V->U 


Internal hom 


We have already proved in Theorem 8.5.4 that for F € PSh(X,#) and G e€ 
Sh(X,.&), the presheaf #om(F,G) is a sheaf. Moreover, it follows from (8.3.9) 
that the functor 


Hom : (Sh(X, #))°? x Sh(X, a) > Set 


is left exact. When <& = Mod(k), the same result holds, this bi-functor taking its 
values in Mod(kx). 
Finally, notice that (8.6.2) gives 


(Sarat) Hom (F*,G) + om (F,G). 
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Tensor products 
Here, we assume that < = Mod(k). Recall Definition 8.3.11 


Definition 8.7.14. Let F\, Fy € Sh(kx). Their tensor product, denoted F ® F) is 
sh 
the sheaf associated with the presheaf F;’ 8 Fy. 


Clearly, the bifunctor 
@: (Mod(kx))°? x Mod(kx) — Mod(kx) 
is right exact. If k is a field, this functor is exact. 


Proposition 8.7.15. Let F; € PSh(kx), (¢ = 1,2,3). There is a natural isomor- 
phism: 


Hom (F, ® Fo, F3) ~ Hom (F,, Hom (Fo, F3)). 


Proof. This follows immediately from Proposition 8.3.12. 


8.8 Locally constant sheaves and glueing of sheaves| 


Locally constant sheaves 


Definition 8.8.1. Let X be a site and let ME &. 


(a) Let M € &. One denotes by Mx the sheaf associated with the constant presheaf 
U ++ M and calls Mx the constant sheaf on X associated with M (or, when X 
is a topological space, “with stalk M”). 


(b) A constant sheaf is a sheaf isomorphic to a sheaf Mx for some M € &. 


(c) A sheaf F' on X is locally constant if there exists a covering -% € Cov(X) such 
that Fy is a constant sheaf on U for each U € Y. 


(d) If & = Mod(k) and k is a field, a local system over k is a locally constant sheaf 
of finite rank (i.e., locally isomorphic to k¥ for some integer m). 


If X is a topological space, the constant sheaf Myx is the sheaf of locally constant 
M-valued functions on X. 

Locally constant sheaves, and their generalization, constructible sheaves, play an 
important role in various fields of mathematics. 


Examples 8.8.2. (i) Let X = R, the real line with coordinate t. The sheaf Cx - 
exp(t) of functions which are locally a constant multiple of the function t +> exp(t) 
is isomorphic to the sheaf Cx, hence is a constant sheaf. 

(ii) Let X = C \ {0} with holomorphic coordinate z. Consider the differential 
operator P = zz —a, where a € C\Z. Let us denote by K,, the kernel of P acting 
on 0 xX. 
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Let U be an open disk in X centered at zo, and let A(z) denote a primitive of 
a/z in U. We have a commutative diagram of sheaves on U: 


fe) 
Zaza 


Ox Cx 
exo(-a(2)| : | esnt—a) 
Gx Be Gx 


Therefore, one gets an isomorphism of sheaves Ky|y “+ Cx|u, which shows that 
Ky is locally constant, of rank one. 

On the other hand, f € @(X) and Pf = 0 implies f = 0. Hence ['(X; K,) = 0, 
and Kk, is a locally constant sheaf of rank one on C \ {0} which is not constant. 
(iii) With the notations of Example 8.7.7 (iii), the sheaf f,kx is locally constant of 
rank 2. 


We shall construct locally constant sheaves by glueing constant sheaves. 


Glueing sheaves 


One often encounters sheaves which are only defined locally, and it is natural to try 
to glue them. 

For notational convenience, we shall often denote by Y = {U;}ier a covering of 
U € @x indexed by a small set J (see Remark 8.4.2). (Recall that an object V € 7 
is a morphism V —> U in @x.) In this case, we set 


(8.8.1) Uy = U; XU Ua Uijn = U; XU EF XU Uz, etc. 
Consider a site X. Assume to be given a sheaf F’ and for each 7 € J, a sheaf F; 


on U; and an isomorphism 6;: F|y, “+ Fj. Set 0;; := 0; 0 a>, Then the family of 
isomorphisms of ky,,-modules 


Gas F; Ui; =~ i, Ui; 


will satisfy the condition 
(8.8.2) 6; fe) 5% = 6;, on Uagis for all Le Us, U, € SF. 


We shall show that conversely, a family of isomorphisms 6;; satisfying (8.8.2) permits 
us to reconstruct the sheaf F’. 


Theorem 8.8.3. Let Y = {U;}; be a covering of X. Assume to be given an object 
F, € Sh(U;,@) for each U; € SY and an isomorphism 0;;: F; Uy > Peli Jor 
each pair U;,U; € S, these isomorphisms satisfying the condition (8.8.2). Then 
there exists a sheaf F € Sh(X,#)| and isomorphisms 6;: F |v, ~> F; for U; © % 
such that 0; = 0;,0 0; for U;,U; € S. Moreover, (F,{6;}i) is unique up to unique 
isomorphism. 


The family of isomorphisms {6;;} satisfying conditions (8.8.2) is called a 1- 
cocycle. 
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Proof. (i) Unicity. Let 0;: F|v, ~> Fi and \;: G 
Aj = 0;,0 A; on U;. Consider the isomorphisms 


iy > F,.. Hence, 0; = 07, 9 @; and 


pars’ ot: F 


Uu,; 7G 


U;- 
On U;; we have: 
—_ y\-l — y-l 
pi =A; 06; =A; 0 85,0 8; 
=A ie) 6; = Pi- 


Therefore, the isomorphisms p;’s will glue as a unique isomorphism p: G > F on 
X, by Theorem 8.5.4 and Corollary 8.5.5. 


(ii) Existence of a presheaf Ff’. For each open subset V of X, define F'(V) by the 
exact sequence 


Here, the two arrows a, b are defined as follows. Let U;,U;, € %. Then a is associated 
with the composition 


[] 2G: xx V) + FU; xx V) > F(Uje xx V) 
ier 
and b is associated with the composition 
O5% 
[] Gi xx V) + Fen xx V) > Fe(Uin Xx V) > Fy(Ujn Xx V). 
wel 


(iii) F' is a sheaf. Indeed, let V € @y and let VY € Cov(V). We may assume that VY 
is stable by fiber products (see Remark 8.5.2). Then 


WeF 


and similarly with F;(U;, xx V). Since products commute with projective limits, 
we get the isomorphism F'(V) > im F(W) = F(%). 
5 


(iv) The morphisms 6;’s are induced by the projections F(V) > |] ,<; Fj(V x xUj) > 
F(V xx U;). Let us prove they are isomorphisms. Let / € J. We can construct a 
commutative diagram 


Fi(U1) > Tier Fi(Ui Xx Ui) = [jeer Fi (Uin Xx Ui) 


eo | | 


FU) — lier FiUi Xx Ui) = [Leer Fi (Usk x x U1) 


where a = {6,};. Since F, is a sheaf on V;, the sequence on the top is ex- 
act. The sequence on the bottom is exact by construction of F’. It follows that 
6,(U,): F(U,) + F,(U;) is an isomorphism. Replacing U; with any V > U;, we get 
the result. 
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Example 8.8.4. Here, & = Mod(k). Denote by k* the multiplicative group of 
invertible elements of k. Let X = S! be the 1-sphere (the circle), and consider a 
covering of X by two open connected intervals U; and U2. Let Uj; denote the two 
connected components of U; U2. Let a € k*. One defines a locally constant sheaf 
L, on X of rank one over k by glueing ky, and ky, as follows. Let 0. : ky,|uz, > 
kv, |uz, (€ = +) be defined by 0, = 1, 6. = a. It follows from Theorem 8.8.3 that 
the locally constant sheaf LZ, is well-defined. If a 4 1, this sheaf has no global 
section other than 0 on X. 

If k =C there is a more intuitive description of the sheaf L,. Let us identify S! 
with [0,27]/ ~, where ~ is the relation which identifies 0 and 27 and let t denotes 
the coordinate. Choose 6 € C such that exp(iG) =a. Then Ly ~ Cx - exp(ist). 


Example 8.8.5. Here, & = Mod(Z). Consider an n-dimensional real manifold 
X of class @*, and let {Xi, fitier be an atlas. Recall what it means. The family 
{X;}ier is an open covering of X and f; : X; ~> U; is a topological isomorphism 
with an open subset U; of R” such that, setting Uj, = fi(Xi;) C R”, the maps 


(8.8.3) fie fj 


—1) . 77t J 
Xij of; Ui, * Uy as 


are isomorphisms of class @. 


a a é - 
fi va xX fi 
R” <—_ Uj; <— Uj, ~ Uj, —>U; R” 


The maps fj; are called the transition functions. The locally constant function 
on X;; defined as the sign of the Jacobian determinant of the fj;’s is a 1-cocycle. 
It defines a sheaf locally isomorphic to Zy called the orientation sheaf on X and 
denoted by ory. 


Exercises to Chapter 8 


Exercise 8.1. Let MW € & and let X bea site. Recall that My denotes the sheaf 
associated with the constant presheaf U +> M. Assume that X has a terminal 
object again denoted by X and denote by by: X — Pt the canonical morphism of 
sites (see Example 8.4.6). Prove that 


Mx x by Mpy. 


(Recall that if X is a topological space and pt is the set with one element endowed 
with its natural topology, one also have My ~ ax Mt.) 


Exercise 8.2. Let X bea presite. Prove that a morphism u: A > B in PSh(X) isa 
monomorphism (resp. an epimorphism) if and only if the morphism u(U): A(U) > 
B(U) in Set is a monomorphism (resp. an epimorphism) for all U € @x. 


Exercise 8.3. Let X be a presite. Consider morphisms u: F — H and v: G— H 
in PSh(X). Prove that for U € @x, (F x4 G)(U) ~ FU) Xx) GU). 
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Exercise 8.4. Assume X is a topological space and let U € Opy. Prove that the 


composition of morphisms of presites U 2 X 2%s U is isomorphic to the identity 
functor of the presite U. Show that this result is no more true in general. 


Exercise 8.5. Let X be a presite satisfying (8.3.4) and let Xg, be the presite X 
endowed with the final topology. Prove the equivalence of categories PSh(X) ~ 
Sh( Xgn)- 


Exercise 8.6. Let a: Y — ¥Y bea functor of small categories and let @/ be a cate- 
gory which admits small colimits. Define the functor a,: Fet(.%7,W) — Fet( Y%, 7) 
by setting a,(F) = Foa, F € Fet(%, &). 

(i) Prove that a, admits a left adjoint. 

(ii) Let F: @ + & be a functor. We assume that @ is small and recall that 
admits small colimits. Prove that there exists a unique (up to isomorphism) functor 
F: @ + of which extends F and which commutes with small colimits in @”. 


Exercise 8.7. Prove isomorphism (8.7.5). 


Exercise 8.8. Let X be a topological space. One defines the site X/ as follows. 
One sets @ys = Op, and one says that a small family of open sets {U;};cer of X is 
an covering of an open set U in X/ if U; C U for alli and there exists a finite subset 
J of I such that U jeg Uj = U. One calls a covering in X f an f-covering. 

(i) Prove that the family of f-coverings defines a Grothendieck topology on X/ and 
that there is a natural morphism of sites f: X > XS. 

(ii) Prove that the presheaf @” of C-valued continuous bounded functions is a sheaf 
on the site X/ and calculate ee 


Exercise 8.9. Let k be a field and X a connected topological space. Let L be a 
locally constant sheaf of rank one on X and set L® *:= Hom (L,kx). 

(i) Prove the isomorphism L @ L®”' ~ kx. 

(ii) Assume that there exists s € [(X;L) with s # 0. Prove that s defines an 
isomorphism ky > L. 
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Chapter 9 


Derived categories of abelian 
sheaves 


We apply the results of Chapter 8 to the case of abelian sheaves, that is, when & = 
Mod(k). We prove in particular that Mod(kx) = Sh(X, Mod(k)) is a Grothendieck 
category. 

Then we study injective and flat sheaves in order to introduce the derived cate- 
gory D>(kx) of Mod(kx) and to construct the derived operations on sheaves. 

We also introduce ringed sites and rapidly show that the category of modules 
over a sheaf of rings has essentially the same properties than that of abelian sheaves. 
We end this chapter with a brief introduction to ringed sites. 

Notation. Recall that k denotes a commutative unital ring with finite global 
dimension (see [Wei94, 4.1.2]). As already mentioned, we shall write ® instead 
of ®,, Hom instead of Hom,. We proceed similarly with k replaced with ky and 
for the derived functors. 

Some references: [SGA4, KS06]. 


9.1 Abelian sheaves 


In Sections 9.1-9.3, we assume that & = Mod(k) and that X is a site satis- 
fying (8.3.4). Recall the notations Mod(kx) = Sh(X,Mod(k)) and Hom,, = 


Hom; d(kx)" 
The sheaf ky 


Recall that kx denotes the sheaf associated with the constant presheaf k x: UBk 
and that this sheaf is called the constant sheaf on X with stalk k. 
For U € @x, one sets for short kxy := (kx)v. 


Proposition 9.1.1. Let F € Mod(kx) and let U € @x. One has the isomorphisms 
(9.1.1) Fy ~kxu ® F, 
(9.1.2) Hom (kx, F) ~ F, Hom (kxu, F) ~ TF. 


Proof. (i) The isomorphism (9.1.1) is a particular case of Proposition 8.7.13. 


(ii) The first isomorphism in (9.1.2) follows from Definition 8.3.10 and isomor- 
phism 8.7.11. Let us prove the second isomorphism. 
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For G € Mod(kx), one has the chain of isomorphisms (using Proposition 8.7.15): 
Hom, . (G, Hom (kxu, F)) Bd Hom, , (G ®& kxv, 5 F) 
~ Hom, (Gu, F’) ~ Hom, . Grip GF) 
~ Hom, (G, lig F) = Hom, (G,TuF). 


Since these isomorphisms are functorial with respect to G, the result follows from 
the Yoneda Lemma. ‘ie 


Applying the functor '(X; +) to the second isomorphism (9.1.2) and using (8.7.5), J 
we get that for F’ and U as above, one has 


(9.1.3) F(U) ~ Hom,, (kxu, F). 
Recall Definition 5.4.1. 


Proposition 9.1.2. the family {kxu}veg, is a system of generators of the category 
Mod(kx). 


Proof. A morphism of sheaves y: F — G is an isomorphism as soon as for each 
U € 6x, p(U): F(U) > G(U) is an isomorphism. 
Then the result follows from (9.1.3). 


Remark 9.1.3. When X is a topological space, one better uses the functors in 
and iz, rather than jy, and ae respectively. 

If U, V are open subsets, then U x x V = UNV. It follows that the morphism of 
sites iy corresponds to the continuous embedding U <~ X. Since the composition 
of morphisms of sites 


(9.1.4) US 

is the identity, we obtain: 

(9.1.5) iz oip, & id, tf ot, ~ id. 
Hence, iy, and zy, are fully faithful in this case. 


Lemma 9.1.4. Let y: F + G be a morphism in Mod(kx). Denote by “Im” y and 
“Coim” y the image and coimage of this morphism in the category PSh(kx) (ie., the 
image and coimage of tx(y)). Then Imy ~ (“Im”y)* and Coimy ~ (“Coim” y)*. 


Proof. By Theorem 8.6.6, the category Mod(kx) admits small limits and colim- 
its. Denote by “@” and “Coker” the coproduct and the cokernel in the category 
PSh(kx). Then (recall Lemma 5.1.1): 
Coim y = Coker (F Xo FS F) 
~ (“Coker” (F xgGFaF))*~ ‘es Coim” (y))° 
Im y=ker(G =3GOr G)) ~ ker (G = (G “ i a .) 


~ (ker(G = G“®” G))* ~ (“Im” ())* 


Here, the fourth isomorphism follows from the fact that the functor * being exact, 


it commutes with kernels. It follows that for a morphism y: F > G in Mod(kx), 
the natural morphism Coim y — Im y is an isomorphism. 
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Theorem 9.1.5. The category Mod(kx) is an abelian Grothendieck category. 


Proof. The additive category Mod(kx) is abelian thanks to Theorem 8.6.6 and 
Lemma 9.1.4. It admits a small system of generators thanks to Proposition 9.1.2 


Remark 9.1.6. The object  := Ducés kxv is a generator of the abelian category 
Mod(kx). 


Corollary 9.1.7. Let py: F — G be a morphism in Mod(kx). Then vy is an epimor- 
phism if and only if, for any U € @x and any t € G(U), there exists Y € Cov(U) 
and for any V € SF there exists s € F(V) with p(s) =t in G(V). 


Proof. As above, denote by “Im” the image of y in the category PSh(kx). Since 
this presheaf is a subpresheaf of the sheaf G, it is separated. Hence Im(y) ~ 
(“Im”(y))* and 


I ~ li Pls” ; 
OE SO wee) 
Now y is an epimorphism if and only if Imy ~> G. Let t € G(U). Since Cov(U)°? is 
filtered, t € Im(y)(U) if and only if there exists Y € Cov(U) witht € “Im”(y)(.7). 
The result follows. 


Corollary 9.1.8. Let F’ 4 F *, F" bea complex in Mod(kx). Then the conditions 
below are equivalent: 


(a) this complex is exact, 


(b) for any U € @x and any s € F(U) such that w(s) = 0, there exist a covering 
SF € Cov(U) and for each V € YS there exists t € F’(V) such that y(t) = sly, 


(c) there exists a covering SY of X such that the sequence F"\y 7 F\y = Fly is 
exact for any U € .Y, 


(d) for any covering SY of X and any U € SY, the sequence F"\y % F\y Bat Fly is 
exact. 


Proof. (a) is equivalent to saying that the natural morphism Imy — kerw is an 
epimorphism, and this last condition is equivalent to (b) by Corollary 9.1.7. 

(a) <= (c) © (b) follow from Corollary 8.5.5 and the isomorphisms, for U € @x, 
(Im ¢)|u ~ Im(y|v), (ker })|u ~ ker(HIu). 


Corollary 9.1.9. Assume that X is a topological space. Then a complex F’ > 
F > F" in Mod(kx) is exact if and only if the sequence F! > F,, > F"" is exact in 
Mod(k) for any x € X. 


Examples 9.1.10. Recall Examples 8.1.7. 


(i) Let X be a real a manifold of class C°® and dimension n. The augmented de 
Rham complex is the complex 


(9.1.6) 636, Go St 0 
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where d is the differential. This complex of sheaves is exact. In other words, the 
sheaf Cx is quasi-isomorphic to the de Rham complex 


(9.1.7) GS GO Sea GO 9 0), 


The same result holds with the sheaf @¢ replaced with the sheaf Hbx or, assuming 
that X is real analytic, with the sheaf @Y or the sheaf Bx. 


(ii) Let X be a complex manifold of dimension n. The augmented holomorphic de 
Rham complex is 


(9.1.8) (0S 


where d is the holomorphic differential and, as already mentioned, (4 denotes the 
sheaf of holomorphic p-forms. In particular, OY = @x. This complex of sheaves 
is exact. In other words, the sheaf Cx is quasi-isomorphic to the holomorphic de 
Rham complex 


(9.1.9) 630) S420) 30. 


9.2 Flat sheaves and injective sheaves 


Let X be a site. A sheaf on X is injective (resp. projective) if it is an injective (resp. 
projective) object of Mod(kx). 


Flat sheaves 


Definition 9.2.1. Let F’ € Mod(kx). One says that F is flat if the functor F' @ « 
is exact. 


Although, in general, the category Mod(kx) does not have enough projectives 
(see [KS90, Exe. II. 23]), it admits enough flat objects and Proposition 9.2.4will 
allow us to derive the tensor product. 


Lemma 9.2.2. Let U € @y. Then the sheaf kxy is flat. 


Proof. We have already proved that for F € Mod(kx), one has an isomorphism 
Fy ~kxy © F and that the functor F' +> Fy is exact. 


Proposition 9.2.3. Let {G;}icr be either a small family or a filtered small inductive 
system of flat sheaves. Then @;<, Gi or colim G; is flat. 


Proof. For F € Mod(kx), the functor + ® F commutes with small direct sums as 
well as with small filtered colimits. 


Recall Definition 7.2.1. 
Proposition 9.2.4. The category of flat sheaves is generating in Mod(kx). 


Proof. We have already seen in Remark 9.1.6 that ¥ = Qycy, kxu is a generator 
of Mod(kx). Let F € Mod(kx). By Lemma 5.4.2, there exists a small set J and an 
epimorphism ¢®!—»F’. Since the sheaves kyy are flat and small direct sums of flat 
sheaves are flat, the sheaf Y®! is flat. 
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Recall Proposition 7.4.4 and Definition 7.4.2 


Corollary 9.2.5. Denote by ¥ the full additive subcategory of Mod(kx) consisting 
of flat sheaves. Then for G € Mod(kx), the category ¥ is (G® +)-projective and 
FX F if ®-projective. 


Recall Definition ?? (and it extension to bifunctors). 


Proposition 9.2.6. Assume that X is a topological space. Then the right exact 
bifunctor ® has finite cohomological dimension. 


Proof. For x € X, (F, ® Fo)z ~ (Fi)2 ® (F5)2 and it follows that F is flat if and 
only if F, is a k-flat module. Moreover, since (Hi (F; ® F2)), ~ H?((Fi ® F2)x), we 
get that the cohomological dimension of the functor F' @,, * (F € Mod(kx)) is the 
same as that of the functor M @, * (M € Mod(k)). This dimension is finite thanks 
to the hypothesis that k has finite global dimension. 


Proposition 9.2.7. Let f: X — Y be a morphism of sites. Let G € Mod(ky) and 
assume that G is flat. Then f~'G is flat in Mod(kx). 


Proof. We shall only prove this result on topological spaces, referring to [KS06, 
Lem. 18.6.7] for the general case (which is more difficult). By Example 9.1.9, a 
complex fF’ + F — F” in Mod(kx) is exact if and only if, for all « € X, the 
sequence FY — F, > F!’ in Mod(k) is exact. Therefore, a sheaf H on X is flat if 
and only if H, is a flat k-module for all « € X. Since (f-'G), ~ Gy), the result 
follows. 


Injective sheaves 


Since the category Mod(kx) is a Grothendieck category (Theorem 9.1.5), it admits 
enough injective objects by Theorem 5.4.4. 


Proposition 9.2.8. Let F,G € Mod(kx). 
(a) Assume that F is injective and G is flat. Then Hom(G, F’) is injective. 


(b) Let {Fi}ier be a small family of injective sheaves. Then |],_, Fi is injective. 


Proof. (a) follows from the isomorphism Hom(+, “om(G,F')) ~ Hom(*+ @G, F) 
since the functor on the right-hand side is exact. 


(b) follows from the isomorphism Hom (+, [[,<; Fi) © [],-, Hom (+, Fi) and the fact 
that [[,.; is exact on Mod(k). 


Proposition 9.2.9. Let f: X + Y be a morphism of sites. Let F € Mod(kx) and 
assume that F' is injective. Then f,F is injective in Mod(ky). In particular, for 
U € &x, iy FE is injective in Mod(ky) and TyF is injective in Mod(kx). 


Proof. (i) By hypothesis, the functor Hom,, (+, ') is exact on Mod(kx). Since 
the functor f~" is exact , we get that the functor Hom, (f~'(+), F) is exact on 
Mod(ky). Then the result follows by adjunction. 


(ii) Since ig F wae FF and lyk = iv.ty F, the proof is complete. 


Proposition 9.2.10. Let F € Mod(kx) and assume that F is injective. Then the 
functor Zom(*, F’) is exact. 
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Proof. Let U € @x and let G’ + G — G" be an exact sequence in Mod(kx). Since 
Ty F is injective, the sequence Hom (G", Ty F’) — Hom (G, lu F) + Hom (G', ly F) 
is exact. Then the result follows from the isomorphisms 


Hom (H,lyF) ~ Hom (Hy, F) ~ Hom (ky, #om (HA, F)) ~ TU; Hom (A, F)). 


Remark 9.2.11. Since Mod(kx) is a Grothendieck category, there are enough in- 
jective sheaves. However, such sheaves are not easy to construct. When X is a 
topological space and k is a field, one can show that flabby sheaves (see § 10.5) are 
injectives (see Exercise 10.13 below). 


Example 9.2.12. Let X denote a real analytic manifold. The sheaf @y of Sato’s 
hyperfunctions is injective (as a Cx-module), contrarily to the sheaf Dbx of Schwartz’s| 
distributions (see Exercise 10.9 below.) 


9.3 The derived category of sheaves 


Recall that Mod(kx) is an abelian Grothendieck category and, in particular, admits 
enough injectives (see Theorem 5.4.4). Hence we may derive all left exact functors 
defined on Mod(kx). Using Proposition 9.2.4 we get that Mod(kx) has enough 
flat objects and this allows us to derive the tensor product functor. We denote by 
D*(kx) the derived category D*(Mod(kx)), with * = +,—,b, ub. 


Notation 9.3.1. We have already encountered the left exact functors [(U; +) and 
T'(X; *) (see Proposition 8.6.7). Classically, for a sheaf F’ one sets 


HI(X:F) = HIRT: FP), 
and similarly with U instead of X. 
Applying the results of Part I, we get: 


Theorem 9.3.2. Let f: X — Y be a morphism of sites and let U € @x. The 
functors below are well defined (here, we use the fact that the homological dimension 
of k is finite): 


RHom(+, +): D7 (kx)°? x Dt (kx) > D*(k), 
R.#om(+, +): D7 (kx) x Dt (kx) > Dt (kx), 
f+: D*(ky) — D*(kx) (* =b,+4+,-), 

Rf,: Dt (kx) > Dt (ky), 

RI(X; +): Dt(kx) > Dt(k), 


ou Dik) kia spe). Ga i4-), 
ju. Zig': D*(kx) > D*(ky) ~(« =b,+4+,-), 

jo’ & ivy: D*(kv)  D*(kx) (* =b,+,-), 

Riy,: Dt (ky) + Dt (kx). 


9.3. THE DERIVED CATEGORY OF SHEAVES 161 


There are other functors which are combinations or particular cases of the pre- 
ceding ones, such as the functor F' ++ Fy defined on D*(kx) (* = b,+,—) or the 
right derived functor RIy(*): Dt(kx) + D*(kx). 

Then one can extend much of the preceding formulas to the derived functors and 
obtain the next important formulas. 


Theorem 9.3.3. (a) For F, F3 € D7 (kx) and Fy € Dt(kx) one has: 


(i) RHom (Fi, Fh) ~ RV(X; RHom (Fi), F)), 
L 
(ii) Rw#om (FF, Fy) Y RHom (Ff, R Hom (FP, F,)). 


(b) Let f: X > Y be a morphism of sites and let F € D* (kx), G,G1, Gp € D7 (ky). 
Then 


(i) R¥om(G, RFF) ~ Rf, Rom (f7'G, F), 
(ii) FG Of G2 ~ f-(G.BG,). 


Proof. (a)—(i) One represents Ff by a complex, bounded from above, of flat sheaves 
and F by a complex, bounded from below, of injectives sheaves. Then the result is 
deduced from (9.1.3) and Proposition 9.2.8 (a). 


(a)—(ii) The non derived formula is proved in Proposition 8.7.15. Then replace F, 
and F3 with complexes bounded from above of flat sheaves and Fy with a complex 
bounded from below of injectives sheaves. This gives the result thanks to Proposi- 
tion 9.2.8. 


(b)—(i) One replaces F’ with a bounded from below of injective sheaves and use the 
fact that direct images of injective sheaves are injective (Proposition 9.2.9 (a)). 


(b)—(ii) Replace G, (or G2) with a bounded from above complex of flat sheaves and 
use the fact that inverse images of flat sheaves are flat (Proposition 9.2.7). 


There are many other important formulas, such as: 


(7) Homp.a,)(0,°) & H°RHom (+, *), 


Gog’ So" er. RG og). = By,6 Ra, 
(iid) RE(U; F) © RHom (kxy, F). 


Indeed, (i) is a particular case of Theorem 7.4.9, the first isomorphism in (ii) is clear 
and the second follows by adjunction and, finally, (iii) follows from Proposition ??. 


Notation 9.3.4. In the literature, one often encounters the following notations: 


Ext!(F,G) = Hi(R#om(F,G)), Ext?(F,G) = H)(RHom(F,G)), 


For (F,G) = H-(F&Q), Tor,(F,G) = H-i(RE(X; FG), 
A(X: F) = A(RI(X: F)) . 
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9.4 Modules over sheaves of rings 


It is possible to generalise the preceding constructions by replacing the constant 
sheaf ky with a sheaf of rings @. We shall only present here the main ideas of this 
theory, skipping some details. 

A sheaf of k-algebras (or, equivalently, a ky-algebra) x on a site X is a sheaf 
of k-modules such that for each U € @y, &x(U) is endowed with a structure of a 
k-algebra and the operations (addition, multiplication) commute to the restriction 
morphisms. If #x is a sheaf of rings, ZY is the sheaf of rings U H #x(U)?. A 
sheaf of Z-algebras is simply called a sheaf of rings. 

If x is a sheaf of rings, one defines in an obvious way the notion of a presheaf 
F of (left) @x-modules as follows: for each U € Gx, F(U) is an &x(U)-module 
and the action of Zx(U) on F(U) commutes to the restriction morphisms. One also 
naturally defines the notion of an #y-linear morphism of presheaves of #x-modules 
and we get the abelian category PSh(#x)) of such presheaves. 

A sheaf of #y-modules, or simply, an #y-module, is a presheaf of #y-modules 
which is a sheaf of ky-modules. Hence we have defined the category Mod(# x) of 
&x-modules. Note that the forgetful functor 


(9.4.1) jor? Mod(&x) — Mod(kx) 


is faithful and conservative. 
Moreover, the functor *: PSh(ky) — Mod(kx) induces a functor 


(9.4.2) oe PSh(&x) => Mod(&x) 
left adjoint to the embedding vx: Mod(#x)  PSh(#x). 


Examples 9.4.1. (i) Let R be a k-algebra. The constant sheaf Ry is a sheaf of 
k-algebras. In particular, ky is a sheaf of k-algebras. 

(ii) On a topological space, the sheaf @Y is a Cx-algebra. If X is a real differentiable 
manifold, the sheaf @& is a Cx-algebra. The sheaf Ybx is a €-module. 

(iii) If X is complex manifold, the sheaves Gx and Yx are Cx-algebras and Cx is 
a left Dy-module. 


The next result is obvious. 


Lemma 9.4.2. Let u: F + G be a morphism in Mod(&x) and denote by for(u) 
its image by the functor for of (9.4.1). Then ker(for(u)) and Coker(for(u)) belong 
to Mod(&x) and are respectively a kernel and a cokernel of u in this category. 

More generally, the category Mod(#x) admits small limits and small colimits 
and these limits commute with the functor for. 


By using this lemma, Theorem 9.1.5 extends naturally to the case of #x- 
modules. 


Theorem 9.4.3. Let Zx be a sheaf of k-algebras on a site X. 


(i) The category Mod(#x) admits small limits and such limits commute with the 
functor tx. 
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(ii) The category Mod(#x) admits small colimits. More precisely, if {Fi}ier is 
an inductive system of &x-modules, its colimit is the sheaf associated with its 
colimit in PSh(#x). 


(iii) The functor tx: Mod(&x) — PSh(#&x) is fully faithful and commutes with 
small limits (in particular, it is left exact). The functor ° : PSh(@x)) > 
Mod(&x) commutes with small colimits and is exact. 


(iv) Small filtered colimits are exact in Mod(#x). 


(v) Let p: F > G be a morphism in Mod(&x). Denote by “Im” y and “Coim”y 
the image and coimage of this morphism in the category PSh(&x) (ie., the im- 
age and coimage of tx(y)). ThenImy ~ (“Im”)? and Coimy ~ (“Coim”y)* | 


(vi) The category Mod(&x) is an abelian Grothendieck category. Moreover, the 
functor for in (9.4.1) is faithful, exact and conservative. In particular, a com- 
plex F" + F — F" in Mod(&x) is exact if and only if it is exact when applying 
the functor for. 


One defines naturally the functors 


Hom g: Mod(#x)°? x Mod(#x) + Mod(kx), 
* @g, °: Mod(#y) x Mod(#x) > Mod(kx). 


If Zy is a sheaf of commutative algebras, then these two functors take their values 
in Mod(#x). 

Let f: X — Y be a morphism of sites and let Zy be a ky-algebra. Clearly, 
fy is a kx-algebra and the functors below are well defined and adjoint one to 
each other. 


Mod(f Ry) ~Mod(4y). 


pot 


Moreover, the functor f~! is exact, thanks to Theorem 9.4.3 (vi). 


Definition 9.4.4. Let @y be a sheaf of k-algebras on the site X and let F bea 
sheaf of #y-modules on X. 


(i) F is injective (resp. projective) if F’ is an injective (resp. a projective) object 
in the category Mod(&x). 


(ii) Fis flat if the functor + @g. F is exact, 


Remark that, if X is a topological space, F is flat if and only if F), is an Zx,,-flat 
module for any « € X. 
Propositions 9.2.9 and 9.2.10 extend to @-modules. In particular: 


Proposition 9.4.5. Let Zy be a sheaf of k-algebras on Y and let f: X > Y bea 
morphism of sites. Let F € Mod(f!&y). Then f,F is injective in Mod(&y). 


Proof. This follows immediately from the adjunction formula in Theorem 8.7.3 and 
the fact that the functor f~ is exact. 
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By the same proof as for Proposition 9.2.10, we get; 


Proposition 9.4.6. Let F © Mod(#x) and assume that F is injective. Then the 
functor Hom g,(°,F) is exact. 


Proposition 9.4.7. Let & be a sheaf of k-algebras on the site X and let G € 
Mod(&°?). Then the category of flat Z-modules is projective with respect to the 
functor G @g, °. 


The proof goes as for Proposition 9.2.4. 
Similarly as in Theorem 9.3.2, for f: X — Y amorphism of sites and for U € @x, 
the functors below are well defined. 


RHomg,(*,°): D (&x)°? x Dt (2x) + D*(k), 
Rom g,(*, +): D-(#x)® x Dt (#x) + Dt (kx), 
f?:D'(By) 3 D*(f By) (*=b,+,-), 

Rfs: D'(f“"By)) > Dt (By), 

R(X; +): D*(@x) + D*(A(X)), 

+g, (AP) x D-(Bx) 4 D-(kx) 

nee = ig’: D*(#x) = D*(Zu) (* = b, a ==); 

jg’ & ivy: D*(By) > D*(Bx) (* =b, +,- 
Riv.«: D*(&y) = Dt (&x). 


SS 


’ 


One can also extend Theorem 9.3.3 to @-modules. We leave the exact formulation 
to the reader who will be aware that formula (a)—(ii) needs to be modified if Zx is 
not commutative. 


9.5 Ringed sites 


Definition 9.5.1. (i) A k-ringed site (or simply, a ringed site) (X, @x) is a site 
X endowed with a sheaf Ox of commutative kx-algebras. 


(ii) Let (X, @x) be aringed site. A locally free @y-module -@ of rank m is an Ox- 
module such that there is a covering Y of X and for each V € .Y%, @y-linear 
isomorphisms “@|y ~> (Ox|y)™. 


(iii) If m = 1, one says that -@ is a line bundle. 


(iv) If there exists a globally defined isomorphism .@ > (@x)™ on X, one says 
that .@ is globally free. 


We shall construct locally free sheaves. 

Let (X, @x) be a ringed site and consider the situation of Theorem 8.8.3. If all 
F;’s are sheaves of @x|y, modules and the isomorphisms 0; are @x|y,,-linear, the 
sheaf F' constructed in Theorem 8.8.3 will be naturally endowed with a structure of 
a sheaf of @y-modules. 
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Definition 9.5.2. Let (X, @x) be a ringed site. Denote by @ the abelian sheaf of 
invertible sections of Cx. 


(i) A l-cocycle (c,.%) on X with values in @¥ is the data of a covering .Y = {U;}; 
of X and for each pair U;,U; € % a section c;,; € T(Ui;;0<¢), these data 
satisfying: 


(9.5.1) Cij * Cjk = Cik ON Ugh: 


(ii) If there exists a family c; € [(U;; @¥) (Ui € /) such that 
(9.5.2) Cij = Gi a on Uiy, 
one says that the 1-cocycle (c,.7%) is a coboundary. 


In the sequel, we still denote by cj the automorphism of #x|y,, given by multi- 
plication by the section cj. 


Proposition 9.5.3. (i) Consider a 1-cocycle (c,.%) on X with values in By. 
There exists a unique sheaf LY. with the following property: for each U; € -Y, 
there exists an isomorphism 0;: &x\v, ~+ Lolu, and 5 of; = cq; on U;; for 
any Uy,U; EH: 


(ii) Assume that the 1-cocycle (c,-%) in (i) is a coboundary. Then the sheaf LZ is 
isomorphic to &x. 


Proof. (i) follows immediately from Theorem 8.8.3, by choosing 6;; = C;i. 
(ii) Consider the isomorphisms 


ri [= Cj -O;: Ax; ~“ & 


U;: 


Since 0;; = 4; 06°} and cj; = ¢;- Gs we get Ailu,, = Ajlu,;- Applying Theorem 8.5.4 
and Corollary 8.5.5, the isomorphisms ,’s will glue as a global isomorphism #y > 
os 


Example 9.5.4. Let X = P'(C), the Riemann sphere. Consider the covering of X 
by the two open sets U; = C, Up = X \ {0}. One can glue @x|y, and @x|y, on 
U, U2 by using the isomorphism f +> 2™f (k € Z). One gets a locally free sheaf 
of rank one denoted by @p:1(m). For m ¥ 0, this sheaf is not free. 


Exercises to Chapter 9 


Exercise 9.1. Let X be a topological space and let Y be an open covering stable by 
finite intersections and which is a basis for the topology of X (that is, for any x © X 
and V € Opxwith x € V, there exists U C V with x € U andU € Y). Let us 
consider YW as a full subcategory of Opy, hence as a presite. Denote by Y the presite 
@ endowed with the Grothendieck topology defined as follows: a family of objects 
of M% is a covering of U if it is a covering in X (that is, in the usual sense). Denote 
by f: X — Y the natural morphism of sites. Prove that f,: Mod(kx) - Mod(ky) 
is an equivalence of categories. 
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Exercise 9.2. Let V be a real finite dimensional vector space and let X be an 
open subset of V. Let Y be the site defined as follows: the objects of Gy are the 
non-empty convex open relatively compact subsets of X and the morphisms are 
the inclusions. The covering are those induced by the topology of X. Denote by 
p: X — Y the natural morphism of sites. 

Using Exercise 9.1, show that p, induces an equivalence Mod(kx) > Mod(ky) 
and deduce that a sheaf F on X is constant if and only if for any morphism u: U, > 
U2 in Y, F(u) is an isomorphism. 


Exercise 9.3. Let X = R? with coordinates (x,y), Y = R and let p: X — Y be 
the projection (x,y) > x. Let 


Zo = {(2,y) € R’;2y > 1}, 2, ={(2,y) € R?;2y > 1,2 > 0}, 
Zo = {(,y) € R232? +? = 1}. 


Calculate Rp,kxz, for i = 0,1, 2. 


Exercise 9.4. Let X = R*, S = {(2,y,2z,t) € R45 t4 = 274+ y? + 27;t > 0} and let 
f: SX be the natural injection. Calculate (Rf,.kKs)o. 


Exercise 9.5. Let & be a sheaf of commutative rings on a topological space X. 
Prove that a sheaf F’ of @-modules is injective in the category Mod(&) if and only 
if, for any sheaf of ideals % of #, the natural morphism I'(X; F’) > Hom g(-%, F’) 
is surjective. 


Exercise 9.6. Let P'(C) be the Riemann sphere. 

(i) Construct an isomorphism of line bundles Oe. ~ Opnc)(—2). 

(ii) Prove that the line bundles @p:(c)(1) and @p1(c)(m) are not isomorphic for 1 ~ m. 
(Hint: reduce to the case where / = 0.) 


Chapter 10 


Sheaves on topological spaces 


In this chapter we restrict our study of sheaves of k-modules to the case of topolog- 
ical spaces. We first introduce the functors (*)z and I'z(*) associated to a locally 
closed subset Z. Then we define Cech complexes associated with open or closed 
coverings and prove the “Leray’s acyclic coverings theorem”. Then we study locally 
constant abelian sheaves and prove that the cohomology of such sheaves is a homo- 
topy invariant. Using the Cech complex associated to an open or a closed covering, 
we show how to compute the cohomology of spaces which admit coverings by con- 
tractible subsets. Finally, we apply these techniques to calculate the cohomology of 
some classical manifolds. 


10.1 Restriction of sheaves 


We shall identify a topological space X with the site associated to the category 
Op, of open subsets of X, the morphisms being the inclusion morphisms and the 
coverings being the usual coverings: a small family {U;};<7 of open sets ia a covering 
of U € Opx if U; C U for all i and U, U; = U. Note that the site X has a terminal 
object, namely the whole space X. 

We denote by 


(10.1.1) ax: X + pt 


the natural continuous map. Zz 

If A is a subset of a topological space X , we denote by A its closure, by IntA its 
interior and we set 0A = A \ Int A. 

Let Z be a subset of X, 717: Z — X the inclusion. One endows Z with the 
induced topology and for F’ € Mod(kx), one sets: 

Flz=i7'F, 
EZ Pali 4iay P: 

If Z is open, these definitions agree with the previous ones. The morphism F’ > 
izyig F defines the morphism ax, F > Aziz F, that is, the morphism: 


(Xx; F) > [(Z; F). 
One denotes by s|z the image of a section s of F’' on X by this morphism. 
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Replacing X by an open subset U containing Z, we get the natural morphism: 


(101.2) colim P(U; F) > T(Z;F). 


This morphism is injective. Indeed, if a section s € [(U; F) is zero in T'(Z; F’), this 
implies s, = 0 for all x € Z, hence s = 0 on an open neighborhood of Z. But one 
shall take care that this morphism is not an isomorphism in general. This is true in 
some particular situations (see Proposition 10.1.2). 


Definition 10.1.1. (i) A subset Z of a topological space X is relatively Hausdorff 
if two distinct points in Z admit disjoint neighborhoods in X. If Z = X, one 
says that X is Hausdorff. 


(ii) A paracompact space X is a Hausdorff space such that for each open covering 
{U;}ier of X there exists an open refinement {V;}j<, (i.e., for each 7 € J there 
exists i € I such that V; C U;) which is locally finite. 


Recall that, by its definition, a compact set is in particular Hausdorff. 

If X is paracompact and {U;}; is a locally finite open covering, there exists an 
open refinement {V;}; such that V; Cc U;. Closed subspaces of paracompact spaces 
are paracompact. Locally compact spaces countable at infinity (7.e., countable union 
of compact subspaces), are paracompact. 


Proposition 10.1.2. Assume one of the following conditions: 
(i) Z is open, 

(ii) Z is a relatively Hausdorff compact subset of X, 

(iii) Z is closed and X is paracompact. 

Then the morphism (10.1.2) is an isomorphism. 


Proof. (i) is obvious. 
(ii) Let s € [(Z; F). There exist a finite family of open subsets {U;}"_, covering 
Z and sections s; € T(U;;F) such that s;|zqu, = s|zqu,. Moreover, we may find 
another family of open sets {V;}", covering Z such that ZV; C U;. We shall glue 
together the sections s; on a neighnorhood of Z. For that purpose we may argue by 
induction on n and assume n = 2. Set Z; = ZNV;. Then s1|z,qz, = 82|z,nz). Let 
W be an open subset of X such that s;|yj = s2|yw and let W;(¢ = 1,2) be an open 
subset of U; such that W; > Z;\\W and W,NW, = @. Such W;’s exist thanks to 
the hypotheses. Set U’; = W; UW, (¢ = 1,2). Then si|u.qu, = Seluynu,. This 
defines t € [(U’; UU"; F) with t|z = s. 

(iii) We shall not give the proof here and refer to [God58}. 


Let f: X — Y be a continuous map and let F' be a sheaf on X. Let y € Y. The 
natural morphism colim [(f-'V; F) > T(f7'(y); Fl] p-1q)) defines the morphism: 
Dy 


(10.1.3) (fF )y + T(f"(); Flea): 


This morphism is not an isomorphism in general. 
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Examples 10.1.3. (i) Assume f is an open inclusion U — X, let G € Mod(ky) 
and choose x € OU (=U \U). Then f7'(z) = @ and I'(f71(x); G];-1(z)) = 0 but 


(Fe@ x = colim D(U NV; G), 


where V ranges through the family of open neighborhoods of x in X, and this group 
is not zero in general. 

(ii) Let X = C with coordinate z = x+iy, Y =R, f : X — Rthe map f(r+iy) = y. 
Then 


(f-@c)o = colimT({|y| < ¢}; @c), 
I(f7*(0); Gclp-1@) & colim I'(U; Gc) where U ranges through the family 


of open neighborhoods of R in C. 


Note that the family of open neighborhoods of R in C is not countable. 


10.2 Sheaves associated with a locally closed sub- 
set 


Let X be a topological space, U an open subset of X and F' € Mod(kx). Recall 
that Fy =jo' ju, F & iuiig' F. 

Propositions 10.2.1, 10.2.3 and 10.2.4 below are easy exercises whose proofs are 
left to the reader. Note that some of these results were already proved in Proposi- 
tion 8.7.8. 


Proposition 10.2.1. (i) The functor (*)y: Mod(kx) — Mod(kx), FH Fy, is 
exact and commutes with inductive limits. 
(ii) One has Fy ~ F @kxu. 
(iii) Fora € X, (Fu)2 ~ Fy or (Fu)s & 0 according whether x € U or not. 
(iv) Let U, and Uy be two open subsets of X. Then (Fy, )u, = Fu,nue- 
) 


(v) Let U, and Uy be two open subsets of X. Then there is an exact sequence 


(10.2.1) 0 > Fuynu, > Fu, © Fu, * Fru, > 0. 


Here a = (a1,Q2) and 6 = 6B, — By are induced by the natural morphisms 
Qi; : Fu, nu, —> Fy, and fore fy, —> Fy,uup- 


Now set S := X \U. For F € Mod(kx), define the sheaf F's by 
(10.2.2) Fs = ig,ig F. 


Notation 10.2.2. For a closed set S C X one sets kyg := (kx)g. If there is no 
risk of confusion, we also write kg instead of kygs. This last notation is justified by 
Remark 10.2.5 bellow. 
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Proposition 10.2.3. (i) There is a natural exact sequence 0 > Fy > F > 
Fs —> 0. 


The functor (*)s: Mod(kx) > Mod(kx), Ft} F's, is exact. 
One has Fy ~ F @®kxg, where one sets kxg := (kx) for short. 


) 
) 
(iv) Forx € X, (Fs)z ~ Fy or (Fs)2 ~ 0 according whether x € S or not. 
) Let S’ be another closed subset. Then (F's)s: = Fsnsy. 

) 


Let S; and S_ be two closed subsets of X. Then the sequence below is exact: 


(10.2.3) 0 = F's,Us> a Fs, SP) Fs, s F'3.n8> = 0. 
Here a = (a1,Q2) and B = 6B, — By are induced by the natural morphisms 
Og? Feige, — Fy, and 6, 2 Fs. f gage: 


Recall that a locally closed set Z is the (non unique) intersection of an open 
subset U and a closed subset S of X. For F € Mod(kx), one sets 


Fz :=(Fu)s, kxz =(kx)z, 


(10.2.4) [2(F) = Hom(kxz,F), Vz(X;F) =Hom(kyz, F). 


One checks easily that the definition of Fz does not depend on the choice of U and 
S such that Z=UNS. 


Proposition 10.2.4. (i) The functor (*)z: Mod(kx) — Mod(kx), F 4 Fz, is 
well defined and satisfies the properties (ii)-(v) of Proposition 10.2.3 (with S 
replaced by Z). 


(ii) Let Z be as above and let Z’ be a closed subset of Z. One has an exact sequence 


(10.2.5) 0 Faz > Fy > Fz > 0. 


(iii) One has for Z=UAS: 
[z(X; F) = {s € T(U; F);supp(s) is contained in Z}. 
Let U,, Uz be open subsets, 51, S_ closed subsets, Z a locally closed subset of X, 


Z' a closed subset of Z. Consider the exact sequences (10.2.1), (10.2.3) and (10.2.5). 
They give rise to distinguished triangles in the category Dt (kx): 


+1 
Fu,ne =7 fu, @ Fy, _ Fu,uu2 —, 


a) 
F'3,U5, > F's, 8 F's, > F’s,n5, —; 
eT 
Pavz! > Fy > Fy. 


Choosing F’ = kx and applying the functor R#om (+, F’), we get new distinguished 
triangles, called Mayer-Vietoris triangles : 


(10.2.6) River Rie? OR ef + Rime? — 
(10.2.7) Rl gaaf > BaF ORF = Braue? 


(10.2.8) RI'z(F) 3 RVz(F) > RP ag (F) +>. 
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When applying RI'(X; ©), we find other distinguished triangles and taking the co- 
homology, we find long exact sequences, such as for example the Mayer-Vietoris long 
exact sequences : 


(10.2.9) --- > H9(U, UU; F) > H?(U,; F) ® H? (U2; F) 

+ Hi(U, 0 U2; F) 3 HI (U, UU2; F) > --- 
(10.2.10)--- + H?(X; Fs,us,) + H?(X; Fs,) ® H?(X; Fs,) 

P(X, Feng) EP A Puig) 


Remark 10.2.5. Let S be a closed subset of X. Then 
(10.2.11) RI'(X; Fig) ~ RV(S; F's). 
Indeed, denote by ig: S —~ X the embedding. Then 


Rax,is,ig' F ~ Rax.Rigyig F 
~Rax oig,is F & Rag,is F. 
Note that (10.2.11) would not remain true when replacing S with an open subset. 


When Z is locally closed in X, one also sets 


(10.2.12) Hi(F) = Hi(RIz(+))(F), Hi(X;F) = H7(RT2(X; -))(F). 


10.3. Cech complexes for open coverings 


The constructions and results of this section could be formulated in the more general 
setting of sites but for simplicity we reduce our study to topological spaces.. 
Let Iora be a totally ordered set and denote by J the underlying set. For J C J, 
J finite, we denote by |./| its cardinal. We endow J with the order induced by J. 
Denote by {e;}ie7 the canonical basis of Z®!. For J C Ina, J = {to < i < +++ < 
ip}, we denote by e; the element e;, A--- Ae, of A?** Z®!. For o a permutation of 
the set J with signature ¢,, we have in A\?** Z°: 


€o(J) = Eo€s- 


Consider a family Y := {U;}ier of open subsets of X. For @ 4 J CI, J finite, set 


Uy=[ | Uz 


ied 


Now let F € Mod(kx). For J as above andi € J, we denote by Bu, : Fu, > Foy yy 
the natural morphism. We set for p > 0 


FY = BOB Fy, @eyz 


ICIora,|J|=p+1 
and we define the differential 


. GZ U 
(10.3.1) d: FY, FY, 
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by setting for s; € Fy, (see Remark 5.7.8): 


d(s7 ®e,) =) Ban( ss) @eley 


ied 


One easily checks that 
goud=V. 


Then we have the Cech complex in Mod(kx) in which the term Ee is in degree —p. 
(10.3.2) FE eae I Sa SEP S FY 0. 

We also consider the augmented complex 

(10.3.3) Fe = FY SS YS PY PO. 


Proposition 10.3.1. Let Y be an open covering of X. Then for each ip € T, 
the restriction to U;,, of the complex (10.3.3) is homotopic to zero. In particular, 
FY > F is a qis. 


Proof. Replacing all U; by U;AU;,, we may assume from the beginning that X = U;,. 
For each finite set J C I, Uy = Uz; NU jig = Ugig}usz and we get the identity morphism 
Vt Fy SS Pea sips Define the homotopy 1: EP —> | ah by setting for s; € Fy,, 


A(sz ® es) = Ys(S7) ® Cig A €s- 


Let us check the relation do \+ Aod = id. Let s; @®e; be a section of Fy,. Then 


do Xs; ®e,) = > BE tiopusyVa(S7) ® es Cig A eg, 


t€{ig }UT 
xe) d(sz & e7) _ S 138 G3) (83) & Cin /\ Ej lez 
ied 
We have e;|e;, \e7 = —ei, \ ee. Hence, by summing these two relations, we find 


on the right hand side Bri, yV7(57) ® Cig LCig A Cy = Sy ° EF. 
Example 10.3.2. Let {U;}j=0,1,2 be a covering of X. We get the exact complex: 
055,“ hho Fin © hn SO Oh, FSO 
with for example, di(so12) = o,12(S012) — 1,02(S012) + 62,01 (S012). 
Applying Proposition 10.3.1 with F = ky, we find the complex 
(10.3.4) kB, = +» (k¥), S (k%)o 0 
and we have the isomorphism 
FY ~k%, @F. 
It is then natural to consider the complex of sheaves 


(10.3.5) C*(U, F) := Hom (k%,, F) 
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and the morphism 
(10.3.6) Fo (Y,F), 
that is, the complex 
09 FS O(U,F)SOUY, PF), 
where 


€?(UW,F)= Ty,(F) ®e; with @'(Y, F) = F, 
J 


|J|=p+1 


and the morphisms: d?: @?(W, F) + @?*1(Y, F) (p > —1) are defined by 


ad’ (sy @esz) = So ai (ss) Qe, Ae, 


wel 


where aj,7) is the natural morphism Ty,(F) > Ty,.,,,(F'). Moreover, dt: F > 
I], fu, (£) is the natural morphism. 


Proposition 10.3.3. Assume that Y is an open covering of X. The sequence of 
sheaves (10.3.6) is exact. 


Proof. It is enough to check that this sequence is exact on each U € WY. The additive 
functor #om(-, F’) sends a complex homotopic to zero to a complex homotopic to 
zero. Applying this functor to the complex (10.3.3) in which one chooses F' = kx, 
the result follows from Proposition 10.3.1. 


Theorem 10.3.4. (The Leray’s acyclic coverings theorem.) Let Y = {U;}ier be an 
open covering of X, let F © Mod(kx) and assume that for any finite subset J of I 
and any p > 0, one has H?(U;;F) =0. Then RI(X; @°(Y, F)) ~ R(X; F). 


Proof. Let F’* be an injective resolution of F' and consider the double complex: 


0 


| 


| 
0 —+I(X; F) —+1I(x;¢°(Y%, F)) 


na 


0 —+I(X; F*) —+1(X;¢°(Y, F*)) 


(i) All rows, except the first one, are exact. In fact, they are obtained by applying 
the functor [(X;-) to the exact complex of injective sheaves 0 > FJ > @°(WY, F?). 
(ii) All columns, except the first one, are exact. In fact, it is enough to prove that 
for J C I, J finite, the complex 0 > ['(X;Ty,(F)) > P(X;Tu,(£")) is exact. This 
complex is isomorphic to the complex 0 + ['(U,; F’) — I'(U;; F*) which is exact by 
the hypothesis. 

(iii) Applying Theorem 5.6.4, one deduces from (i) and (ii) that the cohomology of 
the first row is isomorphic to that of the first column. 
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Example 10.3.5. Let {U;}j=01.2 be an open covering of X, and assume that 
H?(U;; F) = 0 for all p > 0 and all J c {0,1,2}. Then H/(X; F) is isomorphic to 
the 7-th cohomology group of the complex 


0-7 OrYU;-HS @ rU.F)STWUossF) +0 


j=0,1,2 J=01,12,02 


where the d?’s are linear combinations of the restriction morphisms affected with 
the sign +. For example, d'|1(v.;) is affected with the sign —. 


10.4 Cech complexes for closed coverings 


We shall adapt the construction of §10.3 to the case of closed coverings. 

As in § 10.3, we consider a total ordered set I,,q and denote by J the underlying 
set. We keep the notations of this section. 

Let Y = {S;}ic7 be a family of closed subsets of X and let F € Mod(kx). For 
J CI we set 


(10.4.1) Sy=Njer Si, 5-1 = User Si 
Py = Qjsjj=ptil's,, Fy = Fs. 


For J C I andi € I, we denote by a¢@,7): F's, > F's,,,,, the natural restriction 
morphism. We set for p > 0 


fo i= OB Ps, @ ez 


ICloras|J|=pt+1 
and we define the differential 
(10.4.2) ee ae a A 
by setting for s7 € F's,: 


d(sz @e;) = So aG,n(sz) Bei Aes. 


iel 
One easily checks that 

dod=( 
and we obtain a complex 
(10.4.3) BH Se: 


We also consider the augmented complex 
(10.4.4) Pe s03 Fr Se Se. 


Proposition 10.4.1. Consider a family Y = {S;}icr of closed subsets of X. Then 
the complex (10.4.4) is exact. Equivalently, Fs > FY is a qis. 
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Proof. Let x € X and denote by M, := (Fj*), the stalk of the complex (10.4.4) 
at x. It is enough to check that this complex is exact. Let K = {i € I;x € Sj}. 
Replacing J with K, we may assume from the beginning that x € S; for alli € J. 
In this case, M; is the Koszul complex associated with the module M = F, and 
the family of morphisms {y;};<e, with y; = idj, for all i € J. This last complex is 
clearly exact. 


Corollary 10.4.2. Consider a finite closed covering Y = {Si}ier of X. Let 
F € Mod(kx) and assume that for any subset J of I and any p > 0, one has 
H?(X; Fs,) =0. Then RE(X;F) ~ ROX; Fy). 

Example 10.4.3. Assume that X = SpU SUS», where the S;’s are closed subsets. 
We get the exact complex of sheaves 


= 0 iL 
OSPF Fy Oise O Fs, SS Fp Ole O Fa, — Fig 0. 
Let us denote by 
s;: F > eee Fs, > Ege, Gist Tg. = Fg. (a,%, 9.) € 10; d52), 


the natural morphisms. Then 


t <2 
0; 0 S12 Si2 
-1_ 0 _ ) 2 1 _ (oe. errs 
a” = 1 Si | 8 = | =Sp9 0 Soa. | Oo = say — 5587): 
0 gl 
$2 S01 S01 9 


10.5 Flabby sheaves 


Definition 10.5.1. On a topological space X, an object F’ € Mod(kx) is flabby if 
for any open subset U of X the restriction map ['(X; F) — T(U; F) is surjective. 


By applying the functor Hom(-, F’) to the epimorphism ky — kxy, one sees 
that injective sheaves are flabby. The converse is true if k is a field (see Exercise 
o.5). 


Proposition 10.5.2. Let F' be a flabby sheaf on X. 

(i) IfU is open in X, F|u is flabby on U, 

(ii) af f: X > Y is a continuous map, f.F is flabby on Y, 
(iii) if Z be a locally closed subset of X, Uz(F’) is flabby. 
Proof. (i)—(ii) are obvious. 


(iii) Let U be an open subset containing Z as a closed subset and let V be an open 
subset of X. Since 


P(V;P2(F) 2PU AVP a(F)) 
~Tzav(UNV;F), 
we may assume from the beginning (replacing X by U) that Z is closed in X. Let 
s © Pzqv(V;F) and consider the section 0 € [(X \ Z;F). These two sections 
coincide on V 1 (X \ Z), hence define a section s € T(V U(X \ Z);F. There 


exists t € [(X; F’) whose restriction to V U (X \ Z is s. Therefore, t|x\z = 0 and 
supp(t) C Z. 
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a 


Proposition 10.5.3. Let 0 > F’ > F F, FY” _ 0 be an exact sequence of sheaves, 
and assume F” is flabby. Then the sequence 


a 


(ST ry STO rf) STG r)40 
1s exact. 


Proof. Let s” € T(X; F”) and let o = {(U;s); U open in X, s € T(U; F), B(s) = 
s"\y}. Then o is naturally inductively ordered. Let (U;s) be a maximal element, 
and assume U # X. 

Let x € X \U, let V be an open neighborhood of x and let t € [(U; F’) such that 
B(t) = s"|v. Such a pair (V;t) exists since 6: F, > F”” is surjective. On UNV, 
s—teT(UNv;F"). Let r © 1(X; F’) which extends s—t. Then s—(t+r)=0on 
UNV, hence there exists a section § € [(U UV; F) with s|y = s, 8|y =t+r, and 
G(s) = 8". This is a contradiction. 


Proposition 10.5.4. Let 0 — F’ — F > F"” + 0 be an exact sequence of sheaves. 
Assume F" and F are flabby. Then F"” is flabby. 


Proof. Let U be an open subset of X and consider the diagram: 


TOP) 1 P20 


ae 


T(U; F) “+1 (U; F”) —+0 


Then a is surjective since F’ is flabby and £ is surjective since F” is flabby, in view 
of the preceding proposition. This implies y is surjective, hence F” is flabby. 


Theorem 10.5.5. The category of flabby sheaves is injective with respect to the 
functors TUXs:), Pal) fx 


Proof. Since the category of sheaves has enough injectives, and injective sheaves are 
flabby, the result for [(X;-) follows from Propositions 10.5.3 and 10.5.4, and the 
other functors are similarly treated. 


Proposition 10.5.6. Let X = U;.,Ui be an open covering of X and let F € 
Mod(kx). Assume that F|u, is flabby for alli € I. Then F is flabby. 


In other words, to be flabby is a local property. 


Proof. Let U be an open subset of X and let s € F(U). Let us prove that s extends 
to a global section of F’. Let G be the family of pairs (t,V) such that V is open 
and contains U and t|y = s. We order G as follows:(t,V) < (t’/,V’) if V C V’ and 
t'|y =t. Then G is inductively ordered. Therefore, there exists a maximal element 
(t,V). Let us show that V = X. Otherwise, there exists x € X \V and ani el 
such that x € U;. Then tly,nv € F(U; OV) extends to a section t; € F(U;). Since 
tilu;av = tlu,av, the section t extends to a section on V UU; which contradicts the 
fact that V is maximal. 


By a similar argument, one proves (see [KS90, (2.4.1)]: 
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Proposition 10.5.7. A sheaf F on X is flabby if and only if for each open set U, 
the morphism F + TyF is an epimorphism. 


Proposition 10.5.8. Let F € Mod(kx). Then F is injective if and only if the 
functor Hom (+, F) is exact. 


Proof. (i) We already know that the condition is necessary by Proposition 9.2.10. 

(ii) Let us prove that the condition is sufficient. Since Hom (G, F’) ~ '(X; Hom (G, F)) J 
applying Proposition 10.5.3, it is enough to prove that for any G € Mod(kx), the 
sheaf #o0m (G, F’) is flabby. For U open, the morphism Gy — G is a monomorphism 
and thus 


Hom (G, F) > Hom (Gu, F) ~ Tu Hom (G, F) 


is an epimorphism. Then apply Proposition 10.5.7. 


Corollary 10.5.9. Let X =U 
Assume that F 


ic, Ui be an open covering of X and let F © Mod(kx). 
u, ws injective for alla eI. Then F is injective. 


In other words, to be injective is a local property. 


Definition 10.5.10. Let d € N. One says that X has flabby dimension < d if any 
F € Mod(kx) admits a resolution of length < d by flabby sheaves. One says that X 
has finite flabby dimension if there exists d > 0 such that X has flabby dimension 
<d. (See Definition ??.) 


10.6 Sheaves on the interval [0, 1| 
Lemma 10.6.1. Let I = [0,1] and let F € Mod(k;). Then: 

(i) For 7 >1, one has H)(I; F) = 0. 

(ii) If F(1) > F, is an epimorphism for allt € I, then H'(I; F) ~ 0. 
Proof. Let j7 > 1 and let s € H4(I; F). For 0 < t; < tz < 1, consider the morphism: 

fist.: HL; F) @ H? (th, te]; F) 
and let 
J={t € [0,1]; fos(s) = Of. 


Since H4({0}; F) = 0 for 7 > 1, we have 0 € J. Since fo4(s) = 0 implies fow(s) = 0 
for 0 < ¢’ <¢, J is an interval. Since H4((0, to]; F) = colim H7 ((0, ); F’) (see 10.15), 
0 


this interval is open. It remains to prove that J is closed. For 0 < t < tg, consider 
the Mayer-Vietoris sequence (see (10.2.10) and (10.2.11)): 


|< + HI((0, tol: F) + H((0, fs F) © H(t, tos P) > H(t} F) 
For j > 1, or else for 7 = 1 assuming H°(I; F) + H®({t}; F) is surjective, we obtain: 


(10.6.1) H?((0, to]; F) ~ H? (0, t]; F) © H?([t, tol; F). 


178 CHAPTER 10. SHEAVES ON TOPOLOGICAL SPACES 


Let to = sup {t;t € J}. Then foxz(s) = 0, for all t < to. On the other hand, 


colim H’([t, to]; F) = 0. 


t<to 


Hence, there exists t < ty with fi1,(s) = 0. By (10.6.1), this implies fo,,(s) = 0. 
Hence tg € J. 


Lemma 10.6.2. let X = U, UU, be a covering of the topological space X by two 
open sets. Let F' be a sheaf on X and assume that: 


(i) Uyg = U,N U2 is connected and non empty, 
(ii) Flu, (@ = 1,2) is a constant sheaf. 
Then F' is a constant sheaf. 


Proof. It follows from the hypothesis that there is a k-module M and isomorphisms 
0; : F U; =~ (Mx)|u;- Let O19 = 0, ie) Oe: (Mx) lui nus =~ (Mx )luinus- Since U; al 
Uz is connected and non empty, [(U; N U2; Hom (Mx, Mx)) ~ Hom(M,M) and 
6,2 defines an invertible element of Hom(M,M). Using the map Hom(M,M) > 
I(X; Hom (Mx, Mx)), we find that 612 extends as an isomorphism 6: My ~ Mx 
all over X. Now define the isomorphisms: a;: Fy, ~+> (Mx)|v, by a1 = 6, and 
a2 = Oly, 082. Then a, and ag will glue together to define an isomorphism F’ ~> 
Mx. 


Proposition 10.6.3. Let I denote the interval (0, 1}. 

(i) Let F' be a locally constant sheaf on I. Then F is a constant sheaf. 
(ii) In particular, ift € I, the morphism TI; F) > F;, is an isomorphism. 
(iii) Moreover, if F = M; for ak-module M, then the composition 

M~heTsM) &AR2M 
is the identity of M. 


Proof. (i) We may find a finite open covering U;,(¢ = 1,...,n) such that F is 
constant on U;, U; 1 Uj41 (1 <7 <n) is non empty and connected and U; NU; = © 
for |i — j| > 1. By induction, we may assume that n = 2. Then the result follows 
from Lemma 10.6.2. 


(ii)—(iii) are obvious. 


10.7 Invariance by homotopy 


In this section, we shall prove that the cohomology of locally constant sheaves is a 
homotopy invariant. First, we define what it means. 
In the sequel, we denote by J the closed interval J = (0, 1]. 


Definition 10.7.1. Let X and Y be two topological spaces. 
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(i) Let fo and f; be two continuous maps from X to Y. One says that fo and 
f; are homotopic if there exists a continuous map h: I x X — Y such that 


h(0,-) = fo and A(1,-) = fi. 


(ii) Let f: X — Y be a continuous map. One says that f is a homotopy equiva- 
lence if there exists g: Y + X such that f og is homotopic to idy and go f is 
homotopic to idx. In such a case one says that X and Y are homotopic. 


(iii) One says that a topological space X is contractible if X is homotopic to a 
point {xo}. 


One checks easily that the relation “fo is homotopic to f,” is an equivalence 
relation. If fo, f:: X = Y are homotopic, one gets the diagram 


ft 


(10.7.1) AO 6 eBe re y 
Pp 


xX 
where t € J, i,: X ~ {t} x X GO I x X is the embedding, p is the projection and 
fir = hoi. 
A topological space is contractible if and only if there exist g: {azo} + X and 
f: X — {xo} such that f og is homotopic to idx. Replacing xp with g(x), this 
means that there exists h: I x X — X such that h(0,xr) = idx and (1,2) is the 
map “++ Zo. Note that a contractible space is non-empty. 


Example 10.7.2. Let V be a real vector space. A non empty convex set in V as 
well as a closed cone are contractible sets. 


Let f: X — Y be a continuous map and let G € Mod(ky). Remark that 
ax ~ ay of. The morphism of functors id — Rf, o f~! defines the morphism 
Ray, > Ray, oRf,o f-! ~ Rax, o f-!. We get the morphism: 

(10,7:2) fi: RI(Y;G) 3 RI(X; f7'@). 
If g: Y — Z is another morphism, we have: 


(10.7.3) flogl=(go fyi 
The aim of this section is to prove: 


Theorem 10.7.3. (Invariance by homotopy Theorem.) Let fo, fi: X = Y be two 
homotopic maps and let G be a locally constant sheaf on Y. Consider the two 
morphisms fi: RE(Y;G) + R(X; f;'G), for t = 0,1. Then there exists an iso- 
morphism 6: RI'(X; f>'!G) > RI'(X; f7!G) such that 00 fi = fi. 

If G = My for some M € Mod(k), then, identifying f7'My with Mx (t = 0,1), 
we have a = rie 


This is visualized by the diagram 


RI'(X; f)'G) : RIX, Ce 
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Proof of the main theorem 


In order to prove Theorem 10.7.3, we need several lemmas. 
Recall that the maps p: I x X > X and i,: X — I x X are defined in (10.7.1). 
We also introduce the notation I, := I x {x}. 


Lemma 10.7.4. Let F € Mod(kx). Then 
(i) F ~ Rp,p'F, 
(ii) the morphism p*: RI(X; F) > RI(I x X;p-1F) is an isomorphism, 


(iii) the morphisms i}: RI(I x X;p-'F) > RI(X; F) are isomorphisms and do not 
depend ont € I. 


Proof. (i) Let x € X and let t € J. Since I is compact, a neighborhood system of 
Ix {x} in I x X is given by the family J x V where V ranges trhough the family of 
open neighborhoods of x in X.Therefore, one gets the isomorphism ((Rp,)p-'F), ~ 
RI(J,;p-‘F|r,). This complex is concentrated in degree 0 and is isomorphic to F;, 
by Lemma 10.6.1. 

(ii) We have Rax,Rp.p-!F ~ Rax,F by (i). Hence p' is an isomorphism. 

(iii) By (10.7.3), i 0 p! is the identity, and p# is an isomorphism by (i). Hence, ¢ 
which is the inverse of p* does not depend on t. 


Lemma 10.7.5. Let H € Mod(k;,.x) be a locally constant sheaf. Then 
(i) the natural morphism p-‘Rp,H — H is an isomorphism, 


(ii) for each t € I, the morphism i}: RI(I x X;H) > RI(X;i;'HA) is an isomor- 
phism. 


(iii) If H = My,.x for some M € Mod(k), the isomorphism it: RI (Ix X; Mixx) > 
RI'(X; Mx) does not depend on t. 


Proof. (i) One has 


(p~'RpsH) (t,«) ~ (Rp,.H). 
~ RD (les Hl) & Hea 


Here the last isomorphism follows from Lemmas 10.6.3 and 10.6.1. 


(ii) Consider the commutative diagram 


RI'(I x X;H) <2—RI(I x X;p7Rp,H) 


RI'(X;¢71H) —2— RI(X; i7'p Rp, H) 


The horizontal arrows are isomorphisms by (i) and the vertical arrow on the right 
is an isomorphism by Lemma 10.7.4 (ii). 


(iii) follows from Lemma 10.7.4 (iii). 


End of the proof of Theorem 10.7.3. Set H = h7'G. Then F, = i;'H and the 
results follow from Lemma 10.7.5 (ii)—(iii). 
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Corollary 10.7.6. Assume f: X — Y is a homotopy equivalence and let G be a 
locally constant sheaf on Y. Then RI(X, f~'G) ~ RI(Y;G). 


In other words, the cohomology of locally constant sheaves on topological spaces 
is a homotopy invariant. 


Proof. Let g: Y —+ X be a map such that fog and go f are homotopic to the 
identity of Y and X, respectively. Consider f*: RI(Y;G) — RI'(X; f7'G) and 
gi: RI(X; f-1G) 3 RI(Y;G). Then: (f og)! = gto ft~ idl = id and (go f)t = 
f* ogi ~ idt = 1d; 


Corollary 10.7.7. If X is contractible and M € Mod(k), then RI(X; Mx) ~ M. 


Proposition 10.7.8. Assume X is contractible and F € Mod(kx) is locally con- 
stant. Then F is constant. 


Proof. Set M = I'(X;F). The morphism ay'ax,F — F defines the morphism 
Mx — F. Let us show it is an isomorphism. Let 7) € X. The map X —> x isa 
homotopy equivalence. Applying Corollary 10.7.7 to the map v: {1%} — X, we get 
the isomorphism F),, ~ T(X; F) ~ (Mx). 


We shall apply Theorem 10.7.3 to calculate the cohomology of various spaces. 
Recall (10.4.1). 


Proposition 10.7.9. Let Y = {S;}icr be a finite closed covering of X. Assume 
for each non empty subset J C I, Sy is contractible or empty. Let F' be a locally 
constant sheaf on X. Then H1(X;F) is isomorphic to the j-th cohomology object 
of the compler T(X; FY). 


Proof. Recall that if Z is closed in X, then [(X; Fz) ~ ['(Z;F|z). By Corol 
lary 10.7.7 and Proposition ??, the sheaves F¥, (p > 0) are acyclic with respect to 
the functor [(X; *). Applying Corollary 10.4.2 the result follows. 


10.8 Action of groups 


G-modules 


We will be extremely sketchy on this subject which would deserve a whole book. 
More details may be found for example in [Bro82] (see also [AW67, Wei94]). 

Let G be a group with unit denoted e. We identify G with the category Y with 
one object, the morphisms of this object being G. We set 


G-Mod(k) = Fct(Y, Mod(k)). 


Hence, G-Mod(k) is an abelian category and an object M of this category is a k- 
module M on which G acts on the left. Note that Hom & oan) (M, N) is the group 
of k-linear maps u: M — N which commute to the G-action. 

A G-module ™ is trivial if the action of G is trivial, that is, g-m = m for all 
m€M and all g € G. We get an additive functor 


triv: Mod(k) — G-Mod(k). 
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One has the two functors [° and Ig from G-Mod(k) to Mod(k) defined for M € 
G-Mod(k) as follows: 


I°(M)={m € M;g-m=m for allg € G} = (| ker 4 mM), 
geG 
Ig(M) = M/module generated by {g:-m—m;g €G,me M}. 


The module [°(M) (also denoted M@ in the literature) is thus the submodule of G- 
invariants of M. Let N € Mod(k) and M € G-Mod(k). One has the isomorphisms, 
functorial in N and M: 

Hom & yoarg (triv(Y), M) ~ Hom, (N, I°(M)), 

Hom & you) (M, triv(NV))) ~ Hom, (I¢(M), N). 
In other words, the functor J is right adjoint to the functor triv and Jg is left 
adjoint to the functor triv. The first isomorphism translates the fact that a k-linear 
map from N to M which commutes to the trivial action of G on N takes its values 
in I¢(M). The second isomorphism translates the fact that a k-linear map from M 
to the module N endowed with the trivial action of G and which commutes with the 


action of G factorizes through the module generated by {g:m—m;g € G,m € M}. 
As a particular case of the first isomorphism, we get: 


(10.8.1) T°(M) ~ Hom g soar (triv(k), M). 
By the adjunction formulas, we get that triv is exact, [@ is left exact and Jg is right 
exact. 


Denote by kG the k-group ring associated with the discrete group G, that is, 
the free k-module with basis G endowed with the algebra structure given by 


>. QAigGi* 3 bh; = ys Gabi gulry, ai, b; — k, Gi, hj — G (finite sums). 
i j ij 
There is a natural equivalence of abelian categories 
(10.8.2) Mod(kG) ~ G-Mod(k). 


It follows that the category G-Mod(k) admits enough injectives and the derived 
functor RI@ is well-defined. One often sets: 


H?(G; M) := RPIS(M). 


To calculate it, using (10.8.1) and (10.8.2), one calculates RHom,,,(triv(k), 7) using 
a so-called bar-resolution. This is the free resolution of triv(k) as a kG-module 
(see [AW67, p. 96],[Bro82, Ch III, p. 59], [Wei94, § 6.5] for details): 


kG? ke =e ke 0 


where €(g) = 1 for all g EG. 
Assume that G is a cyclic group of finite order n with generator t. Set N = 
1+t+---+t%1€kG. We have an exact sequence 


09k SG et 3nG Sk 0. 


We deduce the 2-periodic long exact sequence 


et hG = kG = oko ke kU. 
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Example 10.8.1. Let us choose k = Z, G = Z/2Z and M = Z viewed as a trivial 
G-module. Using a resolution as above, one can prove: 


Zifp=O0, 
H?(Z/2Z;Z) = « Z/2Z if p is even > 0, 
0 otherwise. 


Now denote by Z the Z-module Z endowed with the Z /2Z-action in which the action 
of lmod2 is multiplication by —1. Then 


Z/2Z if p is odd, 


p LJ) 
H"(Z/22; Z) = e otherwise. 


Action on a topological space 


Assume now that G is endowed with the discrete topology and acts on a topological 
space X, that is, we have a continuous map 


pi Gxx > X 


satisfying u(e,r) = x, W(g1- 92,0) = Ugo, uU(gi1,v)). On X, the relation x ~ y if 
there exists g € G such that u(g, x) = y is an equivalence relation and one denotes 
by X/G the quotient space. One sets Y = X/G, one endows Y with the quotient 
topology and one denotes by 


p:X ~9Y=X/G 
the quotient map. For g € G, we get a commutative diagram 


xs X 


NI 


¥, 
For g € G, we deduce a morphism of functors (see (10.7.2)): 
(10.8.3) gt: idy > p,o p7}, 
as the composition 
idy > prOgsog op ~p.op”. 
Applying p, 0 p~', we get a morphism 
(10.8.4) g': peop’ > prop: 


Hence, for F € Mod(ky), one can consider p,p~'F as a G-module. (We do not give 
a precise meaning to this notion.) In particular, '(Y;p.p~'F) is a G-module. 
For F € Mod(ky), define [°(p,p~1F’) by the exact sequence 


0S) pp FS () (p.p 'F a pxp F). 
geG 


The functor [(Y; +) being left exact, we get: 
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Lemma 10.8.2. Let F € Mod(ky). Then 
IA pa 2) Ve pe 2). 


Since G acts trivially on F’, the natural morphism F > p,p~'F factorizes through 
figeae 
Lemma 10.8.3. Assume that X is Hausdorff and G 1s finite and acts freely on X. 
Then, for F € Mod(ky), one has the isomorphism F + I°(p,p71F). 


Proof. Notice first that the fibers of p are finite. Let y € Y. The module F;, is 
isomorphic to the submodule of I'(p~'(y); p~'F) on which G acts trivially, that is, 
F, ~ I°((p,.p 1 F)y). Since I°((p.07'F )y) ~ (IS(F)),, we get the result. 


Recall that for a space Z, one denotes by az the map Z —> pt. Applying the 
functor ay, to (10.8.4), we deduce that there is a well-defined functor 


ax, 0p ': Mod(ky) + G-Mod(k), 
hence, a functor 
I° oax,0p ': Mod(ky) — Mod(k). 


Theorem 10.8.4. Assume that X is Hausdorff and that G is finite and acts freely 
on X. Then one has the isomorphism of functors RIS o Rax, 0 p7! © Ray,. 


Proof. (i) The isomorphism I°% o ax, 0p ! & ay, follows from Lemmas 10.8.3 and 
10.8.2 . 

(ii) It follows from the hypotheses that p~' sends injective sheaves to injective 
sheaves (apply the result of Exercise 9.5), and one knows that ay, sends injec- 
tive sheaves to injective sheaves. Therefore, the derived functor of the composition 
is the composition of the derived functors. 


Corollary 10.8.5. Let M € Mod(k). Then RI(Y; My) ~ RICRI(X; Mx). 


10.9 Cohomology of some classical manifolds 


Here, k denotes as usual a commutative unitary ring and M denotes a k-module. 


1-sphere 


Recall Example 8.8.4: X is the circle S', U; and U2 are two open intervals covering 
St. Then U; NU» has two connected components U;5 and Uj. Moreover k is a field, 
a € k* and L, denotes the locally constant sheaf of rank one over k obtained by 
glueing ky, and ky, by the identity on U;5 and by multiplication by a € k* on Uj. 

Let {Zj}j=0,1,2 be a closed covering by 3 intervals such that the Z;;’s are single 
points and Zig = @. Applying Theorem 10.7.9, we find that if F’ is a locally 
constant sheaf on X, the cohomology groups H/(X; F) are the cohomology objects 
of the complex: 


0S Ff Oi; Oy, > Px OFe.OF. SU. 
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Then for 7 = 0 (resp. for 7 = 1), H?(S';L,) is the kernel (resp. the cokernel) 


0 =f 
of the matrix 1 0 -a | acting on k*. (See Example 10.4.3.) Note that 
=, JE 0 


these kernel and cokernel are zero except in case of a = 1 which corresponds to the 
constant sheaf ky. 
n-sphere 


Consider the topological n-sphere S". Recall that it can be defined as follows. Let 
K be an R-vector space of dimension n + 1 and denote by E the set E \ {0}. Then 


S" ~ E/R*, 


where R* denotes the multiplicative group of positive real numbers and S” is en- 
dowed with the quotient topology. In other words, S” is the set of all half-lines in 
EK. If one chooses an Euclidian norm on E, then one may identify S” with the unit 
sphere in E. 

We have S" = D+ U D~, where D* and D~ denote the closed hemispheres, and 
Dt+nD-~ ~§"1. Let us prove that: 


(10.9.1) RI(S”; kgn) = k © k[—n]. 
Consider the Mayer-Vietoris long exact sequence 


(10.9.2) — H9(D+t;kp+) @ H9(D-;kp_-) 3 H2(S"71; Kgn-1) 
—» HI+*(S"; kgn) > --- 


The closed hemispheres being contractible, their cohomology is concentrated in de- 
gree 0. Then we find by induction on n that the cohomology of S” is concentrated in 
degree 0 and n and isomorphic to k in these degrees. To conclude that RI'(S”; ksn) 
is the direct sum of its cohomology objects, use the fact that Ext’, a (K k) ~ 0 for 
j #0 and Exercise 7.6. 

Let E be a real vector space of dimension n+ 1, and let X = E\ {0}. Assume 
is endowed with a norm |- |. The map x+> 2((1 —t) + t/|z|) defines an homotopy 
of X with the sphere S”. Hence the cohomology of a constant sheaf with stalk M 
on V \ {0} is the same as the cohomology of the sheaf Mgn 

As an application, one obtains that the dimension of a finite dimensional vector 
space is a topological invariant. In other words, if V and W are two real finite 
dimensional vector spaces and are topologically isomorphic, they have the same 
dimension. In fact, if V has dimension n, then V \ {0} is homotopic to S"~!. 

Notice that S" is not contractible, although one can prove that any locally con- 
stant sheaf on S” for n > 2 is constant. 

Denote by a the antipodal map on S” (the map deduced from x +> —2) and 
denote by a*” the action of a on H"(S";Mgn). Using (10.9.2), one deduces the 
commutative diagram: 


1 


(10.9.3) H"-1(S"-1, Mgn—1) —'+ H"(S"; Mgn) 


aa o| 


H°-1(S"-1; Mgn-1) —> H"(S"; Mgn) 
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For n = 1, the map a is homotopic to the identity (in fact, it is the same as a 
rotation of angle 7). By (10.9.3), we deduce: 


(10.9.4) a’ acting on H"(S"; Mgn) is (—)"t!. 


n-torus 


The Kiinneth formula will be proved in the next chapter (see Corollary 11.3.8). It 
allows us to calculate the cohomology of the n-torus T” := (S')”. Applying (10.9.1) 
for n = 1 we get: 


(10.9.5) RI(T"; kg») ~ (k @ k[—1])*”. 
For example, for n = 2, we find 


(k @k[-1]) @(k @k[-l))  (k @(k Sk[-]))) S (k[-1] @(kSk[-))) 
~ (k @ k{[-1])) @ (k[-1] @ k[-2]) 
~ko@ k®[-1] 6 k[-2]. 


Real projective spaces I ! 


Let P” denote the real n-dimensional projective space, that is P” = R"*1/R*. This 
space P” may also be obtained as the quotient of the sphere S” by the antipodal 
mapa: x++> —2, that is, the quotient of S” by the group Z/2Z. Hence S” is a 
twofold covering of P”. Hence, we may apply Theorem 10.8.4 with X =S”", Y = P", 
p: X > Y and G=Z/2Z. We choose k = Z. 

We have a distinguished triangle in the derived category of Z/2Z-modules: 


r“"Ray,Zx — Rax,Zx 3 H"(Rax,Zx) [-n] >. 


Since X = S" and Zx ~ p“'Zy, this triangle reduces to 
fe 


Z. + Rox, Zp > Z[=n) > 


where Z = Z, the action of Z/2Z is trivial on Z, is trivial on Z if n is odd and this 
action on Z is the multiplication by —1 if n is even (we apply (10.9.4)). 
Now we apply the functor RI to this triangle. We get the d. t. 


RI°(Z) 4 RI(Y;Zy) 3 RIS(Z) [=n] >. 


Using the fact that the cohomology of Zy is concentrated in degree [0,1] (see Propo- 
sition 11.5.2 below), we get 


H?(Y;Zy) ~ R?I°(Z) for p<n 
and an exact sequence 


0S RID) S HY Zy) 3 PLZ) Ss Rae) So. 


'The classical proofs calculating the cohomology of the real projective space uses spectral se- 
quences. The proof proposed here (including some results of § 10.8), using truncation functors, is 
much shorter. It is due to Tony Yue Yu who did it when he was a Master 2 student at UPMC 
around 2011. 
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Using the results of Example 10.8.1, we find: 
If m is odd, RIS (Z) ~ 0, RPS (Z) ~ Z/2Z and R°To(Z) = Z. 


Therefore, we have an exact sequence 0 > H"(Y;Zy) — Z > Z/2Z — 0 which 
implies H"(Y; Zy) ~ Z. 


If n is even, R°I°(Z) ~ Z/2Z, R°*1IS(Z) ~ 0 and R°I%(Z) ~ 0. 
To sumarize, we find: 


Zit p= 0,0, 
(10.9.6) ifn isodd: A?(P":Z) = < Z/2Z tt p=2,4....53n— 1, 
0 otherwise, 


oi p=), 
(10.9.7) if n is even: H?(P";Z) = ¢ Z/2Z if p = 2,4,...,n, 
0 otherwise. 


Real projective spaces IT 


Let us give another, and more elementary, proof of the preceding result. We have a 
sequence of morphisms RI'(P”; Zpn) > RI'(S"; Zsn) 4 RE(P"; Zpn) and the compo- 
sition is multiplication by 2. If one chooses a hyperplane in R"*', its image in S” is a 
sphere S”~! and its image in P” is a projective space P"~'. We get a decomposition 
S" = D* U D- Us", P®? = DUP"! where Dt, D~ and D are all isomorphic to 
R”. Hence we get the commutative diagram of distinguished triangles: 


+1 


RI’.(D; Zp) RI‘(P": Zpn) —> RI(P"-}; Zpn—1) > 


| ae 


(10.9.8) RE..(D+ U D-; Zp+up-) —~ RI'(S*; Zgn) —> RI(S"-1; Zgn-1) —> 


| | 


READ; Zp) 


RI'(2”; Zpn) —> RE'(P?-3; Zpn—1) > 


and the composition of two vertical arrows is multiplication by 2. Let us re- 
cover (10.9.6) and (10.9.7). 

Since P° = {pt}, and P! ~ S', the result is clear for n = 0, 1. Arguing by 
induction, we shall prove: 


on Z if n is odd 
(Qn): H™(B"; Zpn) = ee if n is even 
0 if n is even 
: n-1 nm. Ad 
(bn): A *(B"; Zpn) = ee if n is odd 


(Cn): H"(P"; Zpn) + H”(S"; Zsn) is multiplication by 2. 
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Assume (7-1), (bn—1), (Cn—1). The morphisms of triangles in (10.9.8) give rise to the 
commutative diagram: 


c—_ Fe he Oke Zin) ere Ar *( pat. Dea) A. Z, es H"(P"; Zpn ) —+0 


| _ 


0 >Z, < >ZOZ >Z, >0 


| | | 4 


0 —+ H"1(P"; Zpn) —> HP"); Zpn1) >> Z—*_> H(P"; Zpn) —=0 


(i) First, assume n is odd. Then H"~1!(P"~1; Zpn-1) ~ Z/2Z and X is the zero 
morphism, jy the identity (up to sign). This proves (a,) and (b,). Since © is not 
zero (the composition ¢’o¢ is multiplication by 2 in Z), the composition 6 06 is not 
zero, and since B(y,z) = y — z and d(x) = (a,x) or (x,—x) (up to sign), we find 
Bod =2, hence ¢ = 2. 

(ii) Now assume n is even. Then H"~!(P"~1; Zpn-1) ~ Z and since A is not zero 
(60 #0), we get (b,). Since d(x) = (x, x) or(x, —x) (up to sign), we get A(x) = 22, 
hence (a,), and (c,). 


Exercises to Chapter 10 
Exercise 10.1. Let X be a topological space. Prove that the natural morphism 


(Hom (F,G)), + Hom(F;,,G,) is not an isomorphism in general. (Hint: choose 
F =kyy with U open.) 


Exercise 10.2. Assume that X = R, let S be a closed interval and let U = X \S. 
Assume both S and U non-empty. 

(i) Prove that the natural map [(X;kx) — [(X;kx3) is surjective and deduce that 
I'(X;kxy) = 0. 

(ii) Prove that the morphism ky > kyg does not split. 


Exercise 10.3. Let F € Mod(kx). Define F € Mod(kx) by F = Dee take 
(Here, Fy; € Mod(kx) and the direct sum is calculated in Mod(kx), not in 


PSh(kx).) Prove that F, and F, are isomorphic for all x € X, although F and 
F are not isomorphic in general. 


Exercise 10.4. Let Z = Z, U Zp be the disjoint union of two sets Z, and Z_ in X. 
(i) Assume that Z, and Z2 are both open (resp. closed) in X. Prove that kyz ~ 
kxz, ®kxz,. 

(ii) Give an example which shows that (i) is no more true if one only assume that 
Z, and Z, are both locally closed. 


Exercise 10.5. Let X = R’?, Y =R, S = {(z,y) € X;zy > 1}, and let f: X 3 Y 
be the map (2, y) +> y. calculate f, kx9. 


Exercise 10.6. Let X be a topological space, {x,...,2,} m distinct points. Cal- 
culate H?(X \ {z,...,%m};kx) when X = R” and when X = 8", n> 1. 
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Exercise 10.7. Let X be a topological space, M a closed subspace and F' a sheaf 
on X. Assume there is an n > 0 such that Hi,(F) ~ 0 for 7 <n. Prove that the 
presheaf U ++ Hi,ay(U; F) is a sheaf and is isomorphic to the sheaf Hj,(F’). (See 
Notation 10.2.12.) 


Exercise 10.8. Let X be a locally compact space, M a closed subspace and F' 
a sheaf on X. Assume there is an n > 0 such that for any compact kK C M, 
HL(X; F) = 0 for all j < n and that for each pair kK, C K» of compact subsets of 
M, the natural morphism HR. (X; F’) + HR,(X; F) is injective. 
(i) Prove that for each relatively compact open subset w of M, Hi(X;F) = 0 for 
all 7 < n, and the presheaf w+ H"(X; F’) is the sheaf H7,(F). 


(ii) Prove that if K C M is compact, [x(M; Hi, (F)) ~ AEX; F). 

(iii) Assume moreover that Hi(X;F) = 0 for all compact subsets of M and all 
j >n. Prove that the sheaf H{,(F) is flabby. 

Remark: when M is a real analytic manifold of dimension n, X a complexification, 


and F' = @x, all hypotheses are satisfied. The sheaf Hf;(@x) ® ory is called the 
sheaf of Sato’s hyperfunctions. Here orjy is the orientation sheaf, see § 11.5. 


Exercise 10.9. In this exercise, we shall admit the following theorem: for any open 
subset U of the complex line C, one has H/(U; Gc) ~ 0 for j > 0. 

Let w be an open subset of R, and let U; C U2 be two open subsets of C 
containing w as a closed subset. 
(i) Prove that the natural map @(U2 \ w)/@(U2) > OU, \ w)/G@(U,) is an isomor- 
phism. One denote by A(w) this quotient. 


(ii) Construct the restriction morphism to get the presheaf w > A&(w), and prove 
that this presheaf is a sheaf (the sheaf Ap of Sato’s hyperfunctions on R). 


(iii) Prove that the restriction morphisms @4(R) > A(w) are surjective (ie. the 
sheaf Bp is flabby). 


(iv) Let 2 an open subset of C and let P= D7", a;(z) 25 be a holomorphic differ- 
ential operator (the coefficients are holomorphic in (2). Recall the Cauchy theorem 
which asserts that if Q is simply connected and if a,,(z) does not vanish on 2, then 
P acting on @(Q) is surjective. Prove that if w is an open subset of R and if P 
is a holomorphic differential operator defined in a open neighborhood of w, then P 


acting on A(w) is surjective 


Exercise 10.10. Let M be a k-module and let X be an open subset of R”. Let F’ 
be a presheaf such that for any non empty convex open subsets U C_X, there exists 
an isomorphism F'(U) ~ M and this isomorphism is compatible to the restriction 
morphisms for V C U. Prove that the associated sheaf is locally constant. 


Exercise 10.11. We shall recover here Proposition 5.2.6. 
Let X = N endowed with the topology for which the open subsets are the 
intervals [0,...,n],n > —1 and N. 


(i) Prove that a presheaf F’ of k-modules on X is nothing but a projective system 
(Fin; Pm.n) indexed by N and that this presheaf is a sheaf if and only if F(X) ~ lim F,,. 


(ii) Prove that if F,4, > F;, is onto, then the sheaf F’ is flabby. 


190 CHAPTER 10. SHEAVES ON TOPOLOGICAL SPACES 


(iii) Deduce that if 0 — M! > M, — M\" > 0 is an exact sequence of projective 
systems of k-modules and the morphisms M’,,,; + M/ are onto, then the sequence 
0 > lim M; -> lim M,, > lim M7’ — 0 is exact. 


(iv) Prove that for any sheaf F' on X there exists an exact sequence 0 > F' > Fy > 
F, = 0, with Fo and F, flabby. 
(v) By considering the ordered set N as a category, denote by 7 the left exact functor 


(10.9.9) m: (Fet(N°?, Mod(k)) + Mod(k), at lima. 
Prove that Rix ~ 0 for 7 > 1. 


Exercise 10.12. let X be a real n-dimensional vector space and let U be an open 
convex subset, 7: U @ X the embedding. Calculate Rj, ky. 


Exercise 10.13. Assume that k is a field. 


(i) Let F’ be a subsheaf of the constant sheaf ky. Prove that there exists an open 
subset U of X such that F ~ kyy. 


(ii) Deduce from (i) that if U is open and y: ky > G is a morphism, then the image 
of ky is isomorphic to kxz for a locally closed subset Z of X. 


(iii) Prove that a sheaf of kx-modules is injective if and only if it is flabby. (Hint: 
use (i) and Exercise 9.5.) 


Exercise 10.14. By considering the space X = S! and the map ax: X — pt, prove 
that the morphism R(f, 0 f~') + Rf, 0 f~! is not an isomorphism in general. 


Exercise 10.15. Let K be a compact relatively Hausdorff subset of a topological 
space X. Prove the isomorphism H/(K;F) ~ colim H/(U; F), where U ranges 
through the family of open neighborhoods of K. 


Exercise 10.16. By using (10.9.1), calculate RI(X;kx) for X =S" x S”. 


Exercise 10.17. Assume k is a field, and for a € k* let LD, be the locally free 
sheaf of rank one on S! constructed in Example 8.8.4. Let X = S! x S!. Calculate 
RI(X; Lo & Lg) for a, 8 € k*. 


Exercise 10.18. Let D denote the closed disc in R? with boundary S'. Let 1: St @ 
D denote the embedding. Prove that there exists no continuous map f : D > S! 
such that the composition f ov is the identity. 


Exercise 10.19. Let Y and Y’ be two topological spaces, S and 5S’ two closed 
subsets of Y and Y’ respectively, f : S ~ S’ a topological isomorphism. Define the 
topological space X :=Y Us Y’ as the quotient Y UY’/ ~ where ~ is the equivalence 
relation which identifies x € Y andy € Y’ forx € S,y € S’ and f(x) = y. 

Let S” be the unit sphere of the Euclidian space R"*!, Z the intersection of S” 
with an open ball of radius ¢ (0 < ¢ << 1) centered in some point of S” and let & 
denote its boundary in S". Set Y = S” \ Z, S = X denote by Y’ and S$" another 
copy of Y and S. 


(i) Calculate RI'(Y Us Y’; kyu,y). 
(ii) Same question when replacing the sphere S” by the torus T? embedded in R°. 


Chapter 11 


Duality on locally compact spaces 


This chapter is devoted to duality on locally compact spaces. We first define the 
proper direct image functor f; associated with a morphism f: X — Y of locally 
compact spaces. (The definition that we propose here, although equivalent, is not 
the traditional one.) Next, we prove that c-soft sheaves are acyclic for the functor fi 
and we study its derived functor Rf;. We prove the two main results of this theory, 
namely the projection formula and the base change formula. As a byproduct, we 
get the Kiinneth formula. 

The existence of the right adjoint f' to Rf; follows from the Brown representabil- 
ity theorem. We study the properties of this functor and introduce in particu- 
lar the dualizing complex wy that we explicitly calculate when X is a topologi- 
cal manifold. We also describe the De Rham cohomology on real manifolds, the 
Dolbeault-Grothendieck cohomology on complex manifolds and we construct the 
Leray-Grothendieck residues morphism. 

Recall that we assume that k has finite global dimension. 


11.1 Proper direct images 


In this chapter, unless otherwise stated, all sites X,Y, etc. are locally compact 
topological spaces. 


Definition 11.1.1. Let X and Y be two topological spaces. A continuous map 
f: X — Y is proper if f is closed (1.e., the image of any closed subset in X is closed 
in Y) and its fibers are relatively Hausdorff and compact. 


If X and Y are locally compact, f is proper if and only if the inverse image of 
a compact subset of Y is compact in X. If Y = pt, f is proper if and only if X is 
compact. 


Proposition 11.1.2. Assume that f: X — Y is proper. Then the morphism 
(11.1.1) (fF )y 2 T(F7'(y); Flyaq)- 
is an isomorphism. 


Proof. When V ranges over the family of open neighborhoods of y, f~'(V) ranges 
over a neighborhood system of f~'(y). Applying Proposition 10.1.2 we get: 


(iF ly = colim Dif“ VF) 
Dy 
ST(f-"(y); Flpaw)- 
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One says that a map ff is finite if it is proper and moreover the inverse image of 
a finite set is finite. 


Corollary 11.1.3. If f is finite, the functor f, ts exact. 


Lemma 11.1.4. Let K be a relatively Hausdorff compact subset of X and let {Fj}ier 
be a small filtered inductive system of sheaves on X. Then the natural morphism 
u: colimT(K; F;) > [(K;colim F;) is an isomorphism. 


Proof. (i) u is a monomorphism. Let s € colimI'(K; F;). We may represent s by a 
section (still denoted s) of I(x; F;) for some j € J. Assume that u(s) = 0. Then for 
each x € K, the germ u(s), is 0 in (colim Fj), ~ colim(F;),. Hence, for each x € K 
there exists some 7, € J and a morphism j — 7, such that the image of the germ s, 
is 0 in Fj,. It follows that the image of s in ['(U,; F;,,) is 0 for an open neighborhood 
U,, of x. Let us choose a finite covering {Ua}aca extracted for the covering {Uz }rex. 
The category J being filtered, there exists k € J and morphisms 2, — k such that 
the image of s in [(U,; F;,) is 0 for all a € A. Therefore, s = 0. 


(ii) w is an epimorphism. Denote by F the presheaf U +> colim F;(U) and by F the 
sheaf colim F;. We have to check that '(K; F) + I'(K; F) is an epimorphism. Since 


F ~ F*, for each s € T'(K;F) there exists a covering K = ek 


Sa € T(U,; F) such that s|y, = 5a. We may assume A is finite and there exists 
i € I such that s, € [(U,; F;). These sections define s; € [(K; F;) whose image in 
[(K;F) is s. 


U,, and sections 


Lemma 11.1.5. Let f: X — Y be a morphism of locally compact spaces and let 
{Fi hier be a small filtered inductive system of sheaves on X. Let ZC X bea 
closed subset and assume that the map f\z is proper. Then the natural morphism 
colim f.(Fi)z > f.(colim(Fi)z) is an isomorphism. 


Proof. We shall apply Lemma 11.1.4. Let kK be a compact subset of Y. One has 
D(K; f.(colim(Fi)z)) =P(f-'K N Z; colim(Fi)z) 
~colimE(fK 9 Z; (Fi)z) 
~colimT'(K; f.((Fi)z))- 


By choosing for K a fundamental neighborhood system of y € Y we get that the 
natural morphism of the statement induces an isomorphism on the talks at each 
y € Y. To conclude, apply Corollary 9.1.9. 


Definition 11.1.6. Let f: X — Y be a morphism of locally compact spaces and 
let F € Mod(kx). 


(a) One defines the functor f,: Mod(kx) — Mod(ky) by setting for F’ € Mod(kx): 
fF = colim f.(Fu) 


where U ranges over the family of relatively compact open subsets of X. 
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(b) One sets [.(X; +) = axi(*), where ax: X — pt. 


Proposition 11.1.7. (i) In the situation of Definition 11.1.6, one has for V an 
open subset of Y: 


TV; fF) = colimDz(f~'(V); F) 


where Z ranges through the family of closed subsets of f~'(V) such that f|z: Z >] 
V is proper. In particular, [.(X;F) ~ colim Tx(X;F), where K ranges 
through the family of compact subsets of X. 


(ii) If f is proper on supp(F), then fif ~~ f,F. In particular, if f is proper, then 
fi = if 


(iii) The functor fy is left exact and commutes with small filtered inductive limits. 


(iv) Let g: Y + Z be a continuous map of locally compact spaces. Then frog ~ 


(fog). 


(v) Let iy: U — X be an open embedding. Then the functor iy;, as given by 
Definition 11.1.6, is equal to the functor jz! (see Notation 8.7.9). 


Proof. (i) We shall apply Lemma 11.1.4. For any relatively compact open subset W 
of V 


T(W; colim f.fu)& colim [(W; f.Fu) 
seat Vee 
=colmm Tf (W'); Fu) 


where U ranges over the family of relatively compact open subsets of X and W’ over 
the family of open neighbourhoods of W. 

Let s € T(V; f,F).Then s € [(V; fF) if and only if for any W C V open and 
relatively compact in V, there exists U C X open and relatively compact such that 
supp(s) NM f~!W is contained U. This is equivalent to saying that the support of s 
is proper over Y. 

(ii) is obvious. 

(iii) The functor F' +> Fy is exact, the functor f, is left exact and the functor colim 
over small filtered categories is exact. Hence, f; is left exact. It commutes with 
small filtered inductive limits by Lemma 11.1.4. 

(iv) In the sequel, U ranges over the family of relatively compact open subsets of 
X, and similarly with V in Y. 

By Proposition 10.2.1), the functor F ++ Fy commutes with inductive limits 
and by Lemma 11.1.4 the functor g.((*)v) commutes with filtered inductive limits. 
Therefore: 


ofl ~ colim g«((colim feFu)v) = colim Ge colim(f.Fu)v) 
a colim(colim onl faFu)y) & colim gufeFy ~ (90 f),F. 
(v) For F € Mod(ky), we have colim Fy — F, where V ranges over the family of 
relatively compact open subsets of U. Hence, 


jg F ~ jz colim yc colim jg! Fv 
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and it remains to check that for such a V, 
(11.1.2) jg Fv = iv. Fy. 


Recall that j7;'Fv is the sheaf associated with jy Fy. For W open in X, one has by 
Proposition 8.3.8: 


Fy(W) ifW CU, 


i. Fy(W) = 
juFV(W) ‘ otherwise, 


and (11.1.2) follows. 


Base change formula (non derived) 


Consider a Cartesian square of locally compact topological spaces: 


x't.x 
(11.1.3) | E 
oy 


This means that go f’ = fog’ and X’ is isomorphic (as a topological space) to the 
fiber product: 
X xy Y'={(z,y/) eX x VY"; f(z) =g(y’)}- 
Note that for any compact K C Y’, g’ induces a topological isomorphism 
f'(K) > fA (g(K)). 
Also note that choosing y € Y and setting X’ = f~!(y), we get the Cartesian 
square: 


(11.1.4) pag)! sx 


|r f 
{y} —~Y. 


Proposition 11.1.8. Consider the Cartesian square (11.1.3). There is a natural 
morphism of functors 


(11.1.5) Gat oe 


Moreover, if F € Mod(kx) and f is proper on supp F’, then f! is proper on supp g''F] 
and the morphism (11.1.5) induces an isomorphism g-\f,F ™* fig’ \F. In partic- 
ular, if f is proper, then (11.1.5) is an isomorphism. 


Proof. (i) The isomorphism f, 0 gi ~ g, 0 f! defines by adjunction the morphism 
g iof,og, — fi, hence the morphisms 


g of: og of,oglog™" 
+ flog. 
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(ii) Let y’ € Y’ and set y = g(y’). Let F € Mod(kx). We have 


(Gt yi a fal"), 
Sra) 


and 


(fig Fy =T(f ys 9). 


~N 


Since g! induces a topological isomorphism f’~'(y’) > f~!(g(y’), the result follows. 


Theorem 11.1.9. Consider the Cartesian square (11.1.3). Then there is a natural 
isomorphism of functors: 


flog 4S gto. 


In particular, setting Y’ = {y} for y € Y, one gets the isomorphism for F' € 
Mod(kx): 


(11.1.6) (fF )y = Te(f"(y); Flea): 


Proof. Let F € Mod(kx). We have the isomorphisms below in which U ranges over 
the family of relatively compact open subsets of X and similarly with U’ in X’: 


g fiFxg' colim faxfu = colim g fF 
~colim fi(g!""(Fy)) = colim f.((g'"F)y-v) 
and 


ig Fo colim AC me Dc 


Let K be a compact subset of Y’.. The family {f’'K N U’}y and the family 
{f' "Kk 1 g7'U fv are cofinal. Therefore, the morphism 


I(K; fig’ F) + 1K; 9" fF) 


is an isomorphism. 


Projection formula (non derived) 


Lemma 11.1.10. Let X be a locally compact space and let F € Mod(kx). Let M 
be a flat k-module. Then the natural morphism: 


[T.(X;F) @M OT .(X; F @ Mx) 


is an isomorphism. 
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Proof. Since [.(X; F) ~ colim I'(X; Fx), we may assume from the beginning that 


X is compact. Let K = U;K; be a finite covering by compact subsets and set 
Ky; = kK; K;. Consider the diagram: 


0 —+I(X; F) 9M —++ @,(K; F) @ M—*-+6,,I (Ky; F) @M 


| | | 


0 —+I(X; F ® Mx) ++ @I(K;; F ® Mx) “> OT (Ky; F ® Mx) 
Notice first the isomorphism 
(100.0) colim(D(U; F)@M)™ colim D(U; F @ Mx), 


where U ranges thourgh the family of open neighborhoods of « € X. In fact, both 
sides are isomorphic to F,, ® M. 

(i) @ is injective. Let s Ee [(X; F) © M, with a(s) = 0. By (11.1.7) there exists a 
covering such that A(s) = 0. Hence, s = 0. The same argument shows that @ and 
y are injective. 

(ii) a is surjective. Let t € [(X; F © Mx). By (11.1.7) there exists a finite covering 
such that \‘(t) is in the image of 3. Then the result follows, using the injectivity of 
ry. 


Now we consider a continuous map f: X > Y. Let F € Mod(kx) and G € 
Mod(ky). There are natural morphisms : 


i UleG)= i" LF Oi -G 


+Fef'eG 
which define by adjunction: f,F @G —> f,(F @f'G). This last morphism induces: 
(11.1.8) fiF @G > f(F @f"G). 


Proposition 11.1.11. Let f: X — Y be a morphism of locally compact spaces. Let 
F € Mod(kx) and G € Mod(ky). Assume that G is a flat ky-module. Then the 
natural morphism (11.1.8) is an isomorphism. 


Proof. It is enough to check the isomorphism at each y € Y. Denote by g: {y} GY 
the embedding and consider the Cartesian square (11.1.4). Applying the base change 
formula, we get 


(A(F @f"G))yzg AF 8 f7G) 
~ fig" (F ® f"G) 
~ f(g F @g f7'G). 
Applying Lemma 11.1.10 with F replaced by g/~'F and M replaced by f~!G = Gy; 
we get 
fig F @g f"G)~ fig’ F @G, 
= iy ® Gy 
~ (fF @G)y. 


11.2. C-SOFT SHEAVES Loe 


11.2 c-soft sheaves 


Definition 11.2.1. Assume X is locally compact. A sheaf F is c-soft if for any 
compact subset Kk of X, the map ['(X; Ff’) > ['(K; F’)) is onto. 


Proposition 11.2.2. Let F © Mod(kx). The conditions bellow are equivalent: 
(i) the sheaf F is c-soft 


(ii) for any locally closed subset Z of X, the restriction map [.(X; F) 41 .(Z; F|z) 
as surjective, 


(iii) for any compact subset K of X, the restriction map ..(X;F) > [(K; F) is 
surjective, 


Proof. (i) For K compact, we have [(K;F) = [.(K;F\x). Therefore, (ii) > 
(iii) = (2) is clear. 

(ii) Assume F’ is c-soft. Let s € [.(Z;F|z) with support in K and let U bea 
relatively compact open neighborhood of K in X. Define s € T(0U U(Z NU); F) 
by setting §|zqg = s, Slay = 0. Then § € 1(0U UZ NU; F) extends to a section of 
['(X; F), and since §]g, =0, we may assume t¢ is supported by U. 


Corollary 11.2.3. Let F € Mod(kx) and let M € Mod(k). Assume that F is 
c-soft and that M is flat. Then F' ® Mx 1s c-soft. 


Proof. This follows immediately from Proposition 11.2.2 and Lemma 11.1.10. 


Proposition 11.2.4. A small filtered inductive limit of c-soft sheaves is c-soft. In 
particular, a small direct sum of c-soft sheaves is c-soft. 


Proof. The case of small filtered inductive limits follows from Propositions 11.1.7 
and 11.2.2 and a small direct sum is a filtered inductive limit of finite direct sums. 


Proposition 11.2.5. Assume F is c-soft on X. 


(i) Ifiz: ZX is the embedding of a locally closed subset in X, then iz'F is 
c-soft, 


(ii) If f: X > Y is continuous, then fF’ is c-soft on Y, 
(iii) for Z as in (i), Fz is c-soft. 


Proof. (i) If Z is open, this is clear and if Z is closed, this follows from Proposi- 
tion 11.2.2. 

(ii) Notice first that the equality ay = ay o f gives rise to the isomorphism ay, ~ 
ay,o f;. Let K be a compact subset of Y. Consider the diagramin which the vertical 
arrows are isomorphisms: 


a eee 
T.(Y; fF) —+I.(K; iF). 


The top horizontal arrow is surjective by Proposition 11.2.2. 


(iii) follows from (i) and (ii) since Fz & iziz'F. 
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Proposition 11.2.6. Let 0 — F’ — F — F" + 0 be an exact sequence of sheaves 
and assume EF" is c-soft. Then the sequence 


0ST. FY STGP) STGP) 0 
as exact. 


Proof. Let s” € [.(X; F”) and let U be an open neighborhood of supp(s”), U being 
relatively compact. In order to prove that s is in the image of [.(X; F) > T.(X; F”), 
we may replace F’, F, F” by Fi,, Fy, Ft}. Then we may replace X by U, hence we 
may assume from the beginning that X is compact. 

Let {Kj}, be a finite covering of X by compact subsets and let s; € T(K;; F) 
such that 3(s;) = s"|%,. We argue by induction on n, and reduce the proof to the case 
n= 2. Then s1|xinK> — $2|KinK, belongs to [( KM Ko; F’). We extend this element 
to s’ € [(X;F”) and replace sy by s, +s’. Hence there exists t € [(Ky U Ko; F) 
with $(t) = s” and the induction proceeds. 0 


Proposition 11.2.7. Let 0 — F’ —~ F > F" + 0 be an exact sequence of sheaves 
and assume F" and F are c-soft. Then F” is soft. 


The proof is similar to that of Proposition 10.5.4. 


Proposition 11.2.8. Let S be a closed subset and K a compact subset of X. 
The category of c-soft sheaves is injective with respect to the functors T.(X; °), 
T.(5; ¢|s), fr and T(K; °). 

The proof is left as an exercise. 


Proposition 11.2.9. Let F € Mod(kx). Then F is c-soft if and only if RI'.(U; F’) 
is concentrated in degree 0 for all U open in X. 


Proof. (i) It follows from Proposition 11.2.8 that the condition is necessary. 


(ii) Let us prove the converse. Let K be a compact subset. Applying Proposi- 
tion 10.2.4, we have an exact sequence 


0+ Pepa FS Fe 0. 


Applying the functor I..(X; +) to this exact sequence, the result follows since H}(X \ 
K; F) ~ 0 by the hypothesis. 


Corollary 11.2.10. Let 0 — F’ — F > F” + 0 be an exact sequence of sheaves 
and assume EF" and F” are c-soft. Then F" is c-soft. 


Proof. Apply the functor [.(X; +) to this exact sequence and use Proposition 11.2.9. 


Proposition 11.2.11. Assume X is locally compact and countable at infinity. Then 
the category of c-soft sheaves is injective with respect to the functor T(X; «). 


Proof. Let 0 > F’ + F > F” + 0 be an exact sequence of sheaves, with F” c-soft. 
Let {Kn}nen be an increasing sequence of compact subsets of X, with X =U, Ky. 
The sequences 


03 1(K,y; F) 3 U(Kys F) 3 T( Ky; F") 3 0 
are all exact, and the morphisms ['(/,41; F’) > E(k; F") are all surjective. Hence 


the sequence obtained by taking the projective limit will remain exact by the Mittag- 
Leffler property (Proposition 5.2.6). 
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Proposition 11.2.12. Assume X is locally compact and countable at infinity. Let 
X = Uje,Ui be an open covering of X and let F € Mod(kx). Assume that Fu, is 
c-soft for alli € I. Then F 1s c-soft. 


In other words, to be soft is a local property. 


Proof. The proof is similar to that of Proposition 10.5.6. 


Proposition 11.2.13. | Assume that k is a field. Let F, K € Mod(kx) and assume 
that F' is c-soft. Then K & F is c-soft. 


Proof. (i) There exists a small family of open sets {U;}iey and an epimorphism 
®Dierku,~K. For a finite subset J of J, denote by Ky the image of @,-;ku,, a 
subsheaf of kK. Then K ~ colim kK and it is enough to prove that the Ky’s are 
c-soft by Proposition 11.2.4. Then the proof goes by induction on the cardinal of J. 
(ii) If |J| = 1, then K ~ kz for a locally closed subset Z of X by the result of 
Exercise 10.13 and, in this case, the result follows from Proposition 11.2.5. 

(iii) Assume that the result is proved for |J| < N and let us write J = J’ U 
J” for non empty J’ and J”. Define Ky as the subsheaf of Ky, the image of 
Die y ku, and similarly with Ky. There is an epimorphism y: Ky ® Kyr—+Kz. 
Define K” by the exact sequence 0 — Ky — Ky; — K"” — 0. Then y induces 
an epimorphism K j,-»K”. Therefore, K” is c-soft and the induction proceeds by 
Corollary 11.2.10. 


Example 11.2.14. (i) On a locally compact space X, any sheaf of C{-modules is 
c-soft. 


(ii) Let X be a real manifold of class C°, let Kk be a compact subset of X and U 
an open neighborhood of K in X. By the existence of “partition of unity”, there 
exists a real @°°-function y with compact support containc-softed in U and which 
is identically 1 in a neighborhood of Kk. It follows that any sheaf of C‘Y-modules is 
c-soft. 


(iii) Flabby sheaves are c-soft. 


11.38 Derived proper direct images 


Consider a morphism f: X — Y of locally compact spaces. One denotes by Rf; its 
right derived functor: 


Rit: Dt (kx) —> Dt (ky). 


By Proposition 11.2.8, if F € Mod(kx), then Rf|F' ~ fiF*, where F°® is a c-soft 
resolution of F’. Moreover, if g: Y — Z is another morphism of locally compact 
spaces, then, by Proposition 11.2.5 (ii), 


(11.3.1) R(gof),~ Rg oRf:. 


Definition 11.3.1. Let d € N. One says that f has c-soft dimension < d if 
Hi(RfiF) = 0 for all 7 > d and all F € Mod(kx). One says that f has finite 
c-soft dimension if there exists d > 0 such that f has c-soft dimension < d. 


'This result is a variation on a theorem of [KS01, Prop. 4.2.21] 
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In the sequel, we shall always make Hypothesis 11.3.2 below. 
Hypothesis 11.3.2. The map f has finite c-soft dimension. 


Remark 11.3.3. It follows from Theorem 11.1.2 that f has c-soft dimension < d 
only if, for any y € Y, the restriction f|/(,)-1 has c-soft dimension < d. 


Note that assuming Hypothesis 11.3.2, the functor Rf; induces a functor: 
Rfi: D?(kx) > D?(ky). 


Projection formula 
First, we shall obtain a derived version of the isomorphism in Proposition 11.1.11. 


Theorem 11.3.4. (Projection formula.) Let f: X — Y be a morphism of locally 
compact spaces. Let F € Dt(kx) and G € Dt(ky). Then there is a natural 
isomorphism in Dt (ky) 


L L 
RAFOG ~ RA(FSf'G). 


Proof. Let F* be a c-soft resolution of F in Kt(Mod(kx)) and let G* be a flat 
resolution of G in Kt(Mod(ky)) (such a bounded resolution exists thanks to the 
hypothesis on k). 

It follows from Corollary 11.2.3 and (11.1.6) that, if F’ is c-soft and G’ is flat, 


if 
then F’@ f~'G" is acyclic for the functor f\. Therefore, Rf\(F@f~!G) is represented 


L 
by the complex fi(F* @ f~'G*). On the other hand, Rf;F'@G is represented by the 
complex fi F* ®G*. Hence, the result follows from Proposition 11.1.11. 


Base change formula 
Next, we shall obtain a derived version of the isomorphism in Theorem 11.1.9. 


Theorem 11.3.5. (Base change formula.) Consider the Cartesian square (11.1.3). 
Then there is an isomorphism in Dt (ky), functorial in F € Dt(kx): 


g RAF &Rflg 1 F. 
In particular, for y € Y, we have the isomorphism 
(11.3.2) (RfP)y = BPA fy); Flyaqy): 


Proof. It is enough to prove that g~! o Rf; is the derived functor of g~! o fi, which 
is obvious since g~! is exact and Rf,o g’* is the derived functor of flog on 

Denote by -%y the subcategory of Mod(kx) consisting of sheaves F’ such that 
for all y € Y, F'|f-1(y) is c-soft, and define similarly %x,. Then .%x is injective with 
respect to g’' and g'~' sends .%x into .%x/. Moreover, 4x is injective with respect 


to ff. 


Let us give two important corollaries. The first one tells us that the cohomology 
with compact support of a topological space X, with values in a commutative group 
M, 1.e., the cohomology of the constant sheaf x, is known as soon as it is known 
over Z. The second one tells us how to calculate the cohomology of a product. 
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Universal coefficients formula 
Corollary 11.3.6. (Universal coefficients formula.) Let M € D?(k). 
L 
(i) One has the isomorphism RI.(X; Mx) ~ RE.(X;kx)@M. 
(ii) Assume k= Z. Then 


RI'.(X; Mx) & ® H}(X; Mx) [-J] 


=@(H (X; Zx) @, M © Tor?(HI"(X;Zx), M)) [J] 


i 
Proof. (i) One has My = ay'M,.@kx. By the projection formula, we get: 


L L 
Raxi(ay' My. @kx) ~ Ray ky@M. 


(ii) Since the homological dimension of the ring Z is one, we have for N € D(Z) 
and M € Mod(Z): 


NW eH (N= 9], 
N@,M ~ B (H)(N) ® M @ Tort (H?*"(N), M)) [—J]. 


Notation 11.3.7. Let X and Y be two topological spaces. Let F € Dt(ky), 
G € Dt(ky). One sets: 


L L 
FRG = q,'Feqs'G. 


Kitinneth formula 


Corollary 11.3.8. (Kiinneth formula.) Let X and Y be two locally compact spaces 
satisfying (11.3.2). Let F € D*(kx), G © D*(ky) with * = b,+,—. Then: 


L L 
(11.3.3) RI.(X x Y;F &G) ~ RI,(X; F)@RI.(Y;G). 


Proof. Consider the Cartesian square: 


(11.3.4) x 
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Then: 


Rax.v\(F & G) ~Ray:Rpa (py! F@p3G) 
~ Rayy((Rpop;1F)@G) 
~ Ray: (ay'Rax FOC) 
Rig FoRanG. 


We have applied Theorem 11.3.4 in the second and fourth isomorphisms and Theo- 
rem 11.3.5 in the third one. 


Remark 11.3.9. We have defined the functor Rf, for a morphism f: X — Y of 
locally compact topological spaces. In algebraic geometry, the spaces one encounters 
are not of this nature. However, if X is a site and U € @x, the functor iz; is well- 
defined (see Notation 8.7.9). 

Now let f: X — Y be a morphism of schemes and let us say that f is compact- 
ifiable if there exists a commutative diagram of schemes 


) oe 


such that the morphism if is proper (we do not define precisely here what means 
proper for schemes). One then defines the functor Rf; as the composition iy’ o 
Rf, ozx;. Morphisms of schemes are compactifiable under very general hypotheses. 
See [Del66]. 


11.4 The functor f' 


All over this section, we shall assume that all morphisms of locally compact spaces 
have finite c-soft dimension (see hypothesis 11.3.2). 

Thanks to Proposition 11.1.7 and Lemma 11.2.4, we may apply Theorem 7.5.7 
to the functor fi. We get: 


Theorem 11.4.1. Let f: X — Y be a continuous map of locally compact topological 
spaces satisfying (11.3.2). Then the functor Rft: Dt(kx) + Dt(ky) admits a right 
adjoint. 


One denotes by f' this adjoint. 
In other words, for F € Dt (kx), G € D* (ky), we have an isomorphism functorial 
with respect to F and G: 


(11.4.1) Hom p+ a) (RAF, G) ~ Homp +4, (F, f'G). 


Notice that the functor f': D+(ky) + D*+(kx) is not the derived functor of any 
functor in general. However, we have already encountered this functor in case of an 
open embedding. 
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Proposition 11.4.2. Let iy: U ~ X be an open embedding. Then ij; ~ iz’. 


Proof. Both functors are right adjoint to the functor ty; by Propositions 11.1.7 
and 8.7.8. 


For a direct proof of Theorem 11.4.1, not using the Brown representability the- 
orem, we refer to [Ver69,GM96, KS90]. 
We discuss its applications. First, notice that we get natural morphisms: 


RifGsG, Fo fRAF 


Proposition 11.4.3. Let g: Y — Z be a continuous map satisfing Hypothesis 
11.3.2. Thengof satisfies Hypothesis 11.3.2 and 


Ges) a fog. 


Proof. Both results immediately follow from (11.3.1). 


Proposition 11.4.4. Consider the Cartesian square (11.1.3) Assume f satisfies 
Hypothesis 11.3.2. Then f' satisfies Hypothesis 11.3.2 and there is a natural iso- 
morphism of functors from D*(kx-) to Dt (ky): 


(11.4.2) floRg. ~Rg’,o f”. 


Proof. The results follow from Theorem 11.3.5 by adjunction. 


Proposition 11.4.5. In the situation of Theorem 11.4.1, one has for F € D?(kx) 
and G € Dt(ky): 


(a) RHom (F, f'G) + RHom (RfiF,G) in D*(k), 
(b) Rf,RHom (F, f'G) > RHom (RAF, G) in Dt (ky). 
Proof. (i) The sequence of morphisms 
Rf,RHom (F, f'G) + RHom (RAF, Rf f'iG) + RH#om (RfiF, G) 


defines the morphism in (b). Applying the functor Ray, and using Theorem 9.3.3, 
we get the morphism in (a). 

(ii) To prove that the morphism in (a) is an isomorphism, it is enough to prove that 
it induces an isomorphism when applying the cohomology functor H’. This follows 
from (11.4.1) by Theorem 7.4.9. 

(iii) To prove that the morphism in (b) is an isomorphism, we shall apply RI'(V; «) 
to both terms for V open in Y. Set U:= f~!(V) and denote by fy the restriction 
of f to U. Hence, we have a Cartesian square: 


i 
ences G 


U 
|. f 
Vi" 2y¥. 
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Recall that ax is the map X — pt. Applying Theorem 11.3.5 (and using Proposi- 
tion 11.4.2), we get: 


RI(V; Rf,.RHom (F, f'G)) ~ Ravsiy' RRM (F, f'G)) 
~ Ray .Rfv,i7 Rom (F, f'G)) 
~ Ray Rom (ig! F, ig f'G)) 
~ RHom (i;'F, fyiy'G) 
~ RHom (Rfyjig' F, iy'G) 
~RI(V; Rom (RfiF,G)). 


L 


Proposition 11.4.6. Let G1,Gz € D(ky). There is a natural morphism in D* (kx) 4 
L 
f'G1@ f'G2 > f'(Gi®Gy). 
Proof. We shall apply Theorem 11.3.4. Consider the chain of morphisms: 
L ec Ty 
Hom (G1 @Go, Hf) — Hom (RA f'G1@Go, Hf) 


~ Hom (RAUGOfG2), Hf) 
~ Hom (f'C, Of Go, fH). 


Choosing H = G; ® Go, we get the result. 


Given a map f: X — Y, we may decompose it by its graph: 
f:XGOXXxY OY. 


In view of Proposition 11.4.3, in order to calculate f' it is thus enough to do it when 
f is a closed embedding and when f is a projection. 


Proposition 11.4.7. Assume that f: X — Y is a closed embedding, hence, induces 
an isomorphism from X onto a closed subset Z of Y. Then 


fi(+)2 f oRT 2 (+). 
Proof. Let F € Dt(kx), G € Dt (ky). 


Hom (F, f'G) ~ Hom (RfiF, G) 
~ Hom (Rf, F @kz,G) ~ Hom (Rf, F, RE zG) 
~Hom(f 'RfF, f 'RPzG) ~ Hom (F, f-'RPzG). 


Since these isomorphisms are functorial with respect to F € Dt(ky), the result 
follows. 


Proposition 11.4.8. Let G,,G2 € Dt(ky). Then: 


f'RHom(G2,G1) ~ RH&om (f-'Go, f'Gi). 
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Proof. For F € D?(kx), one has: 
Hom py) (Fi f'RHom (Go, G1)) ~ Hom 4, (RAF, RH¥om (G2, G1)) 
~ Hom pq, RfiFOGs, Gs) 


f "G2, f'G) 
F, RHom (f- "Co, ie 'G)). 


( 
( 

~ Hom pq, (Rs i(Re *Go), Gi) 
~ Hom pp, (F® 
( 


~ Hom D>(kx 


Since these isomorphisms are functorial with respect to F € D?(kx), the result 
follows. 


Consider the diagram, were as usual 6x denotes the diagonal embedding: 


Age Po ae 
we ~~ 
x x 


Corollary 11.4.9. Let F,, Fy € D?(kx). Then, identifying Ax with X by qm, 
RHom (Fo, F,) ~ b'RHom (q5' Fo, GF). 
Proof. 


5 RH om (qz'Fo,g,Fi) ~ R#om(o-'q7' Fo, 5G F.) 
RwHom (Fo, F,). 


I 


The next proposition is analogous to the Kiinneth formula, replacing the functor 


L 
d'(*)@q;(*) with the functor RHom (qa'(*),¢,(*)). 


Proposition 11.4.10. Let X and Y be topological spaces with finite c-soft dimen- 
sion. Then for G € D*(ky), F € D*(kx), one has: 


RHom (q3'G, q,F)) ~ RHom(RI,(Y;G), RT'(X; F)). 
Proof. Consider Diagram 11.3.4. Then: 


RI(X x Y;RHom (q2'G,q,F)) ~ Rax.Ra,.RMom (qq 'C, nF) 
Rax,RHom (Rqigs G, F) 
Raxy,RHom (ax RayG, F) 
RHom (Ray,G, Rax,F’). 


I2 


I2 
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Definition 11.4.11. Assume that f: X — Y satisfies Hypothsis 11.3.2. One sets: 
Wx/y = fiky 


and calls wx /y the relative dualizing complex. 
If X has finite c-soft dimension, one sets: 


Wx = WXx/pt = ee 
and calls wx the dualizing complex on X. 


Note that by applying Proposition 11.4.6 with F; = ky, we get a natural mor- 
phism: 
f'G @wxy 3 f'G. 


For F € D’(kx), one defines the two dual objects to F: 


DL, F=RHom(F,kx), 
DxF=RHo0m (F,wx). 


We denote by * the duality functor on Mod(k): 
(11.4.3) * = RHom,(+,k), D?(Mod(k))°? + D*(Mod(k)). 
Using the adjunction (Rax,a'y), we get : 


RHom (F\ wx) ~RHom (RI.(X; F’), k) 
=(RIT (4). 


Choosing F’ := kx, we find: 
Corollary 11.4.12. Assume that X has finite c-soft dimension. Then 


When X is a topological n-dimensional manifold of class @°°, we shall see that 
wx is the orientation sheaf shifted by n, and Corollary 11.4.12 is a formulation of 
the classical Poincaré duality theorem. 


11.5 Orientation and duality on @°-manifolds 


A @°-manifold X is a Hausdorff, locally compact, countable at infinity topological 
space which is locally isomorphic to a real finite dimensional vector space. Recall 
that the dimension of such a vector space is a topological invariant, hence the di- 
mension of X is a well-defined locally constant function on X that we denote by 
dx. 


Lemma 11.5.1. Let V be a real vector space of dimension n and let F be a sheaf 
on V. Then Hi(V; F) =0 for 7 > n. 
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Proof. (i) Assume n = 1. We may replace V by the open interval |0, 1|. Denote by 
j the embedding ]0, 1[{<> [0,1]. Then j; is exact and we deduce that Hi(]0,1[;F) ~ 
H?((0, 1]; j,F'). Then, the result follows from (11.3.1) and Lemma 10.6.1. 

(ii) Assume the result if proved for linear spaces of dimension less than n. Let 
p:V —V’' bea surjective linear map with dim V’ = n—1. By the above result and 
the base change formula, R’p, = 0 for 7 4 0,1. Hence have ad.t. R°_pF > Rp.F > 
R'pF{-] =, which gives a long exact sequence: 


-. >) HI(V!; pF) > Hi(V;F) > HIV"; Rip) > + 


Then the result follows by induction. 


Proposition 11.5.2. Let X be a @°-manifold of constant dimension n and let F 
be a sheaf on X. Then: 


(i) H9(X;F)=0 forj >n, 
Gi) Hi(X; F) =0 forj > n, 
(iii) the c-soft dimension of X is n. 


Proof. (i)-(ii) Let 0 + F > F° fe oo heen injective resolution of F’, and 
let G” := kerd”. It is enough to prove that G” is c-soft. This is a local problem, 
and we may assume X = V is a real vector space. Let U be an open subset of V. 
Since Hi(U; F) ~ H2(V; Fy), these groups vanish for 7 > n by Lemma 11.5.1 and 
the result follows from Proposition 11.2.9. 

(iii) By (ii) the c-soft dimension of X is < n. The result follows since H?(X;kx) 4 0 
when X = R”. 


Lemma 11.5.3. Let X be a topological manifold of dimension n. Then H*(wx) = 0 
fork 4 —n, and the sheaf H~"(wx) is locally isomorphic to kx. 


Proof. We may assume X = R”. Then for U open in X, one has the isomorphisms: 


RI(U;wx) 2 RHom (ky, a‘yk) 
~ RHom(RI.(U; kx), k) 
(RP.(U; kx))*. 


r 


If U is convex and non empty, one already knows that RI'.(U;ky) is isomor- 
phic to k{[—n]. Hence H*(wx) = 0 for k # —n and the restriction morphisms 
T(X;H-"(wx)) — [(U; H-"(wx)) are isomorphisms for U convex and non empty. 


Definition 11.5.4. Let X be a @°-manifold of dimension dy. One sets: 
ory = H~** (wx) 


and calls this sheaf the orientation sheaf on X. If there is no risk of confusion, we 
write ory instead of ort. 


Note that 


k k Z 
Wx ~ ory[dx], orgy ~ ory @z, kx. 


208 CHAPTER 11. DUALITY ON LOCALLY COMPACT SPACES 


Proposition 11.5.5. Let X be a @°-manifold of dimension dx. 
(i) ory ts the sheaf associated to the presheaf: U ++ Hom,(H¢* (U;kx)),k), 


(ii 


) orx is locally free of rank one over kx, and orx, ~ (HiA(kx))*, 
(iii) ory @ory ~ kx, and Hom (orx, kx) ~ ory, 
) 


(iv) if X is of class @', then orx coincides with the orientation sheaf defined in 
Example 8.8.4. 


Assertions (i) to (iii) are easily deduced from the previous discussion. We refer 
to [KS90] for a proof of (iv). 

Applying Corollary 11.4.12, we obtain the Poincaré duality theorem with coeffi- 
cients in k: 


Corollary 11.5.6. (Poincaré duality.) Let X be @°-manifold of dimension dx. 
Then 
(RE.(X; ky))* & RI(X; orx) [dx]. 


Definition 11.5.7. Let f: X — Y bea continuous map of topological spaces. One 
says that f is a topological submersion of relative dimension d if, locally on X, there 
exists an isomorphism X ~ Y x R? and a commutative diagram 


X —>Y x R? 


| 


y 


such that p is the projection. 


Proposition 11.5.8. Assume that f: X — Y is a topological submersion of relative 


i 
dimension d. LetG € D*(ky). Then there is a natural isomorphism f-'G@wx;y “> 
fia. 


Proof. The natural morphism Peiags — f'G is given by Proposition 11.4.6. 
To check it is an isomorphism, we may assume X = Y x T and f is the projection. 
We may assume Y = U is a non empty open convex subset of a real vector space of 
dimension d. Then 


RI(U x V; f'G) ~ RHom (ky xv, f'G) 
~ RHom (Rfikyxy, G) 


~ RHom (RI.(U; ky), k) @ RHom (ky, G) 


( 
( 
~ RHom (RI..(U; ky) @ky, G) 
( 
~ RHom (ky, G){d]. 


Here, we use the fact that the cohomology of RI’.(U; ku) is isomorphic to k|—d]. 
On the other hand, since w x,y is locally isomorphic to kx[{d], it remains to remark 
that 


RI(U x V: f 'G) ~RI(V:G). 
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11.6 Cohomology of real and complex manifolds 


De Rham cohomology 


Let X be a real @*%-manifold of dimension n (this implies in particular that X is 
locally compact and countable at infinity). If n > 0, the sheaf Cx is not acyclic for 
the functor '(X; +) in general. In fact consider two connected open subsets U; and 
Uz such that U; M U2 has two connected components, V; and V2. The sequence: 


0- TU, U Ud; Cx) —> T(U;; Cx) <p) (U3; Cx) —> nu, al Ud; Cx) > 0 


is not exact since the locally constant function y = 1 on V,, y = 2 on V2 may not 
be decomposed as y = Y1 — 2, with y; constant on U;. By the Mayer-Vietoris long 
exact sequence, this implies: 


H'(U; UU2;Cx) 4 0. 


On the other hand, for K a compact subset in X and U an open neighborhood 
of K in X, there exists a real @*-function y with compact support contained in U 
and which is identically 1 in a neighborhood of Kk (existence of “partition of unity” ). 
This implies that the sheaf @2° is c-soft, as well as any sheaf of @2°-modules. In 
particular, the sheaves @° ®) oy Dv of differential forms with @¥ or distributions 
coefficients are c-soft and in particular P(X;-) and [.(X;-) acyclic. 

Recall that by its definition, the space .(X; bx) of distributions with compact 
support is the topological dual of the space T(X;@y ”) @ orx) of @°-densities. 
Integration over X defines the embedding of T.(X; @°) in [.(X; bx), hence defines 
6 as a subsheaf of Dbx. 

Therefore, the sheaves 6° ) are naturally embedded into the sheaves Dv 
of differential forms with distributions as coefficients and the differential on Do 
induces the differential on °°. 


Notation 11.6.1. consider the complexes 


(11.6.1) GEO) 2 GOO S SGI SH, 
(11.6.2) Db :=0 = D® 4... 4 DP” 50. 


We call them the De Rham complexes on X with @® and distributions coefficients, 
respectively. 


Lemma 11.6.2. (The Poincaré lemma.) Let J = (j0,1[)” be the unit open cube in 
R”. The complexes below are exact. 


O-VCSPBO TD): ne GOO (1) a0; 
03 C3 DOD S--- 3 PD) 0. 


Proof. We shall only treat the case of @° (I). Consider the Koszul complex K°(M, yf 
over the ring C, where M = @™(J) and y = (O1,...,On) (with 0; = ae This com- 
plex is nothing but the complex: 


O39 Se ON et. 
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Clearly H°(K°(M,)) ~ C, and it is enough to prove that the sequence (Q),...,0n) 
is coregular. Let Mj41 = ker(0,) N---M ker(0;). This is the space of @°-functions 
on I constant with respect to the variables 7,...,2;. Clearly, 0;41 is surjective on 
this space. 


The Poincaré lemma may be formulated intrinsically as: 


Lemma 11.6.3. (The de Rham complex.) Let X be a@™-manifold of dimension n. 
Then the natural morphisms Cx — gee) andCx > Dv” are quasi-isomorphisms. 


We shall prove a finiteness and duality theorem for the cohomology of a compact 
manifold when the base ring k is the field C. The duality result gives in this case 
an alternative proof of Corollary 11.5.6. 


Theorem 11.6.4. (Poincaré duality on smooth manifolds.) Assume X is compact. 
Then the C-vector spaces Hi(X;Cx) and H"~4(X; or) are finite dimensional and 
dual one to each other. 


Proof. We shall make use of some results of functional analysis (refer to [K6t69]). 

The vector spaces ['(X; @ > i ) are naturally endowed with a structure of Fréchet-| 
Schwartz spaces (spaces of type FS), and the spaces I'(X; Dv”) are naturally en- 
dowed with a structure of dual of Fréchet-Schwartz spaces (spaces of type DFS). 
Set 


Et :=T(X: 60), 
F*:=T(X; Boy), 
G? :=1(X; Jb”) @orx). 


(i) Finiteness. The embedding 6° Dey Do defines the morphism of complexes 
E* + F*. This morphism is continuous for the topologies of spaces FS and DFS 
and induces an isomorphism on the cohomology. This implies the finiteness of the 
vector spaces H/(E*). 


(ii) Duality. Since the sheaf or$ is locally isomorphic to Cx, one gets the isomor- 
phism 


(11.6.3) RI'(X; orS) > P(X; Doe @ ory). 


The topological vector spaces [(X; ce )) and [(X; De )®@ ory) are naturally 
dual to each other, the pairing being defined by 


(ous f erw 


This pairing is compatible to the differential: 


(y, du) — (dy, u) 


In other words, the two complexes E* and G®* endowed with their topologies of 
vector spaces of type FS and DFS respectively are dual to each other. Since they 
have finite dimensional cohomology objects, this implies that the spaces H/(E*) and 
H”~4(G®) are dual to each other. 
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Corollary 11.6.5. Let X be a real compact connected manifold of dimension n. 
Then H"(X;Cx) has dimension 0 or 1, and X is orientable if and only if this 
dimension 1s one. 


Proof. One has H°(X;orx) 4 0 if and only if ory has a non identically zero global 
section, and if such a section exists, it will define a global isomorphism of ory with 
Cx. By the duality theorem, H°(X;orx) is the dual space to H"(X;Cx). 


Cohomology of complex manifolds 


Assume now that X is a complex manifold of complex dimension n, and let X® be 
the real underlying manifold. The real differential d splits as 0+ 0, and one denotes 
by Geen the sheaf of @®° forms of type (p,q) with respect to 0,0. Consider the 
complexes 


CoP) aes ERO) cneweere Coen) 
Doe”) :=0 + Gyr) % ... 4 gee”), 
Denote by Q the sheaf of holomorphic p-forms. One usually sets 
Oy = 
The Dolbeault-Grothendieck lemma is formulated as: 


Lemma 11.6.6. Let X be a complex manifold. Then the natural morphisms Qk > 
Gore and Qh. + Dv") are quasi-isomorphisms. 


Since the sheaves @,° (P:9) and Doe are c-soft, it follows that 
rhe?) RI(X; 0%) M+ P(X; GP”) Sy P(X; DE”). 
(11.6.5) 


Theorem 11.6.7. (The Cartan-Serre finiteness and duality theorems.) Let X be 
a compact manifold of complex dimension n. Then the C-vector spaces H3(X;Q%,) 
and H"4(X;Q%?) are finite dimensional and dual one to each other. 


The proof goes as in the real case, recalling that a complex manifold is naturally 
oriented. 
The Leray-Grothendieck integration morphism 


Let f: X — Y be a morphism of complex manifolds. Denote by dx (resp. dy) the 
complex dimension of X (resp. Y), and set for 1 = dy —dy € Z. For p,q € Z we 
have a natural morphism (inverse image of differential forms): 


fge eo at gee 


which commutes with 0 and defines by duality (recall that the complex manifolds 
X and Y are naturally oriented): 


(11.6.6) i » frDoe? + Gye te, 
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These morphisms commute to 0 and define a morphism of complexes: 


+> fio"? —° ~ goer) —_. 


[5 [5 


Ree Der) fa) gees 


If one decides that fr. Doo is in degree zero (hence, Der) will also be in 
degree zero), the first line is quasi-isomorphic to RfiQ% [dx] and the second line to 
Q°-' ldy]. Therefore we have constructed a morphism in D>(Cy): 


RAM [dx] 4 Ot [dy]. 
In particular 


Theorem 11.6.8. The residue morphism. To each morphism f : X — Y of complex 
manifolds, the construction above defines functorially a morphism: 


if RfiQx [dx] — Oy [dy]. 
fi 


By “functorially”, we mean that jf, = id and i of = is y In the absolute 
case we have thus obtained a map: 


(11.6.7) | : H®X(X;Qx) 3 C. 
xX 


A cohomology class u € H?X(X;Qx) may be represented by a distribution v € 
T(x; Dyer tx)) modulo Ow with w € T.(X; Qeex ta Dy Since Ow = (0+ O)u, 
we get that {, Ow =0 and f, u is well defined. This is the required morphism. 

If X = C, we get in particular an integration map: Hig (C; Qc) > ALC; 2c) = 
C, and one checks easily that, representing Aig, (C; Qc) by P(D\ {0}; Qc)/T(D; Qe), 
where D is a disc centered at 0, the integral coincides, up to a non-zero factor, with 
the residue morphism. 


Exercises to Chapter 11 


Exercise 11.1. Let U be a convex open subset of R?. Prove that RI'.(U;ky) is 
concentrated in degree d and H4(U;ky) ~ k. 


Exercise 11.2. Let X bea locally compact space. Prove the isomorphisms H/(X; F) 
colim Hi.(X; F), where K ranges over the family of compact subsets of X. 


Exercise 11.3. (i) Let J = [0,1]. Show that RI'.(/; k,;) = 0. 
(ii) Let s denote the map R* > R, (z,y) 6 x+y. Let DC R*; D =] —1,1[x[-1, 1]. 
Calculate Rsi(kp). 


Exercise 11.4. Let Y = [0,1]x]0,1[ and let X denote the manifold obtained by 
identifying (0,t) and (1,1 —t). Let S denote the hypersurface of X, the image of 
the diagonal of Y. Calculate [(X; org;x). 
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Exercise 11.5. Let X be a locally compact space and let {Fj;}ier be an inductive 
system of c-soft sheaves on X, with J filtered. Prove that colim F; is c-soft. 


Exercise 11.6. (i) Let ¢ be an indeterminate, and denote by Ft] the sheaf F @ 


(k[t])x. Prove that on X = C, the sequence of sheaves 0 > Ox|t] — @Y|t] me 


C= |t] + 0 is exact. 
(ii) Using the fact that there are @°-functions y with compact support such that 


the support of any solution of the equation Ow = y is the whole set X, deduce that 
H\(C; Oclt]) £0. 


Exercise 11.7. Recall that f : Z — X is a trivial covering if there exists a non 
empty set S, a topological isomorphism h : Z > X x S where S' is endowed with 
the discrete topology, such that f = poh where p: X x S > X is the projection. 
Also recall that f : Z — X is a locally trivial covering if f is surjective and any 
a € X has an open neighborhood U such that f|p-1(y) : f-'(U) > U is a trivial 
covering. 

Prove that is f: Z — X is a locally trivial covering, then the functor f~! is right 
adjoint to fi. 


Exercise 11.8. Assume f: X — Y is a covering. Prove that f' ~ f~'. (Hint: 
the functor f; is a left adjoint to the exact functor f~! and we get the isomorphism 
Hom (F, f-'G) ~ Hom (F, f'G) for all c-soft sheaf F.) 


Exercise 11.9. Let S” denote the real n-dimensional sphere, P” the real n-dimensional] 
projective space, y : S” — P” the natural projection. Prove that y is a 2-covering 
and deduce that for n > 2 there are at least two different locally constant sheaves 
of rank one on P”. 


Exercise 11.10. Let X = R and k = Q. Consider the sets A = {1/n;n € Nyo} 
and Z = AU {0}. Prove that the sheaf k, is soft and that Hj) (X;kx\z) 4 0. 
(See [KS90, Exe. III.1].) 
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Chapter 12 


Constructible sheaves and the 
subanalytic topology 


In this last chapter, we briefly study constructible sheaves on a real analytic man- 
ifold. We first introduce the class of subanalytic subsets and the notion of being 
subanalytic up to infinity. 


12.1 Subanalytic subsets 
12.2 Subanalytic geometry 
12.3 Constructible sheaves 


12.4  Subanalytic topology 
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